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ABSTRACT 


In  the  study  of  chemical  reactions  in  turbulent  flows 
and  packed  and  fluidized  beds,  the  flow  itself  is  Loo  compli¬ 
cated  to  allow  an  accurate  analytical  description.  In  the 
analytical  study  of  these  reactions,  some  strongly  simplified 
idealized  flow  models  are  commonly  used  to  allow  an  analytical 
treatment.  In  these  idealizations  the  stochastic  nature  of 
the  transport  processes  as  well  as  their  spatial  inhomogeneity 
are  usually  neglected.  This  investigation  encompasses  research 
to  evaluate  the  possible  effect  of  the  stochastic  and  non- 
uniform  nature  of  the  transport  processes  on  nonisothermal 
nonlinear  reactions.  It  is  especially  in  fast  exothermic 
reactions  that  the  magnitude  of  these  effects  could  be  con¬ 
siderable,  as  the  concentration  and  temperature  gradients  are 
often  steep  as  compared  to  the  scale  of  the  stochastic  pro¬ 
cesses.  New  approaches  to  the  evaluation  of  the  magnitude 
of  these  interactions  are  made,  and  phenomenological  models 
for  turbulent  flows  are  proposed,  and  related  tc.  real  flows 
t>y  tracer  experiments.  The  use  of  tracer  experiments  in  the 
design  and  study  of  turbulent  combustion  reactors  is  discussed. 

The  results  of  this  study  of  the  effect  of  the  random 
and  non-uniform  nature  of  transport  processes  on  nonisothermal 
nonlinear  chemical  reactions  in  turbulent  flows  and  the  be¬ 
havior  of  energetic  chemical  reactions  under  transient  and 
oscillating  conditions  should  aid  in  understanding  the  start-up 
and  control  of  chemical  reaction  and  propulsion  systems, 
unstable  burning  in  rocket  motors,  and  design  of.  supersonic 
combustors. 
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A  difficult  problem  that  faces  the  design  of  any  com¬ 
bustion  equipment  is  fan*  that  the  flows  are  turbulent 
and  often  complex  and  defy  a  complete  analytical  description. 
Mixing  processes  are  very  important  in  any  fast  reaction  and 
often  they  are  the  dominant  factor. 

There  have  been  historically  several  approaches  to 
the  problem. 

1)  Modeling  or  the  flow  system  by  some  simplified  solution 
of  the  Navier  Stokes  equations,  making  some  strong  assumption 
about  the  average  properties  of  the  turbulent  fluctuations. 

An  example  of  this  approach  is  the  work  of  Cor sin  (1,  2)  ,  and 
Spelding's  recent  work  on  modeling  of  combustors. 

2)  Modeling  of  the  flow  system  by  some  simple  phenomenological 
models  such  as  stirred  tank  or  a  network  of  stirred  tanks,  and 
plug  flow  reactors  (3,  4) ,  or  simple  diffusional  models  such 

as  eddy  diffusivity  (5) . 

3)  Modeling  techniques  based  on  tracer  experiments  (21) .  In 
some  sense  this  leads  to  a  better  formulation  of  the  simple 
models  mentioned,  but  it  also  allows  some  direct  conclusions 
as  to  effect  of  mixing  processes  on  chemical  reactions. 

This  final  report  summarizes  a  six  year  effort  in  this 
area.  Our  approach  centered  mainly  on  the  third  approach  on 
phenomenological  models,  based  on  tracer  experiments.  As  we 
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had  no  experimental  program  our  main  goal  was  to  provide  better 
tools  for  the  experimentalist  and  the  designer,  and  to  provide 
a  theoretical  base  for  an  understanding  of  the  effects  that 
turbulent  mixing  processes  have  on  combustion  reactions  and 
the  way  this  effects  proper  design  procedures.  The  special 
and  central  features  of  our  work  in  contrast  to  others,  was 
that  we  made  an  attempt  to  include  the  stochastic  and  fluctu¬ 
ating  nature  of  turbulent  flows.  Mosc  simple  phenomenological 
models  simply  neglect  this  feature  and  replace  the  non-steady 
mixing  processes  with  steady  state  models,  which  describe  the 
average  oehavior  of  the  system. 

It  might  be  useful  to  divide  the  description  of  our 
results  into  two  main  areas. 

1)  Use  cf  tracer  experiments  in  the  study  of  reactors  and  flow 
system. 

The  first  publication  (ref.  6)  still  dealt  with  tracer 
experiments  in  steady  flow  systems  and  tried  to  show  the  re¬ 
lation  and  similarity  between  eddy  diffusion  and  models  built 
on  networks  of  stirred  tanks.  It  showed  that  networks  of 
stirred  tanks  can  describe  diffusional  process  to  a  very  good 
approximation.  Such  models  are  mathematically  far  simpler  to 
treat  than  models  based  on  eddy  diffusion.  In  complex  turbu¬ 
lent  flows  eddy  diffusion  itself  is  only  a  very  approximate 
description,  and  the  added  complexity  introduced  by  the  use 
of  diffusion  models  as  compared  to  networks  of  stirred  tanks 
is  v'""'  seldom  justified.  Ref.  6  also  introduces  methods  to 
inci  ie  local  age  and  antiage  distributions,  and  discusses 
their  application  to  reactor  modeling. 


In  ref.  7  an  atteir.pt  v/as  made  to  include  the  stochastic 
nature  of  the  mixing  processes  in  such  stirred  tank  models  by 
allowing  the  flows  between  the  stages  of  the  network  to  vary 
with  time  in  a  random  fashion.  The  main  flow  in  and  out  of 
the  system  was  still  kept  steady.  In  ref.  8  the  main  flow  was 
also  allowed  to  vary.  In  these  two  papers  we  tried  to  eluci- 
date  two  things.  One  is  the  effect  of  the  quasi  steady  fluc¬ 
tuating  behavior  of  the  mixing  process  on  the  overall  behav¬ 
ior  of  the  system,  and  second,  how  to  evaluate  and  perform 
tracer  experiments  in  a  fluctuating  flow.  An  understanding 
of  the  latter  Is  important  if  we  want  to  use  tracer  experi¬ 
ments  to  model  a  turbulent  flow.  The  problem  is  not  only  im¬ 
portant  in  reactor  design  but  also  in  physiology,  ref.  9.  A 

reactors 

useful' concept  in  Modeling  /  on  the  basis  of  tracer  ex¬ 
periments  is  the  residence  time  distribution,  and  age  distri¬ 
bution  as  well  as  local  age  and  antiage  distributions.  These 
concepts  derived  for  steady  flow  is  generalized  in  these  two 
publications  for  randomly  varying  quasi  steady  flows,  and  can 
be  very  helpful  in  studying  such  reactors. 

A  theoretical  framework  is  presented  for  the  interpre¬ 
tation  of  tracer  experiments  in  quasi  steady-flow  systems, 
where  the  inflow  and  outflow,  as  well  as  the  internal  flows, 
exhibit  stationary  fluctuations  about  fixed  central  values. 

The  fluctuating  throughput  leads  to  the  consideration  of  dif¬ 
ferent  types  of  sojourn  time  distribution  of  material  in  the 
system.  These  are  discussed  in  detail,  and  related  to  dif¬ 
ferent  ways  of  carrying  out  tracer  experiments  on  the  system. 
The  standard  experiment,  in  which  a  known  amount  of  tracer  is 
injected  quickly  into  the  inlet  and  its  concentration  measured 
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in  the  outlet,  leads  to  none  of  these  distributions.  Ref.  7 
and  8  also  discuss  methcis  that  enable  one  to  compute  the 
probability  distribution  of  the  outlet  concentration  for  such 
networks  with  random  int-si. a Lage  flows.  For- first  reac¬ 

tions  the  results  are  analytical  and  can  also  be  directly  com¬ 
puted  from  tracer  experiments.  For  second  order  and  adiabatic 
systems,  numerical  solutions  are  required,  but  this  is  still 
simpler  than  simulation  methods.  I'or  a  single  stirred  tank 
with  fluctuating  throughput  or  fluctuating  outlet  concentra¬ 
tion,  analytical  solutions  are  possible  for  any  system  in 
which  the  reaction  rate  is  expressible  as  a  function  of  a 
tingle  staff*  variable.  This  therefore  allows  analytical 
treatment  of  adiabatic  irreversible  n-th  order  reactions. 
This  result  is  used  in  ref.  16  which  will  be  discussed  later. 
Understanding  of  random  mixing  processes  is  also  important  in 
quality  control  in  the  preparation  of  propellants.  Applica¬ 
tion  of  our  methods  to  such  problems  is  dicussed  in  ref.  10. 

A  different  approach  to  tracer  experiments  in  modeling 
flow  reactors  Is  the  use  of  a  reactive  tracer.  Two  experi¬ 
mental  methods  have  been  proposed.  The  first  was. by  Orcutt 
(ID  who  used  a  simple  first  order  reaction  (decomposition 
of  ozone  on  a  catalyst)  and  varied  the  reaction  rate  by  vary¬ 
ing  the  temperature.  Another  more  promising  approach  was 
formulated  by  Zahtner  (12)  who  used  a  complex  consecutive  reac¬ 
tion  (exchange  of  neopentan  with  deuterium) .  In  both  cases 
one  obtains  a  Laplace  transform  of  the  residence  time  distri¬ 
bution.  This  is  of  special  advantage  if  one  deals  with 
multiphase  system  where  the  reaction  occurs  only  in  one  phase 
as  one  obtains  directly  sojourn  time  distribution  only  in  the 
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active  phase.  The  difficulty  is  that  one  obtains  a  Laplace 
transform  instead  of  the  more  commonly  used  residence  time 
distribution.  Inversion  of  experimentally  determined  Laplace 
transforms  is  difficult.  In  ref.  13  which  is  available  in 
preprint  form,  a  method  was  developed  which  circumvents  this 
difficulty.  It  is  shown  that  the  information  needed  for 
purposes  of  reactor  modeling  and  design  can  be  directly  ob¬ 
tained  from  the  experimentally  measured  Laplace  transform, 
without  any  inversion.  In  fact,  in  many  cases  this  informa¬ 
tion  might  be  more  useful  than  a  regular  tracer  experiment 
with  a  non-reactive  tracer.  Till  now,  the  method  has  only 
been  applied  to  fluidized  beds,  but  it  could  be  a  powerful 
tool  in  the  study  of  complex  flows  occurring  in  combustion 
reactors. 

The  methods  described  in  (7)  and  (8)  can  also  be  ap¬ 
plied  to  the  description  of  particulate  systems,  particu¬ 
late  systems,  involving  distribution  of  particle  sizes,  and 
simultaneous  nucleation  and  growth  are  quite  important  in 
combustion.  (Metal  oxides  in  solid  propellants,  so©t  forma¬ 
tion  in  jet  engines,  combustion  of  droplets  in  rocket  motors, 
etc.) .  There  is  an  advantage  in  using  probability  theory  in 
describing  such  processes  as  it  often  leads  to  simpler  formu¬ 
lation  of  the  equations.  This  is  discussed  in  more  detail 
in  ref.  14. 

The  basic  methods  described  previously,  especially  in 
ref.  7  and  8  were  applied  to  practical  problems  in  reactor 
design  and  modeling  of  combustion  reactors. 

2 )  Design  and  Modeling  of  Combustion  Reactors . 

Ref.  15  deals  with  fluidized  beds  which  recently  are 
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becoming  more  anu  more  important  as  combustion  reactors ; 

Solid  particles  can  be  burned  in  fluidized  beds,  but  there 
is  also  an  advantage  of  combusting  gaseous  and  liquid  fluids 
in  fluidized  beds  of  inert  particles,  or  solid  parti '’I. s  con¬ 
taining  a  catalyst.  The  bed  keeps  the  temperature  uniform 
and  provides  a  large  constant  temperature  sinK,  allowing 
stable  combustion  to  be  carried  out  at  lower  temperatures, 
which  reduces  nitrogen  oxide  emission.  One  of  the  disadvan¬ 
tages  of  fluidized  beds  that  the  gas  solid  contact  is  quite 
non-uniform,  as  the  gas  forms  large  bubbles.  The  local 
transport  processes  are  therefore  highly  fluctuating  in 
time  as  the  time  scale  of  the  fluctuations  is  of  the  same 
order  as  the  residence  time.  Using  the  modeling  methods 
discussed  in  (7)  and  (8)  it  could  be  shown  that  the  net  re¬ 
sult  of  this  fluctuation  is  to  reduce  the  effective  volume 
of  the  reactor.  Only  part  of  the  particles  are  reacting  itt  it  ot 
any  time.  This  helps  to  understand  and  explain  some  of  the 
known  behavior  of  fluidized  beds. 

Ref.  16  deals  with  a  completely  different  problem. 

In  some  combustors  the  feed  rate  is  varied,  and  fluctuates 
for  different  reasons  either  due  to  control  or  disturbances. 

If  one  looks  at  a  small  region  on  a  turbulent  combustor  one 
can  also  look  at  it  as  a  mixed  region  in  which  the  inflow 
and  outflow  rate,  as  well  as  inflow  and  outflow  composition 
changes.  Now  if  we  consider  a  single  stirred  tank  with 
fluctuating  throughput  (or  fluctuating  inlet  concentration 
or  temperature)  the  method  described  in  7  and  8,  allows  one 
to  obtain  analytical  solutions,  even  for  exothermic  reac¬ 
tions.  What  one  obtains  is  not  just  the  average  outlet  con¬ 
centration  and  temperature  but  the  whole  probability  distri- 
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bution.  This  gives  one  an  understanding  of  the  effect  of 
random  fluctuations  on  a  combustor,  especially  with  respect 
to  stability,  apparent  activation  energy  and  average  conver- 

■  i  ,-\«  PC’!"  Or®  wber®  rM  qf  n>*h*nrAa  *rp  in 

feed  rate,  this  is  a  quite  realistic  modeling  of  the  process. 
For  real  turbulent  mixing,  this  is  a  strong  over-simpli  f. ica- 
tion,  but  still  it  has  the  advantage  of  giving  an  analytical 
solution  for  complex  reaction  systems.  The  methods  derived 
could  also  be  useful  to  study  the  effect  of  unstable  burning. 

A  completely  different  approach  was  taken  in  ref.  17 
and  18,  in  dealing  with  stirred  combustors.  Intensely  stirred 
combustors  have  played  an  important  role  in  the  study  of  com¬ 
bustion  kinetics  (3,  4) .  They  are  also  used  as  highly  compact 
efficient  combustion  devices.  Mostly  such  ideally  stirred 
combustors  are  treated  as  if  they  were  ideally  stirred  tanks 
of  completely  uniform  concentration.  In  reality,  this  is 
seldom  true  as  the  residence  time  in  combustion  is  very  short. 
In  (17)  and  (18)  the  following  method  is  used  to  estimate  the 
effect  of  imperfect  mixing  on  combustion.  The  feed  is  assumed 
to  consist  of  small  droplets  or  pockets,  which  maintain  their 
identity.  If  two  such  pockets  or  droplets  collide  they  mix 
completely  and  separate  immediately  into  two  droplets  of  the 
same  average  concentration  and  temperature.  A  mathematical 
machinery  is  set  up  which  allows  one  to  follow  the  distribu¬ 
tion  of  concentration  and  temperature  in  time.  Fhe  mixing 
rate  of  droplets  can  be  measured  from  a  tracer  experiment  and 
can  also  be  approximately  estimated  from  theoretical  consider¬ 
ations.  We  car.  now  estimate  the  minimum  mixing  rate  necessary 
for  the  results  to  be  well  approximated  by  an  ideally  mixed 
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reactor.  We  can  also  see  in  what  direction  incomplete  mixing 
effects  the  results.  In  ref.  18  some  guidance  is  also  given 
as  how  to  design  and  scale  up  an  efficiently  mixed  stirred  com¬ 
bustor  for  gaseous  reactants.  It  is  also  shown  that  many  of 

the  kinetic  data  reported  in  the  literature  were  taken  under 

“  * 

conditions  where  the  assumption  of  an  ideally  stirred  ree.ctor 
is  not  justified,  and  mixing  effects  cannot  be  neglected. 

In  ref.  19  the  effect  of  transport  processes  on  the 
heterogeneous  combustion  of  solid  ammonium  perchlorate  is  dis¬ 
cussed.  It  is  shown  that  some  commonly  used  theoretical  models 
for  the  combustion  process  of  AP  lead  to  totally  unrealistic 
reaction  rates  and  diffusion  rates. 

Ref.  20  (available  in  preprint)  deals  with  the  design 
of  nonisothermal  reactors.  It  shows  that  for  any  first  order 
reaction  a  plug  flow  reactor  with  a  prescribed  temperature 
profile  is  as  good  or  better  than  any  other  reactor  configura¬ 
tion.  This  is  not  true  for  adiabatic  reactors  but  only  for  a 
reactor  in  which  the  temperature  can  be  imposed  from  the  out- 
side.  While  this  is  in  itself  an  important  result  in  chemi¬ 
cal  reactor  design  the  method  by  which  this  is  proven  may  be 
of  more  general  interest  for  the  combustion  researcher. 

Complex  first  order  reactions  can  be  looked  at  as  Markov  pro¬ 
cesses,  in  which  the  concentration  of  a  species  is  interpreted  mS 
the  probability  of  a  molecule  to  be  in  state  i.  Reaction  rates 
are  then  equivalent  to  the  transition  probability  of  a  molecule 
to  go  from  state  i  to  y.  This  gives  one  some  powerful  tool  for 
studying  nonisothermal  reactions,  as  the  mixing  history  (where 
history  means  the  distribution  of  successive  sojourn  times  in 
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each  temperature  region)  completely  describes  the  composition 
at  the  outlet. 
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Abstract—  A  general  method  for  calculating  residence  time  distributions  for  systems  with  internal 
reflux  is  described.  The  method  allows  the  derivation  of  the  Laplace  transform  of  any  system  com¬ 
posed  of  mixed  vessels  with  both  forward  and  backward  How  between  them.  In  particular,  the 
properties  of  a  linear  cascade  of  mixed  vessels  with  forward  and  backward  flow  between  the  vessels 
is  discussed. 


Introduction 

Flow  systems  with  internal  back-flow  or  reflux  are 
frequently  encountered  hy  the  chemical  engineer.  In 
many  cases  this  reflux  is  induced  intentionally, 
whereas  in  others  it  is  inherent  in  the  properties  of 
the  flow  system  used. 

In  many  complicated  flow  processes  the  enpineer 
uses  some  simplified  flow  models  to  describe  the 
fluid-dynamic  behavior  of  the  system.  Such  an 
approach  has  been  especially  fruitful  in  reactor 
design,  where  it  allows  an  approximate  analytical 
treatment  of  the  kinetic  processes  in  the  reactor 
One  such  flow  model,  which  is  of  very  general  in¬ 
terest,  is  a  network  of  mixed  vessels  with  both  for¬ 
ward  and  backward  flow  between  them  [1-3].  The 
advantage  of  this  model  is  that  w  ith  a  large  number 
of  vessels  it  approximates  molecular  or  eddy 
diffusion. 

As  there  is  some  similarity  in  their  residence  time, 
such  networks  with  a  forward  flow  only  have  also 
been  proposed  as  a  model  for  packed  beds  [3,  4], 

As  mentioned  in  a  previous  publication  [5], 
measurement  of  residence  time  distributions  often 
allows  a  good  evaluation  of  the  suitability  of  a 
specific  model  to  a  specific  process  equipment. 
However,  only  few  residence  time  distributions  for 
systems  with  internal  reflux  have  been  published 
[6-8]. 

In  the  following,  a  method  suitable  for  the  cal¬ 
culation  of  the  residence  lime  distribution  of  any 
system  with  internal  backflow  is  described,  residence 


time  distributions  for  networks  of  mixed  vessels  are 
given  and  the  general  properties  of  such  systems  are 
discussed. 

General  Method 

Consider  a  system  composed  of  n  stages  in  series 
(see  Fig.  I).  It  is  not  necessary  to  assume  that 
various  stages  and/or  flows  arc  equal  but  all  stages 
ate  assumed  to  be  ideally  mixed  vessels.  For  a 
complete  definition  of  each  stage  it  is  necessary  to 
know: 

(a)  the  volume  of  the  stage  K, 

(b)  the  four  streams  u„  tv„  u „  and  wj+ ,. 


u,  , 

U*  ,U‘  u 

Ui  .  U,-. 

E 

I  w' 

E 

S3 

S 

— “ o— » 

w,„n  W, 

E 

Flo.  I.  Schematic  diagram  of  system. 


While  the  link  velocities  u,  are  not  necessarily  equal, 
the  law  of  conservation  of  mass  renders 

+  i  =  «t+wt  Oa) 

and 

uJ_,-w4«i(,-w,+  ,=v  (lb) 

where  v  is  the  forward  drift  velocity  of  the  fluid,  a 

constant  characteristic  of  the  whole  system,  and 
pertaining  to  each  stage.  The  average  residence 
time  in  the  total  system  is  given  by 

£(0-1^  (lc) 

V 
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f  All  problems  dealirtg  with  residence  time  distribu¬ 
tion  can  dther  be:  formulated  by  defining  the  dif- 
;  Iftretit  -flows  and  transport  processes  of  the  system, 

;  or,  alternatively,  may  be  approached  (and  defined) 
|  by  viewing  a  single  particle  and  d'cscribingits  pass- 
I  age  through  the  system  *  in  terms  of  probabilities." 

For  the  system  described  in  Fig.  1  the  latter 
,  approach  can  be  exhibited  in  the  following  fashion. 

I  A  particle  starts  its  residence  time  in  the.  system  by 

*  entering  the  first  vcssel-  It  stays  there  for  a  random 

•  ;.t'mKS;:and  .  moves  forward  into-  the  second. vessel. ■ 
jk  After  an;dddtfofiid'randto':'^e,-Klai^g^icH  it 
,  stays,  in  the  second 'vessel,  it  can  either  move  for¬ 
ward- into  the  third  Vessel,  or  backward  into  the 

j  ‘  first  with ’prescribed  probabilities  for  each  of  these- 
alternatives.  However,  it  can  move  to  a  neighboring 
vessel  only  or,  in  the  nomenclature  of  thetheory  of 
stochastic  processes,  to  a  neighboring  .state.  This 
type  of  process  is  usually  referred  to  as  “birth-and 
death  process”.  .  We.  note  that  the  first  vessel  is 
different  from  the  others  as  a  particle  in  it  can  move 
forward  only;  the  last  vessel  is  also  unique,  as  a 
particle  leaving  it  in  the  forward  direction,  cannot 
return  to  the  system.-  This  is  the  termination.of  the 
process  and  in  the  nomcncfotULC  of  birth-and-dcatli 
.  (as  well  as  diffusion)  processes  the .  time  elapsing 
between  entry  into  some  state  (in  our  case:  the  first 
vessel)  and  absorption  on  entering  another  state  (in 
our  case:  a  fictitious  (»+  l)th  vessel  from  which 
no  return  to  the  «-th  vessel  is  possible)  is  termed  a 
first-passage-time.  Thus,  for  instance,  in  other  areas 
of  birth-and-dcath  process  applications,  the  bi'sy 
period  of  a  server  (in  queueing  theory),  the  time  to 
first  emptiness  (in  dam  theory),  etc.,  are  first- 
passage  times.  The  residence  time  of  a  particle  in  a 
system  of  connected  agitated  vessels  is  a  first  passage 
time  and  it  is  worthwhile  to  analyze  it  as  such  so  as 
to  make  use  of  well-established  theory  and  lines  of 
research.  To  define  the  system  on  these  terms  one 
now  has  to  specify: 

(a)  The  probability  distributions  for  the  sojourn 
times  efit)  in  cacli  stage  (the  sojourn  time  being  the 
uninterrupted  time  a  particle  remains  in  each  state). 
The  average  sojourn  time  in  any  state  is  obviously 
equal  to 


1.7 
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Ifwe  assume  the  vessel  under  consideration  to  be 
ideally  mixed  the  sojourn  time  is  an  exponentially 
distributed  random  variable 

(3) 

where  rj,  is  the  reciprocal  average  sojourn  time 

[£/{'}]"  (4) 

.  (b)  -The -probabilities  of  a  particle  associated  with  . 
forward  and  backward  movement  into  a  neighbor-, 
ing  state.  -Clearly  in  our.  case  "of  ideal  mixing  such  ■ 
probability  is  independent  of  the  realized  sojourn 
time  and  can  be:  derived  from  the  flow  velocities. 
The  probability  of- moving-backward  equals  - 


'Pi53 


U,  +  H’, 


(5) 


and- the  complementary  probability  of  moving  for¬ 
ward  is  obliously  given  by  1 
Let  us  fix  attention  on  a  particle  in  the  j-th  state 
and  inquire  into  the  characteristics  of  the  random 
variable  “future  residence  timef  (as  measured  from 
the  present-instant)  of  the  particle  in 'the' system”; 
It  is  convenient  to  refer  to  this  random  variable  as 
“anti-age”  since  it  is  completely  analogous  to“agc- 
of  the  particle  in  the  system".  - 

On  considering  the  physical  significance  of 'the 
two  concepts  “anti-age  of  a  particle  residing  in  the 
first  state”  and  “total  residence  time”  one  draws 
the  conclusion thatowdensity function,/, (/)  say,  is 
representative  of  both.  It  is  connected  with  the 
density  function  of  anti-age  in  the  second  state 
through  a  simple  convolutional  relationship 


/t(0=|  el(t-x)ffx)dx  =  et(0*/2(0  (6a) 

’  o 


The  density  function  of  anti-age  in  an  intermediate 
state  (i.e.,  other  than  the  first  and  the  last)  is  related 
to  those  of  both  its  neighbors 

/j(0=-Pi‘’X0*/i-i(0+(l  -PiW0*/i+i(0  (6b) 

(»  =  2,  3,  . . . ,  it  —  1) 


Ui+W, 


(2) 


t  In  some  studies  (e.g.  [19])  this  is  referred  to  as  “life 
expectation".  However,  in  the  statistical  literature  the  term 
“expectation”  is  used  to  denote  an  average;  hence  we  prefer 
the  notion  of  "anti-age". 
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The  interpretation  of  the  right-hand  side  of  Eq.  (6b) 
is  the  following:  The  duration  of  sojourn  in  the 
f-th  state  is  associated  with  the  density  e,  regardless 
of  the  particle’s  future  course;  a  transition  to  the 
(/— l)th  state  will  take  place  with  probability  pt; 
and  the  additional  future  residence  time  (as 
measured  from  titr.i  of  entry  into  that  state)  is 
governed  by  the  density  /,_,(/);  the  alternative 
transition  to  the  (i+  l)th  state  posesses  probability 
(l-*/>()iand  in  that  case  it  is/(+1(f)  which' represents 
the  density  of  the  future  residence  time. 

Analogously  the  anti-age  density  function  of  the 
last  state  is  given,  by  '  .  ... 

i(0  +  G  -  Pn)e„(‘)  (6c) 

We  have  then  a  set  of  «  equations  in  n  unknown 
functions.  Let  us  now  apply  the  Laplace  trans¬ 
formation  on  the  set  (6);  we  define 

e~«mdt  (7) 

On  designating  the  Laplace  tiansform  <?,(/)  bye,(j) 
and  making  use  of  the  fact  that  the  Laplace  trans¬ 
form  of  the  convolution,  of  two  functions  is  the 
product  of  the  Laplace  transforms  of  the  contribut¬ 
ing  functions  the  set  (6)  can  be  transformed  into  a 
set  of  n  linear  equations  with  w  unknowns  Lt. 

L,=?,(s)L2  (8a) 

L^Ptefc) L,_ ,  +(1  ~p,)e^s)Li+ ,  (1  < i<«)  (8b) 

L.=p.e.rs)L._,+(l-p.)e1I(s)  (8c) 

In  principle  this  can  be  solved  in  an  elementary 
fashion.  The  residence  time  distribution  is  obtained 
by  inverting  In  many  cases  it  will  be  impossible 
to  invert  L,  into  a  (relatively)  simple  functional 
form  but  for  practical  purposes  the  residence  time 
distribution  can  still  be  computed  by  standard 
numerical  procedures.  Moments  of  any  order  can 
be  directly  derived  from  the  Laplace  transform, 
which  serves  as  a  moment  generating  function. 

The  anti-age  density /,(?)  for  any  stage  can  also  be 
obtained  from  the  above  equations:  the  physical 
meaning  of  this  is  best  presented  as  the  residence 
time  density  of  a  particle  injected  at  the  x-th  stage. 
This  might  be  of  special  interest  in  the  experimental 
evaluation  of  complicated  flow  models. 

By  injecting  a  tracer  pulse  or  step  input  at  different 


points  into  the  system  and  measuring  the  concen¬ 
tration  of  interest  in  the  outflow,  one  can  obtain  a 
set  of  experimental  anti-age  densities  and  thereby 
get  a  more  accurate  check  on  the  applicability  of 
the  model.  Similarly,  the  age  density  in  the  i-th 
stage  can  be  obtained  by  measuring  the  time  of 
equivalent  concentration  response  in  the  x-th  stage 
resulting  from  a  tracer  pulse  added  to  the  first  stage. 
It  may  suitably,  be' called  a  local  age  density.  The. 
Laplace  transform /,(0  can  now  be  expressed  imm 
explicit  form.  Since  sojourn  time  is  exponentially 
distributed  with  parameter  xj  we  have  * 

•  '•  ‘  '  (9) 

'  Jo  '  >?<+s 

Now  let  quantities  a,  and  a*  be  defined  as 

«i~(l  -pi)~—  (10) 

»?i+s 

=  (11) 

IJ/  +  S 

Wc  note  that  for  the  first  vessel  />,  is  .  zero  and 
is  then  >h/i) i+.r  and  a,*=0.  The  Laplace 
transform,  £,($),  of  the  first  passage  time  density 
—the  function  of  main-interest — can  be  evaluated; 
By  introducing-  the  above  quantities  into  set  (8) 
wc  obtain 

(12) 

A 

Where  A  is  the  determinant 

..  1  *.* 

.'  *2*  .  1  '*2 
1 

a**  1  a4 

4-i  I  *„-i 
4  1 

(all  other  entries  being  zero).  This  can  also  be  written 
A=1-Zal*f+l+  £  aixi*  \Xj4+  l 

l  J>ib\ 

£  «i*f+ , *;***•  I «*«*+!  + . .  .  (12a) 

k>J  + I >1+2 

where  the  first  sum  contains  ("71)  terms  the 
second  sum  (”72)  terms  and  so  on. 
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5i^The^^er'unknowns  Lfe)  (/« 2,  3, . ...  n)  too  can 
be  denvea  intcrms  or  the  above  quantities  «(  and 
<**• 

The  above  Laplace  transform  can  be  inverted  in 
the  following  way:  For  any  finite  n  the  above, 
expressions  can  be  written  in  terms  of  polynoms  of  s 


/(*) 


g(s) 

X*) 


(13) 


which  has  a.  standard  inversion  in  terms  of  the 
characteristic  roots  ak  of  the  polynom  p(s) 


\ 


/( 0» 


i.  pW 


(14) 


We  note,  in  passing,  that  the  choice  of  the  pro¬ 
spective  random  variable  “anti-age  of  a  particle”  is 
arbitrary,  to  some  extent,  for  the  purpose  of  our 
investigation.  An  alternative  course  would  be  to 
subject  the  retrospective  random  variable  "age  of  a 
particle”  to  the  type  of  argument  used  in  this 
section.  A  set  of  relations  analogous  to  (5)  would 
be  generated  and  the  desired  result— the  residence 
time  density  (or  rather  its  Laplace .  transform j— 
would  be  obtained  in  the  “guise”  of  the  age  density 
in  the  last  state.  Equation. (12)  pertains  to  the 
Laplace  transform  of  three  conceptually  different 
densities:  residence  time  (or  first-passage  time), 
anti-age  in  the  first  state,  and  age  in  the  last  state.  A 
little  reflection  confirms  th t  logical  identity  of  the 
three  concepts. 

The  mathematical  techniques  used  in  our  analysis 
are  a  modification  of  Bachclier’s  methods — ex¬ 
pounded,  for  instance,  in  Bachelier  [9] — combined 
with  the  application  of  the  Laplace  transformation. 
Alternative  techniques  for  the  (elementary)  evalua¬ 
tion  of  first-passage  time  distributions  are  described 
by  Bharucha-Reid  [10]  and  Saaty  [11]. 


equipment  technical  considerations,  such  as  design 
simplicity,'  usually  prescribe  identical  vessels  and 
flow  links;-  In  cases  where  the  cascade  is  just  an 
idealized  flow  model,  as  in  packed  beds,  these 
simplying  assumption  s  are  also  often  justified  by  the 
nature  of  the  system.  It  is  therefore  of  interest  to 
study  in  some  more  detail  the  properties  of  such  a 
cascade. 

■  At  first  sight  it  appears  that  there  are  still  four 
parameters  describing  the  specialized  model : 

(1)  the  number  of  states,  n,  in  the  system;  . 

(2)  the  total  volume  of  the  system;  V; 

(3)  the  average  drift  velocity,  v; 

(4)  the  average  forward  flow  velocity,  u,  between 
the  adjacent  states. 

Two  only  of  these  four  parameters  are  non-trival. 
No  loss  of  generality  is  incurred  if  we  set  both  V  and 
v  to  equal  1.  However  some  physical  insight  is 
gained  if  explicit  use  is  made  in  our  developments  of 
all  four  paiameters  (and  of  other  quantities  depen¬ 
dent  on  them).  : 

We  drop  the  general  subscripts  from  the  letters 
denoting  various  quantities  in  the  last  section.  The 
forwardand  backward  flow  velocities  in  any  double 
link  are  denoted  by  u  and  w,  respectively,  The  re¬ 
ciprocal  sojourn  times— the  parameters  of  the  per¬ 
taining  exponential  distributions— in  all  inter¬ 
mediate  (i.e.  other  than  first  and  last)  vessels  are 
identical  and  the  use  of  the  letter  rj  will  be  retained 
for  their  description 


n= 


n(u  +  w) 


05) 


For  terminal  vessels  (both  the  first  and  the  last)  we 
introduce  as  the  reciprocal  average  sojourn  time 


t  = 


n(v+w) 


Mti _  U 

V  ^u  +  w 


(16) 


A  Cascade  of  Equal,  Mixed  Vessels  with 
Forward  and  Backward  Flow 
Equation  (12)  gives  the  Laplace  transform  of  a 
residence  time  distribution  for  any  cascade  of  mixed 
vessels  without  restrictions  as  to  their  relative  sizes 
or  their  connecting  links.  In  the  majority  of  cases 
the  chemical  engineer  is  dealing  with  simpler  cas¬ 
cades  in  which  both  the  stages  and  the  flow  links  can 
be  assumed  to  be  equal.  In  compartmentalized 


The  probability,  p,  of  a  particle  leaving  an  inter¬ 
mediate  vessel  in  the  backward  direction!  is  given 
by 


t  In  [6]  a  backmuing  ratio  a  is  defined  as 


o  =  h>/v= 


H’ 

u—w 


Thus 


u 

Pa-  ■  -  • 

p  1  +2a 
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w  £  .... 

P - =  i--  \tn 

I.  +  w  >1 

The  analogous  quantity  in  the  first  vcssci  cquais 

2ero.  In  the  last  vessel  this  probability  will  be 
denoted  by  n;  it  is  given  by 


>v 

n  ra  - 

V+ 


w_  p  ) 
II  1  -p  f 


(18) 


„  .  K  nil  n  n  1  .... 

‘Hit"--  —  "-/ - -  - - -  \,At) 

v  <fv  Yj_»v\  (l-«K 

Next  we  shall  derive  the  residence  time  density 
function — by  inversion  of  the  Laplace  transform-- 
in  the  simplest  cases:  n  =  2  and  «»3. 

In  the  first  of  these  cases — /i>=2— Eq.  (12)  is 
reduced  to 


This  can  be  rewritten  as 


P  * 


which  is  convenient  for  some  purposes.  It  is  evident 
that  restrictions  on  possible  values  of  n  are  rather 
mild 


- 

{J(l  -  Jt)+2{s  +  .s: 


Oi' n<  I 

whereas  p  is  rather  constrained 

0£p<i 


(20) 


(21) 


*»(l-«) _ 

is  +  (l  +  v'7t)i][j  +  (l  -v’»:)s] 


(23) 


The  inverse, /(/),  of  this  expression  can  be  obtained 
by  standard  procedures 


Physically  (20)  and  (21)  may  be  interpreted  as 
follows:  At  the  aid  of  the  system  we  can  "reflux" 
any  desired  fraction  of  the  material;  however,  the 
bulk  of  the  material— located  in  the  fust  and  the 
intermediate  vessels— lias  to  possess  a  forward  drift 
movement  (I  -/>)>). 

The  expected  residence  time  in  the  system  (first- 
passage  time)  can  be  expressed  in  terms  of  the  above 
quantities 


tll-sTOf  _  C~M  t.III) 

2yjn 

=izJV<'sinh({vni)  (24) 

vK 

If  we  increase  the  number  of  states  to  the  case 
«  =  3  complexity  is  greatly  increased  but  a  closed 
expression  for  the  density  is  still  obtainable. 
Equation  (12)  becomes 


(25) 
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The  inverse  transform  of  (25)  is  given  by 

sinli^v'8/t  +  n: 
\  ~ 

v'8rr  +  rr3 


+ cosli^— V/Sn  + 1?  j 

it 

For  large  values  of  n  ihc  roots  of  i>(s)  have  to  be 
found  by  numerical  methods. 

Of  course,  as  was  stated  before,  approximations 
to  the  density  functions  can  be  obtained  and  precise 
values  of  momenr.  cumulunts,  etc.  can  be  made 
available  by  standard  methods.  Without  factorizing 
p(s)  we  shall  derive  die  variance  (and  other 
quantities  of  interest)  of  the  residence  time  for  a 
general*/  by  using  a  variant  of  Uachclicr's  procedure: 

Let  (he  expected  anti-age  of  a  particle  in  the  ;'-ih 
vessel  be  denoted  I  ny  By  considerations  very 

similar  to  those  made  for  deriving  set  (8)  we  obtain 

£{7*,} J 

l-rrc 

£{ri}-J+/>£{T(.,}+(i-p)c{ri+l} 

(i#l,»)  (27) 

£{T.}-l+n£{T,.1} 

The  solution  of  (27)  is  given  by 

£{T,}-£(n-i+,)+(ii-/  +  2)*+... 

+  «*'-'+ illl  (/=  1,  2,  ...«)  (28) 

1-n  I 


t  Digressing  wc  noie  that  in  a  system  composed  of 
identical  vessels  and  of  identical  double  links  symmetry 
considerations  generate  the  following  relation:  F.xpcctcd 
anti-age  in  the  Mil  vessel  --  Expected  urc  in  (n-/+l)ih 
vessel.  Actually  the  symmetry  reaches  farther-even  the 
distributions  are  identical. 


i  y  (26) 

nJ 


The  expected  anti-age  in  the  system  (or,  whot 
is  the  same,  the  expected  age  in  the  system)  is  then 
equal  to 


1-n" 

i - 

I  —  n 


_  1 

r  nn 

U-* 

(*- 

dLje: 

'> 

1,1  . 

■  +  . . 


+  ,7-^-o((«-l)-»n4n") 
(1-n)  J 


(29) 


Now  it  is  known  from  Smoluci  tow  ski's  work'!' 
(18)  that  the  expected  value  of  the  life  expectation  (or 
age)  and  the  moments  of  residence  time  tire  i dated 
as  follows 


£{T)  = — 


-^,1 


(?0) 


where  y  is  the  coefficient  of  variation}  of  the  re¬ 
sidence  time  distribution,  (that  is  the  ratio  of  the 
standard  deviation  and  the  average  of  the  residence 
time  distribution).  Combination  of  (29)  and  (30) 
yields 


yJ  ai  + 


2;r 


a  [«(!-«)] 


:[(»-  1)  -fl/r  +  n"] 


--  +  -.[*(»' -!)  +  **(" -2)  +  •  •  •  +n"*  *] (3 1 ) 
«  ir 


Since  in  many  (but  by  no  means  till)  engineering 
situations  the  performance  of  mixing  equipment  is 
judged  by  the  variance}  of  ihc  residence  time  distri¬ 
bution,  relation  (31)  !s  of  some  importance.  A  use¬ 
ful  representation  of  (31)  is  obtained  by  drawing 
contours -  that  is,  lines  of  equal  y — on  a  graph 
whose  abscissa§  and  ordinate  denote  n  and  ”,  re¬ 
spectively  (see  Fig.  2). 


t  The  present  notion  of  anti-age  is  identical  with 
Smoluchowski’s  concept  or  ’‘lir.varuings/cit". 

{  The  reciprocal  of  the  squared  coefficient  of  variation  is 
50tnclimcs  described  as  the  "equivalent"  number  of  vessels. 

D  The  quantity  «,  originally  conceived  as  a  natural  number 
ean  easily  be  thought  of  us  (i.e.  generalized  to)  a  positive, 
not  necessarily  inlcgral,  number. 
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Fio.  2(a).  Cumulative  residence  time  distribution 
for  .t  cascade  of  two  identical  mixed  vessels 
with  internal  reflux. 


Fta  2(b).  intensity  function  for  a  cascade  of  two 
identical  mixed  vessels  with  internal  reflux. 


The  flexibility  of  the  present  model  can  be 
demonstrates!  by  examining  special  and  extreme 
cases: 

(a)  Let  n  equal  I ;  in  this  case  there  is  no  physical 
meaning  to  the  notion  of  ,c  but  even  formal  use  of 
(31)  with  an  arbitrary  n  renders  the  correct  result: 
y*  <=  I .  The  present  case  simply  represents  the  single 
exponential  vessel. 


(b)  Let  n  equal  a  fixed  positive  integer  (other  than 
1)  and  assume  rr  =  0 ;  this  corresponds  to  a  pure 
biitii  process  and  indeed  the  correct  value — 
■y 1  =»  1  /« — of  the  dimensionless  variance  (i.e.,  the 
squared  coefficient  of  variation)  is  obtained. 

(c)  Let  again  n  equal  a  fixed  positive  integer 
(other  than  I )  and  let  n  approach  I .  Physically,  it  is 
meaningless  to  let  r.  be  equal  to  I  (and  n  finite  at  the 
same  time)  since  in  that  case  material  could  not  flow 
at  all  through  the  system.  If,  however,  formally  n  is 
made  equal  to  I,  we  obtain 

y,--+4t(»-l)+f»-2)+  . +1] 
n  n 

1  2(h-1)u, 

+  T  — X - 1 

ii  >r  2 

i.e.  that  value  of  y1  which  is  associated  with  a  single 
exponential  vessel.  The  physical  interpretation  to 
be  attached  to  a  situation  sshere  r,  approaches  I 
arbitrarily  closely  is  the  following:  the  birlh-and- 
deatii  model  of  a  particle  flow  through  n  vessels  can 
be  made  to  approach  the  single  exponential  vessel 
mode)  a',  (arbitrarily)  close  as  desired  by  making  a 
judicious  cl  nice  of  the  reflux  parameter  it. 

(d)  Lc!  n  tend  to  infinity  and  simultaneously  both 


and  n(#  I > « re  Weld  constant;  clearly  y2->0and  the 
case  under  consideration  involves  plug-flow, 

(e)  As  a  final  example  consider  the  case  where  « 
tends  to  co  and  simultaneously  ,7  approaches  I  such 

that 

n(l  -n)-p  (32) 

where  p  is  positive  and  finite,  '"his  is.thc  case  of 
diffusion  and  y*  can  be  cx;  -.  faction  of  p 

y*^2  +  - - - — —  J  —  I  4  -m 

+^i-(i-jt))_^j 

n-tca,  it— > I ,  »(l  -n)-*p 

Je-'-q-p)] 

p 1 


(33) 
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Diffusion  will  be  discussed  in  the  next  section  in 

lAltui  mnre  Hptail  It  i«  wfll  Itnnwn  that  hv  a  tuil. 

able  limiting  process  the  different  equations,  dcs- 
cribing  the  behavior  of  a  cascade  of  mixed  vessels 
with  forward  and  backward  now,  transform  into  the 
diffusion  equation.  In  order  to  illustrate  both  the 
similarity  and  the  difference  between  the  two  cases 
it  might  be  illuminating  to  perform  this  limiting 
process  in  terms  of  the  residence  time  distribution 
for  a  particle. 

Equations  (8)— associated  with  the  birth-and- 
deatli  process-may  be  regarded  as  a  set  of  second- 
order  difference  equations.  If  proper  assumptions 
are  made  a  second-order  differential  equation  in  the 
desired  Laplace  transform  (as  a  function  of  the 
location  of  the  particle  under  observation)  can  be 
derived.  First  wc  make  the  homogeneity  assump¬ 
tion,  i.e.  all  vessel  volumes  arc  equal  and  all  double 
links  connecting  adjacent  vessels  are  identical.  Next 
we  define  a  variable  Z  depending  on  /  (and  n)  by 

Z  =  Lni  (OSZSI)  (34) 

n 

The  required  second-order  differential  equation 
will  next  be  set  up.  Under  the  simplifying  homo¬ 
geneity  assumption  Eq.  (8b)  reads  (for  f^l,  n) 


f-i " P  ^  E|- !  +(l  —  p)— £|  +  ! 
ij  +  j  ri+s 

If  we  introduce  (ir.  obvious  notation) 


and 


AZ  = 


1 


n 


ALu  £j  *  i  -  *  L| 


(35) 


(36) 

(37) 


A(AL) L,+ ,  - 2L,  +  L(_ ,  (38) 

we  can — on  multiplying  by  Oj  +  j)  and  rearranging 
terms— cast  (35)  into 

(i  “ P)fL|+ i  - 07  +  s)L,  +  pt)L,  + , 

“[P'l^i+i-Zpt/Lrhpi/L,.,] 

+  [(1  —  2p)i/Li+ 1  —(1  —  2ptj)L(]  —  s/-i 


_pn A(AL)  (1  -2p)AL  sL  =0 
n’AZAZ  it  AZ  ' 


(39) 


We  take  note  that— on  going  to  the  limit  (n-*oo;  .. 

ir^l‘  n(t  — ■  ifl— wiV—  the  rft^(Tiri*n»«  nnht*  nnH 

(\—lp)pjn  tend  to  the  following  simple  expres¬ 
sions 


pri_(n  I  it  1 

n5  n 2  £{/}n()-a)  pE{t} 


(40) 


(1  —  2p)n_  1  -2p  ;_(1  —  I 

n  I  -p  n  n  £{(} 

After  multiplying.  (39)  by  pE{ t }  the  differential 
equation  is  established  us 


diL  dL 

— ,  +  p - p£{t}s£  =  0 

d’/}  dZ  1  1 


(42) 


and  boundary  conditions  arc  set  up  as  counterparts 
to  the  equations  for  £,  and  £„  in  the  set  (8) 


(d~)  +Pt(Z.n-p- 0  (44) 


It  can  be  seen  immediately  that  the  quantity 


pm 


«(!-*) 
n— *  co  rr  — ♦  I 


which  appears  in  the  diffusion  case  is  equivalent  to 
the  Peclet  number  LLjD.  It  is  therefore  only 
natural  to  suggest  that  «(l  -n)  should  be  identified 
with  the  Peclet  number  also  for  the  case  of  a  cascade 
made  up  of  a  finite  number  of  mixed  vessels. 

The  proper  boundary  conditions  for  the  Dow 
reactor,  the  correct  choice  of  which  has  caused  some 
discussion  in  the  literature  [7,  12,  13],  arc  here 
obtained  directly.  It  should  be  remembered  that  £ 
refers  to  the  anti-age.  As  the  anti-age  in  stage  1  is 
the  analogue  of  age  at  stage  n,  the  normally  used 
boundary  conditions  are  here  inversed  with  respect 
to  the  length  coordinate  Z.  Equation  (42)  together 
with  boundary  conditions  (43)  and  (44)  can  he  solved 
by  standard  methods,  details  of  which  will  not  be 
presented  here  [4, 7, 14],  Let  a  quantity  a  be  defined 
as 

W(pJ+4p£{f}s)  (45) 
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We  have  then  the  following  expression  as  the  solu¬ 
tion  of  Eq.  (42) 


psinh 

erZ  ,  .  a'/' 

2  2 

p  *4-  2  E{t  }s 

sinh-  +  cosh- 
2  2 

(46) 


This  is  the  Laplace  transform  of  the  anti-age  density 
given  that  the  particle  under  consideration  is  located 
on  site  Z  within  the  interval  (0,  1).  By  virtue  of 
arguments  analogous  to  those  used  before,  expres¬ 
sion  (46)  is  also  the  transform  of  the  age  density 
function  ofa  particle  located  on  site(l-Z);  finally, 
it  is  the  Laplace  transform  of  the  first-passage  time 
density  of  a  particle  injected  into  the  interval  (0,  1) 
at  location  Z.  The  residence  time  density  is 
associated  with  the  particular  choice  of  the  para¬ 
meter  Z  =  0.  The  inversion  of  the  transform  into  a 
density  function  of  closed  simple  form  seems  to  be 
impossible,  but  again  precise  values  of  all  moments, 
cumulants,  etc.,  can  be  derived  by  standard  (though 
cumbersome)  procedures  and  approximations  to  the 
density  function  are  readily  established. 

Wc  note  here  that  the  formulation  of  first-passage 
time  problems  in  terms  of  second  order  differential 
equations  in  the  Laplace  transform  goes  back  to  the 
work  of  Darling  and  Siugdkt  [15]. 


Propirtils  of  Cascadus  of  Mixf.d  Vnsstxs 
with  Forward  and  Backward  Fi.ow 
In  principle  the  methods  discussed  in  the  previous 
chapter  allow  the  derivation  of  the  Laplace  trans¬ 
form  for  any  system  with  internal  reflux,  provided 
the  system  is  made  up  of  elements  with  known  re¬ 
sidence  time  distribution.  Specific  solutions  were 
obtained  for  cascades  of  equal  mixed  vessels  and 
some  typical  results  are  given  in  Figs.  2-5. 

In  plotting  the  various  residence  time  distribu¬ 
tions,  both  the  cumulative  distribution 

and  the  intensity  function  /.(r) 


|(f)_  /(0_-rflnF*(i) 
F*(t)  dt 


are  given.  It  was  shown  in  a  previous  paper  [S] 
that  the  intensity  function  is  of  uuvunlugc  ir,  plot¬ 
ting  such  distributions  as  it  allows  a  better  physical 
insight  into  the  nature  of  the  mixing  processes  in  the 
system. 


Fio.  3(a).  Cumulative  residence  time  distribution 
for  a  cascade  of  three  identical  mixed  vessels  w  ith 
internal  reflux. 


Fio.  3(b).  Intensity  function  for  a  cascade  of  three 
identical  vessels  with  internal  reflux. 


1377 


E  (t)X(t) 


i/r.  (t) 


Fio.  4(a).  Cumulative  residence  lima  distribution 
F*(0  for  a  cascade  of  five  identical  mixed  vessels 
with  Internal  reflux. 


■  O' as 


To  T3~ 
t/E  til 

Fia.  J.  Intensity  function  for  cascades  having  the 
lame  coefficient  of  variation  (O' 3.1)  but  different 
numbers  of  vessel*. 

different  values  or  n  arc  compared  to  each  other, 
f-or  higher  values  of  it  the  solution  converges  very 
rapidly  to  the  solution  for  axial  diffusion. 

For  equal  coefficients  of  variation  it  can  be  seen 
that  increasing  the  value  of  r.  reduces  both  /. ,  and 
the  value  ;.  for  very  low  times.  The  asymptotic  value 
of  /.  is,  however,  approached  tit  lower  values  of  t 
than  in  the  model  with  forward  flow  only,  and  the 
function,  or  in  oilier  words,  the  escape  probability 

resembles  a  step  function. t 
A*  can  be  found  directly  from  the  Laplace  trans¬ 
form.  It  is  equal  to  the  root  ol>(s)  in  Eq.  (13)  which 
has  the  lowest  absolute  value.  In  the  ease  of  a  flow 
reactor  with  axial  diffusion  [l-.q.  (46)],  ).*  is  given 
by 


4  +/<5 

4p 


Fto.  4(b).  Intensity  function  fur  a  cascade  of  fisc 
Identical  mixed  vessels  with  intcina)  reflux. 

Figure  2  gives  the  cumulative  residence  time 
distribution  and  the  intensity  functions  for  two 
equal  mixed  vessels  in  series  and  different  values  of 
rt.  Figure  3  gives  the  same  functions  for  three  equal 
vessels  in  series. 

In  Fig  5  the  intensity  function  (see  [5])  ot 
cascades  with  equal  coefficients  of  variation  but 


t  In  our  previous  paper  [5J  it  wns  stated  erroneously  that 
the  intensity  function  for  axial  diffusion  increases  to  infinity 
with  i.  This  was  due  to  a  mistake  which  is  corrected  here. 
The  case  discussed  in  the  previous  paper  (Fig-  2  of  IV 
referring  to  (K>t  Ft). 

I  l-ofj 

F'^r'jr+2 

deals  with  a  semi-open  system.  There  is  no  dearly  defined 
exit  after  which  a  particle  can  not  diffuse  hac*  into  the 
svs'em.  The  results  of  tracer  experiments  will  therefore  lead 
ro  a  local  age  distribution  rather  than  a  residence  time 
distribution.  In  the  ease  where  there  is  an  cndvvall  t'lrough 
which  particles  can  pass  forw.ud  but  not  hackwxtrd.  U.  W 
in  this  paper  or  the  solutions  given  m  [-11  and  [14]  apply. 
The  difference  between  the  two  cases  has  been  discussed  m 
(71  and  (3J.  The  correct  value  Tor  /.*  in  this  ease  is 
o'-ih  which  is  equal  lo  p'4. 
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where  a  U  the  lowest  root  of  the  equation 

a  tana  p 
5+  "7  “4' 

For  high  values  of  p,  A*  becomes  p/4. 

For  huge  residence  times  the  effect  of  diffusion  is 
thus  somewhat  similar  to  that  of  a  plug-flow  reactor 
with  n  mixed  vessel  in  series.  In  the  asymptotic 
region  both  reactors  behave  as  single  ideally  mixed 
vessels.  This  means  that  the- particle  has  a  high 
probability  of  being  in  the  last  vessel. 

In  recent  chemical  engineering  literature  (for 
example  [14])  the  similarity  between  a  cascade 
of  stirred  tanks  and  molecular  or  eddy  diffusion  has 
often  been  stressed,  In  most  cases  the  comparison 
is  based  on  equal  variance  of  residence  time.  This, 
for  example,  leads  to  equal  dampening  of  low  fre¬ 
quency  concentration  fluctuations  in  the  input  of 
the  two  systems. 

However,  even  for  high  Peclct  number  (or  low 
values  of  y)  the  two  systems  are  still  basically 
different.  A  discussion  of  the  influence  of  the  de¬ 
tailed  structure  of  the  mixing  processes  on  chemical 
reactions  will  be  given  in  a  separate  paper. 

The  model  for  the  cascades  under  consideration 
in  this  study  possesses  two  independent,  non- 
dimensional  parameters  and  we  may  choose  several 
modes  of  representation.  Thus,  in  one  set  of 
circumstances,  we  may  consider  n  and  a  to  be  the 
underlying  basic  parameters;  in  other  analyses  we 
may  wish  to  start  out  with  yJ  and  <i(l  -n).  If  n-*0 
(forward  flow  only)  yJ  becomes  I /»  and  if  «-* 00, 
»r-*  l  such  that  «(l-n)  remains  finite,  /r(  1  —  rt) 
becomes  the  equivalent  Peclct  number.  In  Fig.  6 


and  7,  y3  is  given  as  a  function  of  a  and  n(l  -  a)  for 
various  values  of  n  ai.d  tor  axial  0 illusion  (n— oo). 

In  some  physical  eases  there  is  a  considerable 
advantage  in  using  at  a  theoretical  flow  model  a 
finite  cascade  of  mixed  vessels  with  forward  and 
backward  flow  between  the  vessels.  As  an  example, 
consider  a  packed  bed  or  a  turbulent  flow  reactor. 
Describing  the  transport  processes  in  such  a  system 
by  nr*  ("  erall  eddy  diffusivity  introduces  consider¬ 
able  difficulties  when  dealing  with  the  transient 
behavior  of  highly  non-linear  reactions.  These 


Fio.  6.  yj  as  a  function  of  it  foi  a  series  of 
equal  vessels  with  backflow. 


Fio.  7.  yj  as  a  function  of  Peclct  number  for  a  cascade  of  equal  mixed  vessels  with  backflow. 
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difficulties  can  be  considerably  reduced  by  sub* 
stituting  the  above  described  mi  ;ncl  of  u  mine 
cade.  11  one  now  realizes  that  the  physical  system 
also  contains  mixing  zones  of  fini'c  extension,  then 
this  model  might  even  be  a  better  approximation  of 
the  actual  flow  than  the  model  of  axial  eddy 
diffusion. 

A  model  with  forward  flow  only,  as  proposed  in 
(17]  is  even  more  simple  to  treat.  However, 
such  a  onc-paramctcr  model  is  less  flexible  and 
harder  to  fit  to  an  experimental  residence  time  dis¬ 
tribution.  The  two-parameter  model  described 
above  should  in  many  cases  lead  to  a  more  realistic 
description  of  the  transport  processes. 

In  conclusion  we  would  like  to  point  out  one 
property  of  flow  models  based  on  cascades  of  mixed 
vessels  with  internal  reflux  which  is  useful  in  reactor 
design.  In  reactor  design  it  is  often  sufficient  to 
estimate  a  minimum  and  maximum  conversion  with 
the  help  of  the  residence  lime  distribution.  The  fact 
that  1  he  intensity  function  7.(0  of  these  models 
readies  an  asymptotic  value  very  fast  simplifies  the 
computational  procedures  considerably.  From 
Figs.  2-4  it  can  further  be  seen  that  the  intensity 
function  can  often  be  approximately  represented 
by  n  step  function.  Many  practical  residence  time 
distributions  of  packed  beds  (for  example,  Fig.  6B 
of  (5])  exhibit  the  same  property.  In  such  eases 
approximating  the  /.-function  by  a  step  function 
tends  to  a  further  simplification.  A  step  function  in 
A  is  nothing  else  but  a  plug-flow  reactor  in  series  with 
a  single  stirred  tank.  The  residence  time  of  the 
equivalent  stirred  tank  can  be  found  fiom  A*,  the 
asymptotic  value  of  A,  ns 

and  the  residence  time  of  the  plug  reactor  is  the 
value  of  t  at  which  the  step  occurs.  From  this  simple 
flow  model  one  can  compute  a  first-order  approx¬ 
imation  of  the  effect  of  transport  processes  on  con¬ 
version  with  considerable  uccuiji  v. 

Summary  and  Conclusions 

A  method  was  derived  which  allows  one  to  com¬ 
pute  the  residence  time  distribution,  for  any  net¬ 
work  of  stirred  tanks  with  arbitrary  flows  between 
the  tanks.  The  method  which  is  based  on  comput¬ 
ing  the  probability  density  function  of  the  residence 


time  for  a  tingle  particle  also  allows  one  to  com¬ 
pute  the  dletrlbution  »"<<  ami.aoe  distribution  in 
any  of  the  ctirred  tanks,  comprising  the  network. 
Those  can  be  considered  as  local  age  and  nnti-ugc 
distributions  and  may  be  measured  expci imen tally. 
The  method  gives  the  Laplace  transform  of  the 
distributions  and  also  allows  one  to  obtain  directly 
the  moments  of  tire  distributions. 

The  method  is  demonstrated  for  a  cascade  of 
stirred  tanks  with  reflux  between  them.  If  all  the 
tanks  are  equal  and  the  reflux  is  constant  a  special 
simple  two  parameter  model  is  obtained,  these 
parameters  being  the  variance  yl  and  a  dimension¬ 
less  group  /;(!  —  r).  If  r.  is  zero  the  model  reduces  to 
the  well-known  case  of  a  cascade  of  stirred  tanks 
with  forward  flow  only.  If  at  constant  resident  time 
the  number  of  tanks  as  well  as  the  backflow  is  in¬ 
creased  then  the  case  approaches  assymplotieally 
live  ease  of  one  dimensional  diffusion  in  a  flow 
reactor,  and  h(I-jt)  becomes  the  well-known 
Fcclct  number. 

Such  a  model  with  a  finite  number  of  tanks  might 
be  n  good  approximation  of  one  dimensional  eddy 
diffusivitv.  Furthermore,  if »  is  large  as  compared 
to  //( 1  —  ,i)  the  intensity  function  is  quite  well 
approximated  by  a  step  function. 

AcXiiowUdamcnt— The  work  of  Professor  R.  Shinnar  was 
supported  hy  the  C.'ity  University  of  New  York  and  partly 
by  the  Air  Force  Ollicc  of  Scientific  Research  under  Cram 
No.  A-F-AFOSK  ST  1-65.  Professor  P.  Naor  was  supported 
during  litis  work  t>>  the  Ollicc  of  Naval  Research  under 
Contract  No.  Nonr.  HS5/(0'J). 

The  authors  want  to  express  Ihch  gratitude  for  this 
support. 

The  authors  also  want  to  thank  Dr.  Clark  Hcrinar.cc  for 
helping  with  the  computations. 


Nomp.nclatuui: 
ak  characteristic  root 

c,(f)  density  function  of  sojourn  time  in  Mh 
mixed  vessel 

c,(s)  Laplace  transform  of  <‘,(0 
/,(/)  density  function  of  i evidence  time 
f(s)  Laplace  transform  of  a  function 
n  number  of  stales  or  vessels 
Pi  probability  of  a  particle  in  stale  /  moving 
into  state  (i- 1) 
p(s)  polynoni  in  s 
q(s)  polynom  in  s 


L 


u 

>  j 
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w,  forward  velocity  between  vessels  i  and 
(1+1) 

v  forward  drift  velocity  of  fluid  through 

aystein 

M’,  backward  velocity  between  vessels  i  and 

(/-I) 

E{l)  average  residence  time 
E[i3\  second  moment  of  residence  time 
£,{/}  average  sojourn  time  in  Mh  state  or  vessel 
£{'/■)  average  age  or  anti-age  in  system 
E[T,}  average  anti-age  in  Mh  vessel 
£*(/)  distribution  function  (cumulative  to  the 
right) 


L  Laplace  transform  of  a  residence  time 

ft - >1.. 

ucnaiij  ivuotsvu 

UL/D  Pectct  number 
V j  volume  of  Mh  vessel 
Z  quantity  describing  location 
ot„  a'  functions  associated  with  Laplace  trans¬ 
form 

y  coefficient  of  variation 
),{l)  intensity  function 
n  probabif:;.'  of  a  particle  in  state  »  moving 
backward 

p  constant  equivalent  to  d  -  :let  number 
o  J(p3  +  4pE{t} s) 
q  reciprocal  average  Sc-journ  limes 
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Rfiumi — Unc  mdtltodc  gincrjlc  du  cnlcid  tics  repartition*  du  temps  dc  residence- pour  ties  systimes 
ayant  un  reflux  interne,  cst  decrite,  La  methode  permet  la  derivation  dc  la  transformation  dc  Laplace 
dc  tout  systcine  composii  de  recipients  mixtes. ayant  entre  eux  un  couraut  dans  ics  deux  sens,  Fin 
partlculicr,  Ics  proprictcs  d’unc  cuscade  lineaire  dc  recipients  mixtes  avee  courant  dans  Ics  deux  sens 
entre  eux,  cst  discutO. 

Zusninmcnfassuna— Tine  allgcmcinc  Mctliode  vttr  Bereebnung  dcr  Verweik  eitvcrlciltingcn  fUr 
Systeme  mit  innerem  ROckfluss  wird  bcsehris’bcn.  Die  Methode  gestattet  die  Ableitung  dcr 
Laplacc-Tiansformicrten  flir  jedes  System,  das  »ich  aus  GefSssen  mil  Vo  ruins-  and  RUckwartsfluss 
zwischen  ihnen  zusnmmensclzt.  Iin  besottJeren  werden  die  P.igenscbafien  und  das  Verhaltcn  tinot 
Lincarknskadc  gemischtcr  Gefiisse  mil  VorwUrts-  und  RUckwlrtsfluvs  zwisclien  den  Gefflssen 
besprochcn. 


1381 


REPRINTED 

FROM 


fi3Mgb& 


rp r ^  r  ^  p,.r]Eu~v':i  f~\  :i  cv* 


Stochastic  Mixing  Models  {or  Chsmkc*!  Reactors 

F.  J .  Krambcck .  R.  Shinnar,  and  S.  Katz 


Reprinted  from  l&EC  Fundamental* 

Volume  6,  May  1967,  Pago  276 

Copyright  1967  by  the  American  Chemical  Society  and  reprinted  by  permiulon  of  the  copyright  owner 


30  v 


ItsprinUd  from  UIC  FUND  AMENTAIS,  Vok.6,  96gt  276,  Moy  1967 
Copyright  1947  by  th»  Amorican  CHomlcol  Society  and  reprinted  by  permlulon  of  the  copyright  owner 

STOCHASTIC  MIXING  MODELS  FOR  CHEMICAL 
REACTORS 

F.  J.  KRAMBECK,  R.  SHINNAR,  AND  S.  KATZ 

Department  oj 'Chemical  Engineering,  The  City  College  of  the  City  University  of  Nr.o  York,  New  York,  NiY.  10031 


Turbulent  ehemical'reactors  are  modeled  by  networks  of  stirred  tanks,  with  the  stochastic  nature  of  the 
mixing  introduced  by  taking  the  interstage  flows  to  be  stationary  Markov  processes.  Some  general  fea-. 
tures  of  tracer  experiments  In  these  quashiteady  flows  ore  discussed,  together  with  their  relation  to  residence 
time  distributions.  The  statistics  of  tracer  experiments  are  analyzed,  and  related  on  the  one  hand  to  the  esti¬ 
mation  of  mixing  parameters,  and  on  the;  other  hand  to  the  forecast  of  average  yield  from  the  reactor 
system  under  first-order  kinetics."  'r The  variability  of  the  reactor;  performance  and  the  general  story  of 
more  complicated  kinetic  mechanisms  are  deferred  for  a  later; report. 


first  feature  of  a  turbulent  mixing  systetn  that  calls  for;-  ^ in  the  study  of  industrial  fluidized  beds  the  unsteady  nature  of 

•  mathematical  modeling  is  its  average  behavior, ; both  as  the  flow  leads  to  considerable  difficulties  in  determining  rcsi- 

mixer  and  as  chemical  reactor.  And  there  is  of  course  an'  dunce  time  distributions,  as  repeated  tracer  experiments  will 

extensive  literature  of  such  models- — for  example  {4,  6,  9,  10) —  *  give  varying  results. 

from  arrangements  of  stirred  tanks  to  eddy  diffusion  systems,  The  study  of  these  unsteady  only  statistically  determined 

all  capturing  the  salient  features  of  this  average  behavior. "  ,  properties  rf  the  flow  is  of  twofold  interest  to  the  reactor  dc- 

Turbulcnt  mixing  systems,  however,  exhibit  pronounced  signer.  First  of  all,  even  in  systems  in  which  the  fluctuations 

statistical  fluctuations  about  their  average  behavior,  and  averagclout  sufficiently  to  give  a  unique  response  to  a  tracer 

these  fluctuations  are  in  fact  often  the  dominant  feature  of  the  input,  one  would  expect  the  unsteady  nature  of  the  flow  proc- 

actual  performance  of  the  system.  Now  the  full  statistical  esses  to  have  strong  effects  on  highly  nonlinear  reaction  «vs- 

bchavior  of  such  a  system  is  in  principle  opened  to  mathe-  terns  which  are  not  described  by  steady-state  flow  models  such 

matical  analysis  by  entering  the  differential  equations  for  con-  as  eddy  diffusivity  or  a  cascade  of  stirred  tanks  with  forward 

centration  change  with  suitable  forms  of  random  turbulent  and  backward  flow  between  them. 

velocity.  But  the  studies  of  Corrsin  and  others  have  shown  Secondly,"  one  is  interested  in  applying  the" methods  of  tracer 

(/,  5,  0)  how  hard  it  is  to  follow  this  line  of  analysis  to  the  point  experiments  and  residence  time  distributions  to  systems  in 

where  one  can  see  working  engineering  results.  which  the  fluctuations  arc  strong  enough  to  become  apparent 

Another  approach  for  dealing  with  turbulent  flow  systems  in  tracer  experiments,  and  to  obtain  the  maximum  informa- 

as  reactors  is  the  use  of  residence  time  distributions,  obtained  tion  from  such  experiments  about  the  nature  of  the  flow, 

from  tracer  experiments  (■/,  7,  10).  Such  residence  time  dis-  The  approach  that  we  have  chosen  in  this  research,  of  which 

tributions  arc  not  only  helpful  in  deriving  a  reasonable  model  this  is  the  first  publication,  is  to  study  the  properties  of  some 

for  the  average  flow  behavior,  but  they  also  allow  the  direct  ideal  flow  systems  which  on  the  one  side  show  all  the  essential 

computation  of  conversion  in  first-order  reactions,  as  well  as  properties  of  a  flow  with  strongly  time-variant  behavior  and  on 
the  derivation  of  upper  and  lower  bounds  for  the  conversion  the  other  allow  one  to  perform  exact  calculations.  It  is  hoped 

for  second-order  reactions.  that  this  will  not  only  allow  quantitative  checks  on  some 

Obtaining  a  residence  time  distribution  from  a  single  tracer  common  assumptions  but  also  allow  one  to  get  some  insight 
experiment  implies  that  either  the  flow  is  completely  steady  or  into  the  general  properties  of  such  systems.  _ 
at  least  the  residence  time  distribution  of  any  small  volume  of  What  we  present  here  is  a  kind  of  ad  hoc  engineering  model 

fluid  entering  the  system  is  constant  and  independent  of  the  for  turbulent  mixing  systems,  that  permits  one  to  make  working 

time,  the  material  entered  the  system  (S).  This  is  approxi-  calculations  of  both  the  average  behavior  of  such  systems  and 

ma'ely  true  for  the  turbulent  flow  in  a  very  long  pipe,  but  docs  their  statistical  fluctuations.  The  mode!  docs  not  go  back  to 

not  apply  to  many  other  common  flow  systems,  l  or  example,  the  fundamental  differential  equations  for  a  turbulent  flow,  but 
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instead  separates  in  a  pragmatic  way  molecular  mixing  el  Rets 
from  large  scale  turbulent  ell'ccts,  allocating  the  former  to  a 
number  of  stirred  tanks  and  the  latter  to  suitable  interconnect¬ 
ing  flows.  Our  picture  of  the  mixing  system  thus  appears  as  a 
network  of  stirred  tanks,  with  interconnecting  (lows  that  arc 
random  functions  of  lime.  And  in  application,  we  would 
hope  to  be  able  to  select  suitable  networks,  and  the  correspond¬ 
ing  random  Mows,  to  model  chemical  processing  systems 
ranging  from  fluid  bed  reactors  to  turbulent  llaincs. 

We  note  that  in  the  steady-state  case  any  residence  time 
distribution  can  be  arbitrarily  closely  represented  by  a  network 
of  stirred  tanks.  Thus  a  cascade  of  stirred  tanks  with  forward 
and  backward  How  between  them  approaches  the  one-dimen¬ 
sional  diffusion  equation  in  the  limit,  if  the  number  of  tanks 
approaches  infinity  while  their  total  volume  remains  constant. 

The  model  presented  here  allows  one,  with  a  very  large 
number  of  tanks  and  interconnections,  to  describe  both  the 
steady  and  time-dependent  behavior  of  any  turbulent  llow 
phenomenon  to  any  desired  degree  of  approximation.  How¬ 
ever,  as  such  very  complicated  models  are  not  easily  amenable 
to  analytical  treatment,  one  should  hopefully  be  able  to  eluci¬ 
date  the  basic  features  of  the  behavior  of  such  systems  with  a 
relatively  simple  network. 

A  word  tnay  be  in  order  on  the  mathematical  form  in  which 
we  describe  the  random  flows.  We  vish  to  consider  flow 
systems  with  a  quasi-steady  character,  and  to  this  end,  wc  take 
our  flows  to  be,  technically  speaking,  stationary  random 
ptoccsses — that  is,  random  functions  of  ;:nte  whose  statistical 
properties  are  unchanged  by  any  shift  of  the  time  axis.  Specif¬ 
ically,  wc  take  the  flow  pattern  for  a  given  system  in  the  form 
of  a  stationary  Markov  process,  so  as  to  be  able  to  take  advan¬ 
tage  of  the  very  considerable  body  of  knowledge  about  such 
processes— for  example,  (5).  Since,  for  technical  reasons,  we 
need  to  control  the  flows  to  have  positive  values,  we  cannot 
conveniently  isc  the  familiar  f  uus-sian  processes  such  as  arise 
in  the  dcsctiption  of  Brownian  motion,  and  wc  confine  our¬ 
selves  instead  to  the  mathematically  much  simpler  situation  of 
flows  that  take  only  a  finite  number  of  preselected  values. 
Indeed,' the  numerical  calculations  wc  present  below  are  all 
for  two-valued  flows. 

The  statistical  history  of  a  Markov  process  is  governed 
entirely  by  the  probabilities  of  transition  from  one  state  to 
another.  Its  present  alone  is  accordingly  all  that  is  needed  to 
forecast  its  future.  The  concentrations  that  develop  in  our 
mixing-reactor  systems  under  the  influence  of  the  Markov 
flows  cannot  by  themselves  form  a  Markov  process,  since  the 
concentration  patterns  might  change  in  this  way  or  that,  de¬ 
pending  on  the  state  of  flow.  The  concentrations,  when  taken 
together  with  the  state  of  How,  do,  however,  form  a  Markov 
process,  and  the  equations  describing  how  the  joint  probability 
distribution  of  concentration  and  flow  evolves  in  time  serve  as 
the  working  equation  fo.  our  mixing  and  reactor  studies. 
Restricting  the  flows  to  a  finite  number  of  preselected  values 
does  not  correspondingly  restrict  the  concentrations,  1  hey  go 
freely  over  the  whole  range  of  physically  possible  values. 

In  tl.  s  paper,  wc  aim  to  set  down  a  fairly  complete  mathe¬ 
matical  description  of  our  system,  and  carry  out  a  preliminary 
analysis  of  its  behavior  as  mixer,  and  as  reactor.  The  plan 
is  accordingly  as  follows.  After  setting  down  the  description 
of  our  mixing  model,  wc  construct  a  random  walk  for  the 
passage  of  a  particle  of  fluid  through  the  system.  We  then 
develop  the  equations  describing  tracer  experiments  on  the 
model,  and  discuss  their  relation  with  the  random  walk  prob¬ 
abilities,  in  particular  with  the  residence  time  distribution 
of  fluid  in  the  system.  Next,  wc  present  and  discuss  the  results 


at»  .  . 

of  some  sample  calculations  of  the  statistics  of  tracer  experi¬ 
ments.  Finally,  we  formulate  the  equations  describing  the 
behavior  of  our  mixing  systems  as  chemical  reactors,  and,  foi 
first-order  reactions,  discuss  the  relation  between  conversion 
and  residence  time. 

Tho  Model 

To  fix  the  description  of  our  mixing  model,  we  take  n  stirred 
tanks,  connected,  quite  arbitrarily,  by  interstage  flows  (see 
Figure  1).  Wc  index  the  tanks  by  f  (running  from  t  to  n), 
denote  the  volume  of  the  ith  tank  by  tq  and  the  volumetric  flow 
rate  from  the  ith  tank  to  the  jth  by  nqy.  Since  each  tank  inay 
receive  part  of  the  feed,  it  is  convenient  to  assign  the  index 
value  i  —  0  to  a  feed  station,  and  denote  the  feed  rate  to  the 
jlli  tank  by  uoj.  Since  each  tank  may  contribute  to  the  outlet 
stream,  it  is  convenient  to  assign  the  index  value  i  “  *  k  1 
to  an  outlet  station,  and  denote  the  outlet  rate  from  the  y’th 
tank  by  Wj,H  +i.  The  quantity  «•„.„+!  may  be  taken  to  be  the 
flow  rate  of  material  that  bypasses  the  mixing  system  al¬ 
together. 

T  he  flow  rates  wij  will  be  permitted  to  vary  with  time,  but 
the  volumes  tq  arc  to  be  held  constant.  Accordingly,  wc  require 
the  equality  of  inlet  anti  outlet  flows,  tank  by  tank: 

n 

H  =  Y  "'ik;  ;  “  1,  2,  ....  n  (i) 

Inl  t - t 

•V/ 

This  entails,  of  course,  the  equality  of  the  total  inlet  and  outlet 
flow  rates,  so  that,  denoting  this  over-all  llow  rate  by  w,  wc 
may  write 

2  U'cj  =  £  Wi.,+1  -  w  (2) 

;-t  i-O 

Wc  have  so  far  not  attached  any  meaning  to  the  "diagonal” 
expressions  wjt  but  if  we  denote  the  common  value  of  the  two 
sides  of  Equation  1  by  —Wjj,  wc  will  have  tilled  out  a  square 
matrix  (n  +  1  by  n  +  1 )  of  flow  rates  «>.>,  i  =  0,  1,  2,  ...,  n, 
j  =•  1 , 2,  .  .  . ,  n  +  1  (sec  Table  1),  for  which 

r  »  +  1 

£  wtj  -  £  wj*  =  0;  ;  =  1,  2y  . . n  (3) 

i-0 

Wc  have  so  far  not  said  anything  about  the  random  variation 
of  the  flows,  and  wc  now  explicitly  recognize  the  flows  as. 
arising  from  a  Markov  process.  We  consider  for  this  purjrose 
only  Markov  processes  with  a  finite  number  of  states,  and  if  we 


Figure  1.  Typical  flow  network 


Table  I.  Typical  Flow  Matrix  for  Figure  1 

Column  Index 

i  2  3  J 

1  “  o  I  o 

1-3]  2  1  0 

2  1-31  0  1 

0  1  1-21  1 


0 

Rmv  Index  1 
2 
3 
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innrn  tin-  .UU->  by  n,  s»o  hrtVT  ill  thr  ss.Uni  at  any  mmnriit  a 


iqu.itr  mjtrix 


it'i /»;  I  «  0,  I, 


;  -  1.2 _ ■  +  I 

nprcjfnting  the  flows  m  Half  n  Condition*  2  and  3  hold  for 
evfry  stall  u.  Si.  '  we  may  write  them  a* 

Y  «0a  -  Y  —  o ;  /  -  1 .  2 ....  n  (4) 

t-o  1-1 


Yi  u  >*ta  “■  iL  H'l  ill.# 

; > I  i-O 


u-;  all  a 


In  Equation  3.  «■,  n-pn-M-nU  the  total  feed  Uakc-oil)  rate  for 
the  system  wher.  the  llo wit  are  in  .'tale  a.  We  note  explicitly 
that  the  tank  volume*  are  not  subject  to  variation  with  the 
How*,  and  keep  their  constant  value*  e,. 

The  probability  structure  of  the  Hows  now  reside*  in  how  we 
describe  the  transitions  of  the  underlying  Maikov  process 
from  one  state  «  in  another  &■  Denoting  the  probability  of 
such  a  transition  in  a  time  r  by  r(a  —  d;  t),  we  tnav  describe 
the  behavior  of  »  for  small  r  by  setting 

r(<*  —  dl  »)  “  X.a*  +  o(t) ;  «  i*  J 

wltric  X„,i  is  some  assigned  matrix  of  switching  rates  and  o(r) 
is  a  funetion  of  r  whielt  goes  to  zero  faster  than  r.  Since,  in  a 
tint"  i,  state  n  tan  either  beionte  some  other  state  or  remain 
unrhatiped,  we  complete  tiie  characterization  of  r  for  small  r 
by  setting  the  probability  that  slat"  «■  remains  tint  hanged, 

Wa_atr).,,  -(D.).  +  .w 

If  now  we  define  the  diagonal  quantili'-.  to  make 

53  Ki  *■  0;  all  a  (6) 

* 

wc  lias  r  a  foil  square  matrix  of  switching  rates  \ai  in  terms  of 
which  wc  may  compactly  describe  the  transition  probabilities, 

r : 

r(a  -*  d;  r)  Ju(I  +  X^r  -f  o(f)  (7) 

where  4„,i  is  the  Kronccfeer  delta 

We  may  now  describt  the  probability  hisUny  of  llov.- stales  <r. 
If  wc  denote  by  the  probability  that  the  Hows  arc  in  stale 
a  at  time  /,  we  have,  front  the  characteristic  properly  of  Markov 
processes,  that 

/>/»('  +  r)  =  Y  A»(0  -  *(«  “*  di  r) 

a 

Appls  ir.g  Equation  7  gives  the  set  of  differential  equations 

dl,,f  =-  Y  m 


Wc^lake  our  Maikov  flow  processes  always  to  be  ol  die  wrii- 
bchavrd  k*nci  that  have  a  unique  stationary  distribution, 
defined  by  Equation  9,  tog'-'h^r  with  the  normalization 

En.-  i  <‘°) 

Thia  amount*  algebraically  to  requiring  that  zero,  which  i* 
tlwty*  an  eigenvalue  of  the  matrix  A.*,  be  ottfv  a  single,  not  a 

lilU  I  v  1 1 ' IV ,  u^mMiuC' 

Finally,  the  equilibrium  correi|>onding  to  ottr  stationary 
flows  is  a  statistical  equilibrium  only—  that  is,  the  flows  con¬ 
tinue  to  exhibit  random  fluctuations,  but  !l,;'  uasbtica!  chsrae* 
ter  of  these  lluetualions  does  not  change  with  time.  And  trie 
system  may  of  course  exhibit  other  random  features  that  do  not 
share  the  stationary  character  of  the  Hows.  This  will  Certainly 
be  die  case  when  we  come  tc  discuss  tracer  experiments. 

A  Random  Walk 

The  physical  nature  of  the  mixing  system  we  have  just 
described  can  be  studied  on  two  levels:  in  terms  of  the  random 
passage  through  the  system  of  a  particle  of  tracer  put  initially 
in  the  feed  line;  or  in  terms  of  the  random  concentration 
pattern  developed  in  the  system  when  the  tracer  is  fed  accord¬ 
ing  to  an  assigned  schedule.  The  second  we  analyze  later 
under  the  heading  ‘‘Mixing  liquations";  what  wc  do  here  is 
set  up  the  random  walk  for  a  single  particle. 

The  system,  for  this  purpose,  consists  of  the  n  tanks  plus  the 
outlet  station,  and  the  state  of  a  particle  is  accordingly  described 
by  its  location  index  i  (ranging  from  1  to  n  -f  I).  IXe  regard 
each  tank  in  the  usual  way  ns  a  Poisson  (exponential)  holdup 
for  the  particle,  so  that  the  probability  that  the  particle  goes 
in  a  short  lime  r  from  tank  i  to  tank  j  is  just  (ii,q/i»i)r.  'J  he 
probability  that  it  stays  in  tank  i  is 


-  (y~) 

V;-i  “</ 


the  equality  holding  by  virtue*  of  Equation  4.  And,  once  the 
particle  is  in  the  outlet  stale,  i  «*  n  4  1 ,  it  stays  there. 

The  Hows  u’fj  must,  however,  be  regarded  as  random  quan¬ 
tities  ivtjtr  Thu*,  the  location  of  the  tracer  particle  cannot 
alone  be  a  Maikov  process,  since  the  transition  probabilities 
from  one  location  to  another  depend  on  the  state  of  the.  flow. 
However,  if  sve  lump  together  a  and  *,  the  state  of  the  flow  and 
the  location  of  the  pai  tide,  we  find  a  composite  Mai  kov  process 
whose  structure  can  be  described  in  terms  of  the  probability 
tr  (a,  I  — •>  d*  j ;  t)  of  making  a  transition  from  slate  a,  t  to  state 
0,  j  in  time  r.  Following  Equation  7,  and  the  Poisson  holdup 
character  of  the  individual  tanks,  wc  may  describe  the  behavior 
of  this  t  for  small  r  by  selling 

i  j  (fr,  I  -*  j;  r)  w  [6ufl  4  An/jr  4  o{t)\  \  lt)  4 


wliose  solution  rallies  with  it  the  complete  evolution  of  the 
distribution  of  flow  states  with  time.  Now  we  j Uall  be  con¬ 
cerned  in  what  follows  only  with  quad-steady  flow  systems  - 
that  iN,  only  \\ilh  Mows  ;n  a  staiionjiy  stale,  whose  probability 
distribution  •»**  luu.mr  vaiies  with  time.  *1  hi-  statistical 
ctjmlibiiiiiii  tliMi  it  )•  1 1  :e>;t  is  given  I  rout  Fquation  K  as  those 
pi‘  l).»bilii'  -s  f‘a  for  which 


V'  \  . 

’  niiiU 


{  w(or,  n  4  I  -*  0,j;  t)  --  [6a/J4-  A0jt  +  o(t)|4»+i./ 

We  may  now  describe  the  probability  history  of  the  com¬ 
posite  flow -particle  location  slates  in  terms  of  the  distribution 
ftat (/),  the  probability  that  the  flow  is  in  state  «  and  the  tracer 
panicle  in  loc  ation  i  at  time  /.  Setting  down  the  chaiacteiistie. 
property  of  the  Markov  process,  that 

At  A*  +0-  /<„(/)  r(o,  i-*  d,  j:  r) 


2Z8  IH  t  f  UH  0  A  Mt  hi  I  A l  J. 


and  applying  Equation  1 1,  gives  the  set  of  differential  equations 

“  E  ,r>  ptM  +  E  KuPffAOi  j  “  1.2,  I 

'«  i-l  »!  a 


The  particle's  bring  initially  in  the  input  line,  we  describe  by 
distributing  its  initial  location  probability  over  the  it  tanks 
(and  the  outlet)  in  proportion  to  the  feed  rates— that  is,  wc 
take 

Au(U)  =  jig  1,2 _ »  +  1  (13) 

w„ 

where  /i,,  is  the  stationary  distribution  of  llow  states  defined  by 
Equations  9  and  10. 

The  differential  Equations  12.  together  with  the  initial 
Conditions  13.  determine  the  whole  development  in  time  of 
the  joint  probability  history  of  llow  state  and  particle  location. 
If  we  sum  pfj  over  j,  wc  recover  simply  the  probability  dis¬ 
tribution  of  the  llow  states: 

«+t 

pfiU)  **  2  pfiiU) 

i-i 

If  wc  sum  Equations  12  and  13  over  j ,  applying  4  auu  S,  wc 
find 


E  KfiPaO) 


33 

Mixing  Equations 

We  set  up  here  the  tii.itheiuatie.il  methods  for  studying 
tracer  experiments  in  our  llow  systems,  I  he  mean  response, 
as  well  as  suitable  measures  of  fluctuations  al>oot  the  mean, 
will  satisfy  certain  ordinary  differentia!  equations  ratliet  like 
Equation  12,  and  their  solution  in  illustrative  cases  is  discussed 
later  under  the  heading  ‘"Tracer  Calculations. 

If  we  arrange  to  load  into  the  input  lines  of  our  mixing 
systems  tf(t)  moles  jter  unit  time  of  tracer  material,  then  the 
concentration  a ,•  (in  moles  per  unit  volume)  of  tracer  in  the  ylh 
tank  develops  under  the  influence  ol  the  random  llow  states  « 
according  to  the  differential  equations 

Vj  -  1  =  -  <n  y(0  +  E  ,rOnxl  “  E 
dt  irm  i-t  »-l 

tV;  M 

Introducing  tltc  pseudo-flows  te.oa.  and  railing  on  Equation  4, 
this  material  balance  may  be  written  compactly  as 

Vj  dx'  -  V(l)  +  t  i  ™  >*2 . " 

dt  wa  ,•  -  \ 

If  further,  we  arrange  that  the  system  be  initially  empty  of 
tracer  material,  we  may  add  to  Equation  17  the  initial  condi¬ 
tion 

rj|,.a  m  0;  ;  “  1,  2,  . . .,  n  (18) 

Now,  for  the  reasons  noted  earlier,  the  set  of  concentration 


that  is,  the  differential  equations  (H)  for  the  flow  state  probabili¬ 
ties,  with  the  stationary  distribution  as  initial  conditions.  It 
then  follows  from  our  earlier  discussion  that  the  flow  state 
probability  p„(t)  remains  at  the  stationary  initial  value  ft0,  so 
that,  for  all  time, 

»  +  l 

E  Ppj(0  “  f'H  (I4) 

> -1 

Equations  12  and  13,  or  rather,  their  solution,  contain  all 
the  basic  information  about  distribution  of  age  and  residence 

time  in  the  mixing  system.  Thus  J]  PmiO  is  the  probability 

s 

that  a  particle,  initially  in  the  inlet,  is  in  location  j  at  time  /. 
Suitably  normalized 

E  PuA  0 

.  _ _ ? _  r  1  st 


I "  E  />„(/)<* 

Jo  a 


X  =  (  ft,  .tl,  .  .  .v„) 

docs  not  alone  form  a  Markov  process,  but  the  composite 

{n,  a)  “  | a;  xi,  aj,  ....  A,} 

of  flow  state  and  concentration  pattern  does.  1  he  structure  of 
this  composite  Markov  process  is  governed  by  the  transition 
probability  density,  *■(«,  x  -*■  0,  y;  l,  r),  where 

I  ...  I  it  (a,  r  —  0,  y;  t,  r)dy\  .  .  .  dyn  j 

%./  J  «l|  I 

is  the  probability  of  making  a  transition  from  flow  slate  a  with 
concentration  pattern  x  =  ai.  a-,  .  .  .,  a„  at  time  I,  to  flow  stale 
0  with  concentration  in  the  ;'th  tank  between  aj  and  bj  a  lime  z 
later.  The  time  t  appears  here  explicitly  in  v  because  of  the 
time  dependence  of  the  racer  feed  rate,  •f. 

following  Equation  7,  and  the  fact  that  the  xj  arc  bound  by 
the  differential  Equations  17,  wc  may  express  this  t  for  small 
t  in  the  form 


it  is  simply  the  age  distribution  of  material  in  location  j,  in  the  r^a  Y  __  ^  v .  (  T)  [3  0  +  X  0t  +  o(r)] 


sense  that  J  Sj(t)dl  is  the  probability  that  a  particle  in  location 

j  has  been  in  the  system  a  time  between  t,  and  l\.  One  can 
accordingly,  for  specified  llow  models,  compute  such  over-all 
measures  of  the  performance  of  the  flew  system  rs  the  local 
age  distributions  and  local  life  expectancy  distributions  which 
again  can  bc/mcasurcd  by  tracer  experiments. 

Also, 

/•'(')  =  E  >*.■+»«  (16) 

0 

is  the  probability  that  a  particle,  initially  in  the  inlet,  has  found 
its  way  to  the  outlet  by  time  t — that  is,  /•"  is  the  cumulative 
residence  time  distribution  of  material  in  the  system,  and  will  be 
related,  in  what  follows,  to  the  average  response  of  the  system 
to  suitable  tracer  experiments. 


I  flU*.  lor  piO  tC'i],,  \  /  \"1 

J  >'1  —  *1  -  ( -  4"  E  -  •  •'<)  r  +  "(r)  • 

L  \«a  *■«  ■'-!  b  /  J 

.  .  .6  L  -  a,  -  ^  +  E  r)  r  +  o(r))  (19) 

L  \  «a  ”n  1-1  «’»  / 

where  the  J's  in  the  concentration  variables  arc  Dirac  deltas. 

We  may  now  describe  the  statistical  history  of  the  composite 
flow-concentration  states  in  terms  of  the  probability  density, 
/>«,(a,0.  where 


eti,  /•*. 

V  0»  •)  Ol 


pa{x,t)dxi  ■  ■  ■  dxn 


is  llic  probability  that  at  time  t  the  flow  is  in  state  n,  and  the 
concentration  in  the  ;th  lank  is  between  rtj  and  by  Wc  set 
down  the  characteristic  property  of  the  Markov  process,  that 
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Pg(*J  +  r)  *=  5  .  /  f  P.,li.l)*<a,  i  -*  rf.  l.r)il\,  d\. 

m 

whrrr  ihr  inCri’rab  air  otrr-all  valur<  of  llic  \Jt  jusi  a*  I  hr  iimi 
i*  ovrr  all  How  <?.  Then,  dppl>ini;  l,q  nation  l‘J  ijivc* 

the  partial  dilh-rmlial  equation 

£  (20) 

m 

Fliriliei ,  we  may  interpret  tin*  initial  Conditions  IH  as  iinplving 
*n  initial  condition  for  tin-  distribution  in  the  form 

“  pt  ■  if.vt)  ...  i(v«)  (21) 

where  f>$  ii  the  national)  probability  distribution  of  flow 
ilatei  defined  by  Equations  9  and  10. 

With  Equations  20  and  21  in  hand,  we  note  first  that,  if  we 
integrals  ton  me  I ,  pin:  iluLgiuis  mulling  mo  aii 

possible  values),  we  find  simply  the  probability  distribution 
of  the  (low  stales 
\ 

pg(D  /)</>!  ...  4, 

If,  similarly,  we  integrate  liquations  20  and  21  over  the  y,,  we 
find 

“  £  W.W,'  M°)  “  f>J 

that  is,  the  dillemitial  litpialions  8  for  the  flow  stale  proba¬ 
bilities,  with  the  stationary  distribution  as  initial  condition. 
It  follows,  as  in  our  dbtussion  for  the  random  walk,  that  the 
How  stale  probabilities  /ij((/).  remain  at  their  stationary  initial 
values  fi„,  so  that  for  all  time 

/•  /Mr tOrfvt  •  ■  ■  <!)«  ~  f>i i  (22) 

Now  .the  partial  differential  Equation  20,  although  linear, 
presents  in  general  formidable  complications,  and  we  propose 
accordingly  to  confine  ourselves  to  a  study  of  the  leading 
moments  of  the  concentration  variables.  We  begin  by  defining 
llic  partial  mean  concentrations 

M/oW  *"/••■  />,/’< 1 0.0* t  . . .  dy,;  ;  =  1,2,  ii  (23) 

Bringing  this  definition  to  Initiation  20  and  21  and  applying  22 
we  find  the  system  of  ordinary  tlilleicnti.il  equations  with  initial 
conditions 

dagiiD  fit  n'-ia  i  y-s  "'iu  ,  y-s  ,,  . 

+  E  ■  •  am 0)  -r  £  Ktia„i(>)  (24) 

Vj  WjJ  i  ■  I  I'j  a 

0g j(0)  -  0 

These  are  live  equation*  that  will  he  solved  below  for  illustra¬ 
tive  flow  systems  to  produce  the  mr  an  response  to  tracer 
inputs.  rhe  hum  ii  rate  (in  moles  per  unit  time)  at  which 
tracer  material  leave*  the  system  may  be  calculated  from  the 
solution  of  lajujtion  21  as 

m0)  u-  E  f  ■  ■  ■  f  E  "'>■«  x 

K  L  "'ll  J 

fia(\,l)dvt  .  .  .  </>„ 

wliiclt  we  may  write  as 

lift)  E  h  '  s' it)  -I  E  "l.n  (25) 

rl  L  •'•'.I  J 


3^ 

It  appears  from  hqnnlinn*  24  and  2S  that  the  functions 
fifljU) ,  n(t)  arc  i  dated  linearly  and  huimM^rneously  to  the 
tracer  feed  schedule  v*(/).  They  arc  arcorclinjgty  convolutions 
i>f  suitable  kernels  w ith  v-.  In  particular,  wc  may  set 


-/>- 


r)f(r)dt 


wlirrr  /(f)  is  the  mean  response  in  outlet  tracer  flow  to  a  unit 
pulse  in  inlet  tracer: 

uO)  “  m  far  *(t)  -  HD 

That  is,  as  far  as  mean  values  (first  momenta)  go.  the  rcs[>onsc 
to  an  arbitrary  tracer  feed  schedule  y  is  simply  the  convolution 
of  if  with  the  impulse  response  /,  just  as  it  is  for  a  determinis¬ 
tically  modeled  mixing  system.  In  particular,  the  mean  step 
response  Is  the  integral  of  the  mean  impulse  response. 

Further,  the  mean  response  described  by  Equations  24  and 
23  can  be  related  directly  tu  the  random  walk  probability  dis¬ 
tributions  (12,  13,  and  1C).  If  wc  enter  Equation  24. with 
f(l)  ■->  3(f),  and  interpret  the  3-funrtion  terms  suitably  as 
initial  conditions,  we  see  that  the  average  molar  amounts  of 
tracer  i'jagj(0  arc  exactly  the  probabilities  fajU)  for  /'  «■  1,  2, 

. . . ,  n.  Also,  under  these  circumstances,  we  have  from  Equa¬ 
tion  25  that 

m  -  E  \p,  m  + £ 

a  L  uf  i  - 1  *j 

and  a  comparison  with  the  random  walk  etpiations  shows  that 


so  that  the  mean  impulse  response  is  just  the  probability  density 
function  of  residence  limes  in  the  system.  This  is  simply  an¬ 
other  indication  that,  as  far  as  first  moments  go,  our  stochastic 
mixing  models  behave  in  very  much  the  same  way  as  deter¬ 
ministically  modeled  systems, 

We  turn  now  to  a  consideration  of  the  second  moments  of 
the  concentration  variables.  Defining  the  partial  mean  values 
of  the  products  (squares  included)  by 

•W')  -  /  /  VjOV'aO’.'Vf  i  .  •  ■  </>■„  (27) 

j,  *  "  1 ,  2,  ....  n 

and  bringing  the  definitions  to  Equations  20  and  21,  we  find  the 
system  of  ordinary  dillereniial  equations  with  initial  conditions 


d$gjt  m  / w-jg  8dt_(0  fc„*«  jjajW\  ^ 

dt  \  Wjt  Vj  Wf  vt  ) 

..I  \  V,  t't  / 


’‘W D)  +  E  K^oidD, 


with  the  g ch (D  defined  by  Ecpiation  24.  These  arc  the  equa¬ 
tions  that  will  be  solved  below  for  illustrative  flow  systems  to 
produce  the  variances  in  response  to  tracer  input.  The  mean 
square  rate  at  which  tracer  leaves  the  system  can  be  calculated 
from  the  solution  of  Equation  28  as 

•w  ==£/..  /[""■* '-'•%(/>  + 

g  i.  u'i 


"  *1’ 

£  «/.st-i.a»;  J  PgMJyt  .  . .  dy. 


which  we  nutv  write  as 
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y<n  r.\ m  + 

rt  L  \  "n  / 

2  "  8  X‘(<)  E  ,1.0  It/llU)  + 

“a  )  - 1 

*  «  "1 

E  23  “'j.*  >-i.^  "■*.»  »m 

/ 4-1  J 

finally,  calling  on  K<|ii.ition  2S,  we  may  calculate  the  variance 
of  the  outlet  response  to  the  tracer  fei  d  schedule  ^(()  as 

»*(<)  =■  A’O)  -  »'{l)  (30) 

In  the  same  way  we  can  calculate  tire  variance  of  the  local 
concentration  response  in  tank  j  to  the  tracer  feed  schedule 
These  measures  of  the  statistical  lluctuation  in  the 
system  response  have  of  course  no  counterparts  for  determinis¬ 
tically  modeled  mixing  systems. 

Another  statistical  average  that  can  be  calculated  from  the 
results  of  tracer  experiments  is  the  autocorrelation  function, 
p,(r),  deli  tied  as  follows: 

,  ,  +  r)>  -  /.«)/*«  +  r) 

PiW  » - ,  - 

e(l)<r(/  +  r) 

where  :(/)  is  the  rate  at  which  tracer  leaves  the  system  at  time  I. 
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Figure  2.  Parallel  tank  model 
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Figure  3.  Series  tank  model 


l  or  a  Mai'tonaiy  random  p»orr\s  tlm  tvouM  la*  a  function  of  r 
*inK  Imi  ti  .H  i-r  iTMioiiM-  i  ,  mil  •‘i.itii.n.u  v.  I  u  i.ihiil.iU'  this 
function  iur  the  model  w»*  note  (liat 


ho  ** " . "  v*(o  i-  23  "s.»'t.„  «,tfS 

it- 


;  -  i 

(HOH/  +  r)>  -  s-tOv'tt 


*{l) 


+  0  \  >  + 

\  "a  / 

a  *A<+r))  + 

+  r) 1  •  -  e  v/oVh 

\  "  a  ; » t  / 

\  E  E  »■/.«  ►  '.*  “>.»  - ' ./S  v#0)v*(/  -f-  r)  ) 


where  <r  is  die  flow*  stair  at  time  t  and  ,1  is  the  (low  state*  at 
time  /  -f  r.  In  ease  then*  is  no  dim  t  bypassing  (/rPt,  =« 
0  for  ail  ft)t  the  I  list  three  terms  vanish.  Otherwise  they  cun 
lx*  calculated  by  methods  similar  to  iliat  shown  below  for  the 
laU  term.  We  now  express  the  expectation  in  terms  of  the 
probability  distribution. 


<*  it 

23  23 

/-I  t-t 


<l+l» a  *<’*,»»  n„svj(/).fc(r  +  r) 


> 


/  ...  f  Jx i . , .  <ix„ii)i . . .  iiy,  23  23  53  E  '‘'7.1+1, a  X 

u  a  /  - 1  «  - 1 


where 

?*rt  '-1  E  E  •ly.n  +  l  /...  /  .A,  . .  .  dJnx#kptf 

a  *  » I 

(b'V)r(n,  *  -»  0,  r) 

Tlie  product  />„(r,v)ir(a,  .,y  >3,  v;  r)  above  is  just  the  joint 

distribution  of  (u.v)  and  (,?,y)  at  /  and  /  +  r,  respectively. 
The  transition  probability  t((»,  x  — ►  y;  r)  satisfies  the  same 
differential  equation  as  (/  +  r,_v)—  namely, 


«  I  I  >  4  S  I  7  • 

TIME  ,  t 


Figure  4.  Typical  step  response  (or  parallel  case 
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Figure  5.  Effect  of  fluctuation  magnitude  on  mean  responte  to  step  input  for 
parallel  cate 


_  t.s 


Figure  6.  Effect  of  fluctuation  magnitude  on  mean 
retponse  to  »tep  input  for  parallel  cate  (rcplottod) 


Figure  7.  Effect  of  fluctuation  magnitude  on  etcape 
intensity,  Ml),  for  parallel  case 

*i  ”  v„  r  -  Vt,  Xi  “  Xj,  X  “  t 


i- («,  i  -»  y;  r)  + 


y'  &  t) 

~ 1  «>>•,  L  l  "  t  ", 


l-s  ff'j  H  )  r — \ 

2Z  >•(  v;  r)  £ 

*•  I  ^  *  J  ■> 


X>:Jjr(a.  -v  -*  y  y;  t) 


*(<*>  •  fi.  v;  0)  -•  -  .\) 

I’Voni  this  equation  \w  find  that 
J*  T) 

2_>  ^  ;  r), .  i.ic,//)  | 

p  ^  I'i  o  • 


E”  if, I  i-s 

*!  I,<  2-r 

»“1  <*  V 


v  0:  f/ijj  ««  Xy  •  i .fl’fyytiO 

J  n  I 

This  set  of  equations  can  be  solved  in  conjunction  with  the 
previous  set  for  m,i>  and  S$,i . 

Ily  methods  similar  to  the  above  one  could  compute  ntanv 
other  statistical  measures  of  the  tracer  response  of  the  model 
which  could  be  directly  compared  with  values  determined 
experimentally  for  a  real  system.  The  measures  mentioned 
above,  n{t)x  cm/),  and  pt{t),  are  probably  the  easiest  to  obtain 
accurate  estimates  of  experimental^ .  lit  eeitain  situations, 
however,  one  mii’ht  "ant  to  study  the  dlccl  of  unread  incss  in  a 
systeiit  for  which  the  variance  of  the  response,  at  the  mulct , 
n*<v/),  is  small  Imt  sizable  llm  motions  occur  in  other  parts  id 


2  <  &  E  C  fUNDAMfNTAlS 


ME.t 


Figure  8.  Effect  of  twitching  rate  on  mean  re- 
tponso  to  step  input  for  parallel  cate 

vi  -  vj,  r  “  'A,  >i  -  «  -  t 


Figure  10,  Effect  of  fluctuation  magnitude  on 
u(f) / m(F)  of  step  response  for  parallel  case 


ssnii 


Figure  9.  Effect  of  switching  rate  on  escape 
intensity,  MO,  for  parallot  coto 


Figure  11.  Effect  of  switching  rate  on  <r(f)/*t(0 
of  step  response  for  parallel  cate 

*1  "»  r  =■  '/i,  X|  «  Xi,  «  •=  1 


the  system,  fn  this  ease  one  could  measure  .statistics  of  the 
response  at  various  points  within  the  system  and  compare  this 
with  'lie  correspondin'.:  statistics  of  various  tanks  in  the  model. 

Once  a  model  has  beet)  formulated  and  the  parameU  i  s 
have  been  fixed  by  comparison  villi  tracer  experiments,  one 
can  proceed  to  study  how  the  unsteadiness  of  the  S)  stein  af¬ 
fects  various  types  of  chemical  reactions. 

t 

Trocar  Calculations 

We  now  apply  the  foregoing  analysis  to  two  simple  mixing 
systems.  In  these  examples  the  variable  Hows  are  assumed  to 
lake  on  only  two  values.  The  matrix  of  switching  rates  be¬ 
comes  two-by-lwo,  and  application  of  F.<piatiun  0  allows  us  to 
express  the  four  elements  of  the  matrix  in  terms  of  two  cjnanti- 
lies  Xi  and  X3l  as  follows: 


1  hr  meaning  of  these  quantities  is  given  by  liquation  7: 

*(1  —  2 ;  r)  -  \ir  -h  o(r) 

«■(!  -*■  I ;  r)  *  1  —  X|t  -f  o(r) 
t(2  — ►  1 ;  r)  X,r  -f-  o(r) 

£  (2  -♦  2;  r)  :r  1  —  X3r  4-  d(r) 

'i  he  equations  for  the  piubability  distribution  of  the  flow  states 
(liquation  8)  then  take  the  form 

dpi 

,7  “  —  Xipi  -|-  \ip i 

(33) 

dpt 

h  ™  ~ 


Xs/n  —  \tp  i 
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Figure  1 2.  Typical  autocorrelation  of  step  response  for  parallel  case 
*i  *  ■  Vii  Xi  ■  Xii  <  ■  1 .  X  “  I 


The  stationary  distribution  is  then  given  by 

X»  Xi 

“  X,  -f-  X,’  ”  Xi  +  Xs 


(34) 


Wlla 


"li'“ 

W 


1,2 


In  this  rase  the  material  balanre  becomes 


(39) 


We  may  define  a  mean  switching  rate,  X,  by 


X  —  />,X,  + 


2X.X, 
X|  +  Xi 


(35) 


In  the  first  of  the  two  eases,  the  system  consists  ol  two  tanks 
in  parallel  (Figure  2),  where  the  total  flow,  w,  is  constant. 
The  split  of  flow  between  the  two  tanks  will  vary,  however. 
The  flow  states  will  be  described  by  the  fraction  of  the  total 
flow  rntering  tank  1,  ra: 


ft’ 


1,  2 


(36) 


We  then  let 


rt  =  t  +  /)»« 

Tt  —  ?  -  /!,« 


(37) 


where  f  is  the  average  split  of  flow  and  c  is  equal  to  r i  —  r;. 
tlic  size  of  the  variation.  Using  the  analysis  of  the  previous 
section  we  may  write  differential  equations  for  the  tracer 
response  of  the  system.  The  material  balanre  (liquation  17) 
lieroinrs,  for  this  case, 


(/V| 

»’i  dt  ~  rnV«)  -  "r„  r, 

I’l  J  “  (I  —  r„MO  ~  *<’ (I  -  r„).v5 


(38) 


In  the  second  of  the  two  cases  (Figure  3),  the  system  con¬ 
sists  of  two  tanks  in  series.  Again  the  total  flow,  n\  is  constant. 
The  variable  flows  in  this  case  are  those  between  the  two 
tanks.  In  thi-  ease  the  flows  are  c  onveniently  described  by  the 
quantity  rtr,  where 


M  y '  “  <p(l)  -  «•(!  +  r„).\  t  +  wraM 
dxt 

»}  •  —  -  w(1  +  r„)  vi  -  ie(l  +  ra)xt 


(40) 


In  both  cases  equations  corresponding  to  Equations  24,  25, 
27,  28,  and  29  may  be  written  describing  the  first  and  second 
moments  of  the  tracer  output,  resulting  in  a  system  of  10  linear 
differential  equations  in  each  case  (although  the  equations  are 
not  all  coupled).  The  solutions  to  these  were  found  for  some 
typical  sets  of  parameters.  The  differential  equations  for  the 
autocorrelation  function  were  also  assembled  and  solved  for 
typical  values. 

Figure  4  is  a  realization  of  the  step  response  of  the  parallel 
system  calculated  by  a  Monte  Carlo  method.  The  time  has 
been  sealed  so  that  the  average  residence  time  is  unity.  Al¬ 
though  the  expected  step  response  is  identical  to  the  cumula¬ 
tive  distribution  of  residence  limes,  individual  realizations 
cannot  be  interpreted  as  distributions.  This  particular 
example  is  not  even  monotone.  The  mean  step  response  for 
various  fluctuation  magnitudes,  «,  is  shown  in  Figure  5. 
Even  though  the  mean  flow  distribution  is  the  same  in  each 
ease,  the  residence  time  distributions  arc  in  fact  different, 
because  the  flow  distribution  does  not  affect  the  output  of  the 
system  in  a  linear  way.  To  show  more  clearly  the  nature  of 
the  difference  between  the  various  curves,  the  quantity  I  — 
F(t)  has  Ix'cn  plotted  on  semilogarithmie  coordinates  in  Figure 
6.  The  negative  of  the  slope  of  this  curve,  w  hich,  as  a  function 
of  time,  has  been  referred  to  as  the  intensity  function  (Equa¬ 
tion  7),  lias  the  physical  interpretation  of  an  (".rape  rate. 
Thus  denoting  the  escape  intensity  function  by  h(t).  if  a  par¬ 
ticle  has  been  in  the  system  a  time  I,  its  probability  of  escaping 
in  the  next  ill  seconds  is  h(l)i/l.  This  quantity  is  plotted  in 
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Figure  1 3.  Typical  step  response  for  series  ecse 
»i  m  vj,  r  “  1,  Xi  —  Xi,  X  «  1,  e  •«  2 


Figure  1  4.  Effect  of  fluctuation  magnitude  on  mean 
response  to  step  input  for  series  case 

»i  «  n,  7  m  i,  X|  -  Xj,  X  ••  t 


Figure  15.  Effect  of  fluctuation  magnitude  on 
escape  intensity,  fi(t),  for  series  case 


I , Xi  «•  Xfc  X  ■>  I 


Figure  7.  We  sec  that  as  the  Mow  disturbance  is  increased 
the  magnitude  of  h(t)  decreases  for  large  l.  Generally  speak¬ 
ing,  a  curve  of  li(t)  that  decreases  over  some  interval  is  charac¬ 
teristic  of  systems  exhibiting  stagnancy  or  bypassing,  so  the 
effect  of  the  flow  fluctuations  on  the  residence  time  distribution 
of  the  parallel  model  is  similar  to  these  effects. 

In  Figures  8  and  9  we  see  the  effect  of  switching  rate  on  the 
mean  step  response  of  the  same  system.  As  the  switching 
rate  increases  with  fixed  disturbance  size,  the  response  is  seen 
to  approach  that  for  the  same  mean  How  with  no  flow  fluctua¬ 
tion  [4(f)  =—  1 1.  As  the  switching  rate  decreases,  the  decrease 
in  Ml)  uitlvtncrcasing  /  becomes  more  pronounced,  suggesting  a 
greater  amount  of  stagnancy  or  bypassing. 

Jhe  quantity  »(/)/>(/)  for  the  step  input  has  been  plotted 
in  Figure  10  for  various  fluctuation  magnitudes  and  in  F'igurc  1 1 
for  various  switching  rates.  As  could  be  expected,  <r{l)/n(t) 
increases  with  increasing  fluctuation  magnitude,  but  the  shape 
of  the  curve  is  relatively  unaffected.  In  Figure  1 1  we  see  that 
increasing  switching  rate  has  the  effect  of  increasing  the  peak 


in  the  curve  of  a(/)/p(/),  but  causing  the  peak  to  occur  earlier 
and  the  curve  to  go  to  zero  more  quickly.  For  very  high 
switehimr  rates  thr  variance  of  outlet  concentration  goes  to 
zero  almost  immediately.  The  autocorrelation  function, 
p,fr).  is  shown  in  Figure  12.  The  dependence  on  r  is  different 
for  different  values  of  /.  although  for  a  stationary  process  the 
function  would  be  independent  of  f.  The  autocorrelation  of 
the  fluctuating  flow  rate  (which  is  stationary)  is  shown  for 
comparison.  The  autocorrelation  of  the  step  response  ap¬ 
proaches  zero  rather  slowly  at  large  r,  indicating  a  long 
‘  memory  time"  of  the  process  romnared  to  that  of  the  flow. 
This  is  especially  pronounced  at  values  of  /  near  unity,  meaning 
that  if  the  part  of  the  step  response  in  the  vicinity  of  /  =  1 
is  on  one  side  of  the  mean,  there  is  a  good  chance  it  will  be  on 
the  other  side  from  about  t  =  2  omvard. 

A  realization  of  the  step  response  of  the  scries  system  is  shown 
in  Figure  13.  It  appears  that  the  flow  fluctuations  have  much 
less  effect  on  the  output  than  in  the  parallel  ca*;.  This  is 
borne  out  in  Figures  1 4  and  15,  where  we  see  tiiat  even  in  the 
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Figure  16.  Effect  of  switching  rate  on  mean  re¬ 
sponse  to  step  input  for  series  case 

■  I,  X|  —  X»,  <  “  2 


Figure  1 8.  Effect  of  fluctuation  magnitude  on 
rr{f)//4t)  of  step  response  for  series  case 

Vi  «  vj,  7  —  1 ,  Xi  «”  Xi,  X  **  l 


Figure  17.  Effect  of  switching  rate  on  escape 
intensity,  MO,  for  scries  ease 

Vi  **  v».  t  *•  1,  Xi  **  Xi, «  “  2 


0  1  2  3  4  5 

TIME,  it) 


Figure  19.  Effect  of  switching  rate  on  c(t)/v{l) 
step  response  for  series  case 

vi  =  vj,  r  ■»  1 ,  Xi  =  X*, «  «=  2 


case  «  --  2,  which  is  the  maximum  fluctuation  magnitude 
obtainable  with  the  given  F  and  Xi/X».  the  effect  on  the  mean 
response  and  the  escape  intensity  is  slight.  Figures  16  and 
17  show  that  the  effect  of  switching  rale  on  these  curves  is  also 
slight.  The  effects  on  the  coefficient  of  variation,  <r(0/V (/), 
arc  shown  in  figures  18  and  19.  While  the  fluctuation  magni¬ 
tude  affects  the  curve  practically  linearly,  the  switching  rate 
just  increases  slightly  the  rate  at  which  the  curve  drops  to  zero. 
The  autocorrelation  function  for  the  series  case  (figure  20) 
shows  a  very  long  memory  time,  for  small  values  of  t,  as  I 
increases  each  successive  curve  is  lower  than  the  one  before, 
but  for  values  of  t  greater  than  I  this  trend  is  reversed.  A 
similar  elici  t  occurred  in  the  parallel  ease,  although  less  pro¬ 
nounced. 


first-order  reactions.  The  methods  follow  closely  the  earlier 
development  under  the  heading  “Mixing  Equations.'’ 

There  is  no  particular  difficulty  in  formulating  the  prob¬ 
ability  equations  for  complex  reaction  systems,  but  we  confine 
ourselves  here  for  concreteness  to  single  reactions 

A  —  J! 

which  we  follow  in  terms  of  the  concentration  of  A.  Denoting 
this  concentration  (in  moles  per  unit  volume)  by  v,  we  describe 
the  rate  at  which  reagent  A  is  consumed  (in  moles  per  unit 
volume  per  unit  time)  by  the  rate  function  /f(.v).  If  we  load 
4  mole  of  reagent  per  unit  time  into  the  feed  line  of  our  reactor 
system,  the  reagent  concentration  .v,  in  the  ;lh  tank  satisfies, 
following  Equation  17,  the  differential  equation 


Reactor  Equations 

We  vet  up  here  the  mathematical  methods  for  studying 
chemical  reaetii  nc  in  me  mixing  systems,  and  apply  them  to 


V,  ‘  ~  4  +  J2  -  '’><(»/)  ('ll) 

f I'fi  i  ~  I 


t  -  1.2 . t! 
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TIME  INTERVAL,  r 

Figure  20.  Typical  autocorrelation  of  step  response  for  series  ease 
vi  =*  vj,  t  -  1  ,  Xi  ■=•  Xj,  A  “  1 ,  <  “2 


Now,  just  as  in  the  treatment  of  the  mixing  equations,  it  is  the 
composite 

(<*,*}  ■  (a!  *l|  *5,  .  .  AT,} 

of  flow  state  and  concentration  pattern  that  we  may  follow 
as  a  Markov  process.  The  corresponding  probability  density, 
Pa  Or,/),  with 


•»  J  <•] 


/>„(*, Orfrt  ...  </.v„ 


giving  the  probability  that  the  flow  is  in  state  a  and  the  con¬ 
centration  in  the  jth  tank  between  aj  and  bj,  satisfies,  following 
F.quation  20,  the  partial  differential  equation 

0/> 0  (  V ,  /  )  V-«  0  r  (lUgjg  y'  *  U'fjg 

*0v)j /*(>•,/)]  =  E  KtfJyJ)  (42) 

Wc  are  not  here  concerned  to  follow  the  history  of  the 
probability  distribution  in  time,  but  rather  to  go  directly  to  a 
study  of  the  stationary  distribution,  which  represents  the  quasi- 
stcadv  behavior  of  the  reactor  system.  Denoting  this  stationary 
distribution  by  pg(y),  wc  find  from  Equation  42  the  defining 
equation 

ys  [”/”'»«  tf  ,  y>  Wys 
;  - 1  tyj  L  l  ,v$  °i  I  - 1  v> 

/  /ifl(y)j  =  E  Knfi.W  (43) 

to  which  we  must  add  the  normalization  condition 

£  /  /  Pa(y)<fy I  •  -  •  «>*  =  1  (44) 

ft 

the  integration  being  carried  out  over  all  the  values  of  the  yt. 
Wc  note  that  in  Equation  43,  the  reagent  feed  rate,  is  a  con¬ 
stant. 


ff  wc  integrate  fig (v)  over  the  y,  (the  integration  running  over 
all  possible  values),  wc  find  simply  the  probability  distribution 
of  the  flow  states: 


S  ■  S  PuO'M'i  •  ■  ■  4y<t  =  h 


(45) 


Carrying  out  this  integration  in  Equations  43  and  44  gives  just 
the  defining  Equations  9  and  10  for  the  station: uy  llow  state 
probabilities,  so  that  the  in  Equation  45  are  just  these 
stationary  probabilities. 

Now  any  general  treatment  of  the  distribution  Equation  43 
presents  substantial  analytical  dilficultics,  and  accordingly  wc 
restrict  ourselves  in  this  preliminary  study  to  first-order  reac¬ 
tions,  with 

R(x)  =  kx  / 

so  that  Equation  43  becomes  I 


•  d 

E  --- 

/“  i  a.v,| 


L  l  "■/» " 


+  E  , 

i  *-<  v) 


-  *.'/j  Mv)J  = 

E  (46) 


For  these  first-order  reaction  systems,  we  can  readily  develop 
working  equations  for  the  leading  moments  of  the  concentra¬ 
tion  variables. 

We  define  the  partial  mean  concentrations  as 
m3j  =  /  •  •  •  S  .Vj/3fl(v)</n  . . .  <■/»',;  j  =  1,  2,  ....  a  (47) 
Bringing  this  definition  to  Equation  46  gives 


_  Pt  w°>a  i 
kmg,  =  -  •  v' 

l’j  W, } 


+  E  rnfli  +  E  Kt^a,; 


j  =  1,2,  ...,n  (48) 

which  appears  as  a  set  of  linear  algebraic  equations  which  one 
might  solve  for  the  ;rigj.  The  mean  rate  (in  moles  per  unit 
lime)  at  which  unconsumcd  reagent  leaves  the  system  may  be 
calculated  irom  these  solutions  as 

*  -  e  /  /r^+t  x 

»  L  "e  j- l  J 

pfi(y)<tyt  ■  ■■  <ty» 


hi 


which  we  may  write  an 

«  “  S  f fit  -  tl  +  £  (4y) 

f  L  “'o  J 

We  may  see  now  that  tite  average  conversion  in  first-order 
reactions  is  related  to  the  residence  time  distribution  of  the 
mixing  systrm  in  just  the  same  way  as  for  deterministically 
modeled  systems.  Specifically,  Equations  48,  suitably  sealed 
on  the  reagent  feed  rate  tf-,  arc  just  the  Laplace  transforms 
(with  transform  variable  the  rate  constant,  k)  of  Equations 
24  with  the  tracer  feed  rate  f  (<)  «=  &(t) — that  is, 

t  Jo  -  _ 

’J'hc  same  remark  applying  to  outlet  Equations  4*)  and  25, 
we  may  conclude,  applying  Equation  26,  that 

7  - 

f  Jo 

where  /(/)  is  eqtiivalcntly  the  mean  tracer  impulse  response  of 
the  systems,  and  its  residence  time  distribution  (density  func¬ 
tion). 

Such  simple  relationships  arc  no  longer  nr  hand  for  the 
higher  moments  of  the  concentration  variables,  which  express 
the  statistical  fluctuation  about  their  mean  values,  and  indeed 
these  statistical  fluctuations  have  no  counterpart  in  determinis¬ 
tically  modeled  systems.  Expressions  for  these  higher  moments 


can  readily  be  developed  from  Equation  *3,  in  the  same 
manner  as  for  the  mixing  equations,  but  we  defer  these  studies 
of  the  variability  and  the  associated  correlation  structure  of  our 
reactor  systems.  ' 
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A  theoretical  framework  It  presented  for  the  Interpretation  of  tracer  experiments  In  quaslsteady-flow  sys¬ 
tem*,  where  the  InAow  and  <eitAow.  n«  well  a*  the  let  erne  I  Row*,  exhibit  stationary  fluctuation*  nhoof  fixed 
central  values.  The  fluctuating  throughout  leads  to  the  consideration  of  different  types  of  sojourn  time  dis¬ 
tribution  of  materiel  in  the  system.  These  are  discussed  in  detail,  and  related  to  different  ways  of  can  /lag 
out  tracer  experiments  on  the  system.  The  standard  experiment,  in  which  a  known  amount  of  tracer  is  In¬ 
jected  quickly  Into  the  Inlet  and  Its  concentration  measured  In  the  outlet,  leads  to  none  of  these  distributions. 


|N  FLUID  systems  serving  as  chemical  reactors,  mixing 
1  processes  have  pronounced  effects  on  reactor  performance. 
Often,  these  processes  involve  turbulent  motion  of  the  fluid, 
introducing  randomly  fluctuating  behavior  into  the  system. 
In  many  biological  flow  networks,  large  flow  fluctuations 
ocour  in  a  roughly  jvericxlic  way.  In  both  coses  transient 
tracer  cx[tcrimcnts  are  often  used  to  characterise  the  system, 
but  the  analysis  of  these  experiments  is  generally  based  on 
the  behavior  of  steady-flow  systems  (American  Heart  Associ¬ 
ation,  1902;  Dunck verts,  1958;  Kramers  and  Westertcrp, 
1003;  N'nnr  and  Shinnar,  1903;  Zweitcring,  1959).  When 
the  flow  distribution  of  the  system  fluctuates,  the  tracer 
response  of  the  system  is  a  random  process,  and  only  the 
statistics  of  this  process  nre  experimentally  accessible.  Even 
if  the  flows  are  strictly  periodic,  the  starting  time  of  the 
tracer  experiment  is  usually  random,  so  the  same  situation 
exists.  One  would  like  to  know  the  relationship  among  the 
statistics  of  tracer  response  experiments,  the  probability 
distribution  of  particle  residence  time,  and  the  statistics  of 
the  system’s  performance  in  the  presence  of  a  first-order 
reaction.  In  discussing  the  properties  of  a  proposed  sto¬ 
chastic  mixing  model,  Krambeck  el  al.  (1967)  showed  how 
the  above  data  are  related  when  the  inlet  and  outlet  flow 
rates  ol  the  system  are  constant  but  the  internal  flow  distri¬ 
bution  fluctuates.  The  same  method  is  used  in  this  paper 
to  study  the  problem  with  fluctuating  inlet  and  outlet  flows. 
Some  beginnings  were  made  in  this  direction  in  earlier  work, 
and  are  here  developed  further. 

For  a  flow  system  with  an  unambiguous  inlet  and  outlet, 
three  different  distributions  of  sojourn  time  can  be  defined: 
for  a  random  particle,  for  a  particle  chosen  at  a  random  time 
from  the  outlet  stream,  and  for  a  particle  chosen  at  a  random 
time  from  the  inlet  stream.  These  distributions  differ  only 
in  res|)cct  to  fluctuations  in  the  inlet  and  outlet  flow  rates, 
and  merge  into  a  common  residence  time  distribution  when 
these  flow  rates  become  Btcady.  In  the  general  situation, 
the  distribution  for  a  random  particle  is  to  be  identified 
with  the  over-all  residence  time  distribution. 

The  differences  among  these  three  distributions  can  be 
shown  intuitively  for  a  situation  somewhat  more  general 
than  the  particular  mixing  model  which  underlies  the  detailed 
calculations  in  this  pa|>er.  Consider  accordingly  a  mixing 
system  of  volume  V,  with  volumetric  inlet  and  outlet  flow 
rates,  u  and  w,  rcsjwctively.  The  volume  and  flow  rates 
vary  with  time,  in  a  jointly  stationary  way,  with  (u)  and 
(to)  having  the  same  constant  values.  The  pointed  brackets 


denote  probability  averages,  or,  as  may  be  sometimes  con¬ 
ceptually  more  convenient,  long-term  time  averages. 

For  such  a  mixing  system,  we  may  define  two  conditional 
probability  densities,  each  with  a  direct  interpretation  in 
terms  of  idealised  tracer  experiments.  Consider  first  that 
we  inject  a  quantity  of  tracer  into  the  inlet  at  time  «,  and 
measure  that  fraction  of  this  inlet  quantity  which  has  emerged 
by  time  t.  This  fraction  we  may  interpret  as  the  probability 
that  a  particle  of  material  entering  the  system  at  time  s 
leaves  it  before  t,  and  denoting  it  by 


we  may  accordingly  interpret  the  differential  g(e,  t)dl  as  the 
probability  that  a  particle  entering  the  system  at  time  s 
leaves  it  during  I,  ( +  dt.  Consider  next  that,  starting  at 
time  t,  we  label  all  the  material  entering  the  system,  and  at 
time  t  measure  that  fraction  of  the  material  in  the  outlet 
stream  which  is  labeled.  This  fraction  we  may  interpret 
us  the  probability  that  a  particle  of  material  leaving  the 
system  at  time  t  has  entered  after  s,  and  denoting  it  by 

f  h(o,  t)  do 

we  may  interpret  h  (s,  t)de  as  the  probability  that  a  particle 
leaving  the  system  at  time  t  has  entered  it  during  s,  t  +  dt. 

The  conditional  probability  density,  g,  may  be  used  to 
define  the  density,/,,  of  sojourn  times  t  for  a  particle  entering 
the  system  at  a  random  time.  We  set 

/,(()=  (p (<r,  <r  -*-  f ) ) 

where,  because  of  the  stationority,  the  mean  value  depends 
only  on  the  difference  of  the  time  arguments  in  g.  This 
distribution  is  thus  essentially  the  mean  response  in  tracer 
outlet  flow  arising  from  the  feed  of  a  certain  quantity  of 
tracer.  Similarly,  h  may  be  used  to  define  tiic  density,  fo, 
of  sojourn  times  I  for  a  particle  leaving  the  system  at  a  random 
time.  We  set 

/.«)  =  (h(r-t,r)) 

and  th is  distribution  is  thus  cvscntially  the  mean  response  in 
tracer  outlet  concentration  arising  from  a  certain  level  of 
tracer  concentration  in  the  feed.  The  distributions  /,  and 
/„  arc  juBt  those  dcvclo]>ed  for  our  concrete  mixing  model  in 
the  body  of  this  paper;  in  particular,  /„  is  the  distribution 
given  in  Equation  37. 
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Till'  eomlilional  probability  den-ities,  g  mul  h,  lire  of  rouiKC 
related  tli mill'll  the  inlet  and  nutlet  flow  rates,  u  anil  te. 
Thin  relation  nriM's  Through  a  natural  probabilistic  inter  pre- 
tilt  mu  ill  these  Ihm  rate.-,  whereby  we  take  (up  to  a  common 
rnnst ant  of  proportionality ),  the  probability  that  an  incoming 
particle  enters  ilnring  i he  time  a,  a 4-  da  to  lie  given  by 
u(a)di t.  ami  the  probability  that  it  leaves  during  t,  t  +  dt  to 
Ik-  given  by  u  (l)dl.  Ilci-niling  the  formal  8|iecifieation  of 
g{s,i)dl  as  the  probability  that  a  particle  leaves  (luring 
l  l  4-  iii:  i/i veil  that  it  entered  at  a.  we  see  that  the  probability 
that  a  particle  enters  during  a,  a  f  da  and  leaves  during 
I,  C  +  r/l  is  proportional  to  u  (a)ils-g (a,  l)dt.  Further,  re¬ 
calling  the  formal  specification  of  li(a,t)da  us  the  probability 
that  a  | tart irli*  has  entered  during  r,  i  +  da,  given  that  it 
leaves  at  I,  we  see  that  the  probability  that  a  particle  enters 
during  a,  a  -f  da  and  leaves  during  f,  I  •+■  dt  is  (with  the  same 
constant  of  proportionality)  also  proportional  to  h(a,  t)dt : 
w(l)dt  so  that 

ii  (a)p(a,  I)  =  li(a,  t)v>(l) 

This  concltisiun  can,  of  course,  also  be  reached  by  a  straight¬ 
forward  comparison  of  the  conceptual  tracer  experiments 
nndcrlying  g  and  h.  We  may  see  from  this  relai’on  that 
g  and  h  (and  hence  /,  nnd  ,f.)  may  be  expected  to  be  equal 
only  when  inlet  ami  outlet  flow  rates  u  and  w  arc  steady, 
and  hence  equal  to  the  same  constant  value.  If,  further, 
the  mixing  system  itself  is  completely  steady,  without  internal 
fluctuation,  g  and  h  are  not  only  equal  but  equal  to  the  same 
function  of  the  time  difference: 

ff(«,  l )  =  /i(«,  0  =  f(t  —  a) 

Now,  with  the  probabilistic  interpretation  of  flow  rates 
u  nnd  ut  made  above,  we,  may  construct  the  density,  /,,  of 
sojourn  times  !  for  u  random  purticlc  (cuught  at  the  moment 
it  enters  the  system)  in  the  form 

,  „i  («(»)f(',jfl)> 

(n  (<r ) ) 

Hut  since  («)  *  (w),  and  since  all  mcun  values  depend  only 
on  time  differences,  vve  may,  taking  uccount  of  the  relation 
developed  above  between  g  and  h,  write  this  as 

(>i{t  —  I,  r)u'(r)) 

m  =  v  ■  --- 

and  so  interpret  it  also  as  the  density  of  sojourn  times  for  a 
random  particle  caught  at  the  moment  it  leaves  the  system. 
This  density  /,  is  just  the  density  of  residence  times  in  the 
system,  and  is  precisely  that  developed  for  our  concrete 
mixing  model  in  this  paper,  using  the  inlet  flow  state  distri¬ 
bution  corresponding  to  Equation  16.  As  long  as  iidct  nnd 
outlet  flow  rates  u  and  te  really  fluctuate,  it  may  he  expected 
to  differ  from  /,  ami  /„.  The  sojourn  times  distributed 
according  to/,,  and  not  according  to/,  ot  /„.  have  a  mean 
value  given  in  a  natural  way  as  the  ratio  of  the  mean  system 
volume  to  the  mean  input-output  flow  ratr.  This  fuet  is 
developed  by  explicit  algebraic  calculation  for  our  concrete 
mixing  model  in  Equation  25.  A  less  precise,  but  somewhat 
more  general,  intuitive  argument  to  the  same  conclusion 
appears  in  an  Appendix. 

This  paper  aims  to  take  the  whole  line  of  intuitive  con¬ 
siderations  adduced  above,  and  reduce  them  to  precise  calcu¬ 
lations  for  a  broad  class  of  mix  lg  models,  making  clear  the 
connections  among  sojourn  time  distributions,  tracer  cx|>eri- 
ments,  and  the  Ix-liavior  of  the  mixing  system  for  first-order 


reactions.  The  mixing  model  chosen  is  that  developed  by 
Krmnbeck  el  of.  (1967),  which  has  a  very  considerable  degree 
of  flexibility,  although  for  reasons  of  technical  simplicity  its 
pro|>crtics  have  been  developed  for  fixed  mixing  volumes. 
Speeifieally,  tho  model  consists  of  a  network  of  well-mixed 
tanks,  whorr  the  connecting  flows  fluctuate  randomly  in 
time.  The  number  and  arrangement  of  tanks  aro  left  arbi¬ 
trary.  It  is  assumed  that  the  tank  volumes  are  fixed  and 
that  the  flow  is  incompressible.  Such  a  model  with  steady 
flows  cun  be  used  to  simulate  anv  steady  mixing  process  by 
taking  an  appropriate  arrangement  of  tanks  and  allowing  the 
number  to  increase.  Axial  diffusion,  for  example,  may  be 
approximated  to  any  degree  with  a  sufficiently  large  number 
of  tanks  in  cascade,  with  forward  and  hackwaid  flows  be¬ 
tween  each  tank.  The  added  feature  of  randomly  fluctu¬ 
ating  flows  should  muke  it  possible  to  simulate  stochastic 
mixing  processes  if  sufficient  numbers  of  tanks  are  taken.  Of 
course,  such  a  large  numlier  of  tanks  might  be  required  that 
there  would  he  no  saving  in  effort  over  a  complete  description 
of  the  flow  process.  On  the  other  hand,  if  conclusions  may 
be  drawn  about  such  a  model  with  the  number  and  arrange¬ 
ment  of  tanks  left  arbitrary,  it  is  clear  that  they  will  apply 
to  a  very  general  class  of  mixing  processes. 

One  additional  assumption  is  added  to  make  the  analysis 
possible:  that  the  interconnecting  flow  rates  vary  in  time  as 
finite-state  Markov  processes.  Such  processes  are  described 
in  detail  by  Feller  (1960).  The  fact  that  the  stutes  are 
discrete  is  not  important,  since  their  number  is  arbitrary. 
Tlie  fact  that  the  process  is  Markov  is  a  rather  mild  restriction 
because  the  dimensionality  of  tire  state  space  is  arbitrary. 
This  allows  the  state  of  many  non-Markov  processes  to  be 
redefined  to  include  information  about  the  history,  making 
the  new  process  Markov. 

Krumbcck  et  at.  (1967)  showed  how  this  model  could  be 
analyzed  in  terms  of  the  random  passage  of  a  single  particle 
through  the  system  or,  alternatively,  in  terms  of  the  randomly 
fluctuating  concentration);  in  the  various  tanks.  In  the 
present  study,  the  same  methods  are  used  to  analyze  the 
situation  with  fluctuating  inlet  and  outlet  flows  in  more 
detail.  The  concepts  devclo]>ed  arc  then  illustrated  by  the 
properties  of  a  single  tank  with  fluctuating  throughput. 
Some  of  the  derivations  given  in  the  earlier  work  are  repeated 
here. 

Formulation  of  Modal 

In  the  most  general  case  the  model  consists  of  n  stirred 
tanks  arbitrarily  connected  by  interstage  flows  (Figure  1), 
where  the  volume  of  the  »th  tunk  is  i\,  and  the  volumetric 
flow  rate  from  the  t'th  to  the/th  tank  is  w,j  (i,jm  1,2,...,  n). 
The  inlet  stream  is  distributed  to  the  tanks  arbitrarily,  nnd 
the  feed  rate  to  thc/th  tunk  is  denoted  u>al.  The  contribution 
of  the  /th  tank  to  the  outlet  stream  is  similarly  called 
The  amount  bypassing  the  system  entirely  is  uv,.,,^. 


Figure  1 .  Typicol  flow  network 
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Although  the  flow  rates  are  permitted  to  vary  with  time, 
it  is  assumed  that  the  volumes,  v,,  remain  constant.  Thus, 
the  total  flow  entering  the  jth  tank  at,  any  instant  is  equal 
to  the  total  flow  leaving  it : 

n  n+1 

£  te-y -  £  '*’/•;  j-1,2,  ...,n  (1) 

<*>,<*!  i-l.iH/ 

Also,  the  total  flow  entering  the  system  is  equal  to  the  total 
ieaving.  Denoting  ihis  quani.ii>  by  w, 
n+1  n 

=  (2) 

/-l  >-o 

It  is  convenient  to  define  "diagonal”  quantities  of  the  form 
t On  such  that  the  total  inlet  flow  to  the  jth  tank  (equal  to  the 
total  outlet  flow)  is  the  negative  of  Thus, 

n  n+1 

WJJ--  £  U!,J  «  -  £  u>j<;  j  —  1,  2,  . . . ,  n  (3) 

<-0.<*l  <->.1*1 

Flow  rates  uiy  so  defined  fill  out  a  square  matrix  (n  +  1  by 
n  +  1 )  which  has  the  property 

n  n+1 

Eitij*  Eu,i»0;  j-1,2,  ...,n  (4) 

<-o  t-i 

and  where  all  elements  uiq  with  i  j  arc  nonnegative. 

The  random  variation  of  the  flow  states  with  time  is  as. 
sullied  to  arise  from  a  Markov  process  with  u  finite  number  of 
states.  Each  state  of  the  Markov  process  corresponds  to  a 
given  matrix  of  flow  rates.  Letting  or  he  the  index  of  a  flow- 
state,  the  flow  rates  corresponding  to  a  are  written 

w.;«i  i-0,  l,...,n;  j-1,2 . n+1 

For  every  state  a 

«  n+1 

£  Vitim  -  £  to/u  “  0;  j-1,2,  ...,n  (5) 

l 

P»+l  H 

£  i*,/.  -  £  uk.»+i,«  -  W’«;  alio  (0) 

1- 1  i-o 

The  probability  structure  of  the  flows  resides  in  that  of  the 
transitions  of  the  underlying  Markov  process.  Denoting  the 
probability  of  transition  from  state  a  'o  state  /3  in  a  time 
interval  t  by  irofl(r),  one  has,  for  small  time  intervals, 

VaS  (r )  —  iai  +  X„,rf-  +  o(r)  (7) 


Modal  as  a  Random  Walk 


When  the  system  is  followed  from  the  point  of  view  of  the 
random  passage  of  a  Bingle  particle  through  the  system,  the 
probability  of  the  particle  being  in  tank  i  while  the  flow  is 
in  stale  a  at  time  t,  pa,  (f),  satisfies 


dpit,  (0 
dt 


"  te„s  __ 

£  —  pt<(0  +  L  a.sp.»(<); 

1-1  l*i  a 


j-  1,2,  ...,n+  1  (12) 


The  specification  of  an  initial  probability  distribution,  p«,(0), 
wiii  then  determine  ihe  properties  of  the  luuduni  pusnuge 
completely. 

In  this  ease,  however,  the  stationary  distribution  is  of  no 
particular  interest,  since  the  pnrtiele  eventually  finds  its 
way  to  the  outlet  with  probability  1.  It  is  necessary  to  state 
explicitly  the  initial  distribution,  in  order  to  calculate  the 
probability  structure  of  the  random  walk.  If  the  total  flow 
through  the  system,  wtt,  is  constant  (w„  =  u>;  all  a),  the 
initial  distribution  is  given  by 

Ps/ (0)  -  fig (wou/w)  (13) 

which  is  to  say  that  the  flow  state  distribution  is  m  its  sta¬ 
tionary  condition,  and  that  the  probability  of  starting  in  a 
certain  tunk,  given  the  flow  state,  is  proportional  to  the  flow 
to  that  tank  from  the  inlet  stream.  In  case  the  total  flow  is 
not  constant,  some  ambiguity  arises.  One  could  cither  as¬ 
sume  that  at  the  instant  a  particle  enters,  the  flow  Btate 
probabilities  have  their  stationary  values,  f>$,  implying  that 
the  chance  of  a  pnrtiele  entering  at  a  certain  time  is  inde¬ 
pendent  of  the  flow  state,  or  could  assume  that  the  chance 
of  a  particle  entering  at  a  given  instant  is  proportional  to  the 
total  flow  rate  at  that  instant,  so  that  the  initial  distribution 
of  flow  states,  say  pf,  is  different  from  jlj,  In  the  first  case 
the  initial  distribution  would  be  given  by 

Pij (0 )  -  Vs—  (14) 

XL's 

In  the  second  case, 

P»°  -  foti's/  £  Pole.  (16) 

a 

since  the  arrival  of  a  particle  in  a  short  time,  given  that-  the 
flow  state  is  a,  is  proportional  to  l/.’«,  and  the  initial  distribution 
of  the  process  is  then 


where  the  X„j  satisfy 

X«.  —  -  £  Ks  (8) 

>  0;  a  7*  &  (9) 

The  matrix  of  switching  rates,  X„>,  then  defines  the  prob¬ 
abilistic  behavior  of  the  process  completely. 

Krarnbeck  et  al.  (1967)  showed  how  one  may  derive 
differential  equations  describing  the  evolution  in  time  of 
various  probabilities.  The  probabilities  of  being  in  the 
various  states  (3  at  time  t,  denoted  by  functions  p>((),  satisfy 
the  simultaneous  differential  equations 

d-~  ^  HKsPAt)  (10) 

dt  a 

The  equilibrium  distribution  of  flow  statcB,  p.,  which  obtains 
after  long  times  when  the  process  becomes  stationary,  then 
satisfies 

£  KsV.  =  0  (11) 

a 


Ptj{ 0)  -  psc  —  -  f>s  ~r  (16) 

U'f  tf 

If  all  the  U'„  arc  equal,  Equations  14  and  16  urc  identical  to 
Equation  13.  The  initial  distribution  (Equation  14)  corre¬ 
sponds  to  tracer  experiments  in  which  the  truccr  is  injected 
os  a  pulse  at  a  random  time  or  as  a  step  function  in  tracer 
flow  rate  (constant-  flow  rate  of  tracer  fluctuating  inlet  con¬ 
centration).  The  initial  distribution  (Equation  10)  corre¬ 
sponds  to  tracer  experiments  in  which  a  constant  concen¬ 
tration  of  tracer  is  fed  regardless  of  instantaneous  total  flow 
rate. 

At  any  rate  once  the  initial  distribution  is  specified  by 
either  Equation  14  or  10,  the  complete  time  history  of  the 
probability  distribution,  Ps,((),  can  be  calculated.  The  cu¬ 
mulative  residence  time  distribution  is  then  given  by 

F(0  =  £ps.*+i(0  (17) 

s 

which  is  the  probability  that-  a  particle  entering  the  system 
at  time  zero  w  ill  be  in  the  outlet  at  time  t. 
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It  is  intorrst mu  to  romputr  tin*  inrun  n*«i<lcl»T  time  to  hw 
ho\s  it  compares  vv it li  the  value  for  a  Mewly  system  in  which 
eiise  it  won  hi  hr  the  total  Volume  iliviiinl  hv  tlu*  total  flow 
rate.  To  tin  this. 

fi 

>  -  /•■«)  *  II  />*«)  OH} 

&  /—l 

wliirti  himiilv  states  that  1  —  Fit)  m  the  probability  that  a 
particle  whirl)  entered  at  timr  leru  is  still  in  the  system  at 
time  I.  Then  0  the  mean  resilience  time,  is  given  by 

0  =  f  [1  -  /■•(/)].«  =  it  f  PsAOtH  Oil) 

Integrating  Equation  12  one  Anils 

P«(®  )  ~  /*»(0)  =  £  —  f  ftu(0  i/I  + 

<•1  t‘»  •»  o 

L  *«>  />.,(>)  (if,  j  -  1 .  . M  (20) 

U  ■'fl 


Defining 


0Ji  =  f  Aj;<0  < 

»  n 


and  noting  that  pa,(=> )  =  0  ( j  =  1,  2,  . . . ,  n),  this  Iiccomes 
-p«0 0)  =  £  —  0*1  +  £  2=1,2 . n  (21 ) 

t"l  t*»  a 

If  liquation  21  is  solved  for  the  the  mean  residence  time 
can  then  be  calculated: 

(22) 

a  j-i 

Substituting  the  initial  distribution  (Equation  Id)  into 
Equation  21, 

-pa  ~  =  £  —  0*  +  £  WU  2  -  1,  2 . n  (23) 

W  |-i  t’i 

This  equation  may  be  solved  to  yield 


as  can  bo  scon  by  substitution,  and  by  using  Equations  11 
und  5.  Substituting  24  into  22  gives 

0=  £  tv/t£  (25) 

j-i 

which  states  that  the  mean  residence  time  is  just  the  total 
volume  over  thr  mean  total  flow,  However,  the  initial  distri¬ 
bution  (Equation  14)  docs  not  give  this  result. 

When  discussing  the  significance  of  tracer  experiments 
another  statistical  pro|>erty  of  the  random  passage  proved 
useful:  the  distribution  of  residence  times  for  a  particle 
chosen  at  a  random  time  from  the  outlet  of  the  system, 
called  the  outlet  age  distribution.  To  discuss  this  situation, 
it  is  useful  to  modify  the  transition  probabilities  slightly  so 
as  to  make  all  the  outlet  states,  (a,  n  +  1 ),  absorbing. 
Thus,  for  j  ^  n  ~f  1,  the  probabilities  again  obey 

~  (I)  -  £“  P«i<0  +  £  *#P«(0 

(it  !«■]  t‘j  a 

2=1,2 _ n  (?6) 


but  the  probabilities  for  *he  outlet  states  are  given  by 
dpj.„*i(  )  i.a 

- —  -  =  2.  - - Ptdt)  (2i) 

dt  v. 

The  quantity  pa.+i't)  is  then  the  probability  that  at  time  I 
die  particle  1ms  left  the  system  und  that  when  it  left,  the  flow 
was  in  state  0.  As  I—*  <» ,  this  will  just  be  the  probability 
that  the  flow  state  was  0  at  the  instant  the  particle  left. 
Thus,  denoting  this  quantity  by  p#* 

Pa*  =  Pa»+i(®  )  (28) 

This  may  lie  expressed  in  terms  of  the  0.i  defined  curlier  und 
given  by  Equation  21.  Thus 

l>a'  =  /V.»n(“)  =  Mf.ni(O)  +  L~-*4l<  f  PuiOdl  (29) 

t-i  ci  20 


Pa’  =  j*a.«+t(0)  4-  £  — ~  +l  fl  0fl,  (30) 

1-1  t’i 

For  the  initial  distribution  Equation  10,  0aj  is  given  by 
Equation  24  und 

Pa,  »+i(0)  =  f>a(Wo.H+\.a/w) 


„  U’u.nfl.a  , — i  _  ltk,ll-tl,£ 

Pa'  =  Pa  — : - h  Z  Vt  — — 

tii  I-.  iD 


which  gives 


Pa*  =  Vaiu-a/w)  =  Pa" 


This  result  is  reasonable,  since  initial  distribution  Equation 
16  corresponds  to  a  particle  chosen  at  random  from  the  entire 
population,  which  would  imply  that  the  rate  of  leaving  is 
proportional  to  the  instantaneous  total  flow,  just  as  is  the 
rate  of  entering. 

For  the  initial  distribution  Equation  14  the  Oat  depend 
more  on  the  details  of  the  system,  so  the  pa'  cannot  be  calcu¬ 
lated  so  simply. 

Tho  joint  probability  ps,.*i(()  can  be  expressed  as  the 
product  of  the  probability  that  the  flow  state  is  0  when  the 
particle  Icuvch  with  the  conditional  probability  that  the 
purticle  has  left  by  time  (  given  that  the  flow  state  when  it 
leaves  is  0.  Thus 

Pj.»+i  (<)  =  Pa*P»+  i((|0)  (33) 

If  now  a  particle  is  chosen  in  the  exiting  stream  at  a  random 
time,  tho  distribution  of  the  flow  states  is  pa  rather  than  p„*. 
Thus  tlie  joint  probability  of  leaving  in  flow  state  a  at  a  time 
less  than  l  for  u  particle  so  chosen  is  given  by  p  *«,n+i  (! ), 
where 

pV»+t  “ />«P»+t(<|«)  (34) 

This  gives 

P*o,n+l(f)  “  "  Pa, n+1  (  )  (35) 

Pa 

For  initial  distribution  Equation  16,  this  gives 

P'a.BS  1  (0  =  Po.'fl(f)  (36) 

W* 

The  outlet  age  density  under  these  conditions  becomes 
/.(f)  =  Z  f> +  M-ZZ  }  (37) 

Thus/„(()  is  the  density  function  of  residence  times  for  a 
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narticle  chosen  tit  a  random  time  from  the  outlet  Btream, 
assuming  that  particles  enter  in  proportion  to  the  instan¬ 
taneous  total  flow  rate. 

While  it  is  more  difficult  to  calculate,  one  can  also  define 
a  sojourn  time  distribution  for  a  particle  chosen  a*  a  random 
time  from  the  outlet,  assuming  that  particles  enter  at  a  rate 
independent  of  the  instantaneous  total  flow  rate.  This 
quantity,  /•*(<),  is  given  by 


r  f  ^  p.mAl) 

a  Pa  a  W  Va  0, 


(38) 


when  the  initial  distribution  is  given  by  Equation  14.  How¬ 
ever,  has  no  clear  probabilistic  meaning  v.1’1  i ,n| »ecl 

to  the  system  as  such.  It  refers  to  n  s|iee:iic  exiieriment 
only— the  ease  when  tracer  is  introduced  to  the  system  at  a 
fixed  rate  independent  of  total  flow  rate.  In  that  case  /<*(!) 
gives  the  sojourn  time  distribution  of  u  tracer  particle  chosen 
ut  a  random  time  nt  the  outlet.  All  other  distributions, 
while  relating  to  tracer  cxgieriments,  have  a  probabilistic 
interpretation  for  the  system  as  such  and  the  tracer  is  just  a 
measuring  device. 


Trocar  Experiments  an  Modal 


Kramhcck  et  al.  (1907)  showed  that  when  some  process 
occurs  in  the  model  which  obeys  differential  equations  of  the 
form 

~  i-1,2,  ...  (30) 

tit 


where  /,„(x)  depends  on  the  random  flow  state,  a,  ns  well  us 
the  set  |.r, | ,  the  probability  density  pa(t,  x)  will  satisfy 

^  +  I;-  x)ps(t,  *)]  -  £w.(<i  *)  WO) 

The  function  p„(f,  x)  is  defined  so  that  the  joint  probability 
that  the  flow  state  is  a  and  the  state  of  the  system  is  in 
(x,  x •+■  tlx)  at  time  t  is  given  by  (f,  x)dx.  A  tracer  ma¬ 
terial  bnlanec  gives 


dry 

It 


t Vila 

t'i  <~i  Pi 


tit 


j  -  1,2, 


(41) 


where  xi  is  flic  concentration  of  tracer  in  tank  i  and  y„,-  is  the 
rate  at  which  tracer  is  fed  to  tank  i  when  the  flow  state  is  a. 
Comparison  of  Equation  41  with  39  und  40  shows  that,  for 
tracer  experiments, 


Ops{t,x)  , 

~ir  + 


X-  (f ,  X  ) 


(42) 


The  inlet  flow  rates  of  tracer  to  the  individual  tunks  may 
be  expressed  in  terms  of  the  inlet  concentration  schedule,  or 
of  the  total  feed  rate  of  tracer  schedule.  Thus,  if  r„(f)  is 
the  inlet  concentration  schedule  and  y?(f)  is  the  total  feed 
rate  schedule,  the  two  expressions  are 

v*„y(0  =  «wr„(0  (43) 

and 

<rai  (t )  =  — V(D  (44) 

U'« 


^8 

from  one  measuring  the  response  to  a  step  in  v(f).  In  the 
first  ease  the  tracer  inlet  concentration  would  be  fixed  and 
the  feed  rate  of  tracer  would  fluctuate  in  time  with  the  total 
flow,  while  in  the  second  case  the  feed  rate  of  tracer  would 
be  fixed  and  the  inlet  concentration  would  fluctuate.  Of 
course,  if  the  total  throughput  were  constant,  this  ambiguity 
would  not  arise. 

The  ease  of  fluctuating  total  throughput  also  raises  the 
question  of  whether  to  measure  outlet  concentration  or  outlet 
tracer  flow  rate.  Denoting  the  outlet  concentration  by  *  and 
the  outlet  tracer  flow  rate  by  g*  we  see  tnat 


tit  —  WaM  ■  £  UP  ,xl  aXi  +  tfia.a*  1  (45) 

1-1 

Tor  initial  conditions  to  Equation  42,  assume  that  at  the 
instant  the  experiment  is  begun  the  flow  state  probabilities 
have  their  stationary  values,  />..  In  other  words,  the  exiieri¬ 
ment  is  begun  at  a  random  time  independent  of  the  flow 
state  with  the  system  running  continuously.  Thus 

P„( o,x)  *  A* (*,)#<*,)... 8 (*)  (46) 

Once  the  conditions  of  the  tracer  experiment  arc  set  through 
either  Equation  43  or  Equation  44,  the  complete  probability 
structure  of  the  process  is  determined  by  Equation  42  to¬ 
gether  with  the  initial  conditions  (Equation  46).  The  prob¬ 
ability  structure  of  or  z  can  then  be  determined  by  taking 
appropriate  combinations  of  the  j’s,  as  prcseriiied  by  Equation 
46. 

To  understand  the  relationship  among  tiie  various  possible 
tracer  experiments  and  the  probability  structure  of  residence 
times  as  studied  in  the  previous  section,  let  us  consider  the 
first  moments  of  ;,s(f,  x)  defined  as  follows: 

wy(f)  =  J  x,  pa(l,x)  dx  =  (*y)#  j  =  1,  2,  ....  n  (47) 


Multiplying  Equations  42  and  46  by  x>  and  integrating  gives 

dp$i  Ps  /,  \  i  v"  i  x~-  \ 

»  -  m(t)  +  2,  —  ps,  +  2-  A«sPo/; 

dt  p,  ,_i  t’j-  . 


and 


j  ~  1,2,  . . . ,  n  (48) 
M/(0)  -  0  (49) 


The  expected  outlet  concentration  response  is  given  by 

- »*<  +  E  v« -  (so) 

a  t£a  a  U’« 

and  the  exacted  outlet  tracer  flow  rate  by 

it)  =  21  H  t"l.«+l,«Pol  +  T.  (51) 

a  W  a 

It  is  interesting  to  compare  Equation  48  with  Equation  12. 
The  systems  become  equivalent  with  variables  identified  as 
in  52  to  55: 

Psi(t)  -  t 'jPsi(t);  j  =  1,2 . n  (52) 

Pj,-( 0)5 (f)  =  jVs,(0;  i  ”  1,2 . It  (53) 

/(0  =  j;EPMsi(0=  (*>  (54) 

ut  g 


fait)  =  J,  £  P**.»yl(0  =  1  «■<=>  (55) 

at  0 

whero/(()  is  the  residence  time  density  function  for  particles 


In  a  system  with  fluctuating  total  throughput,  un  experiment 
measuring  the  response  to  u  step  in  r„(()  would  be  different 
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i  n 
*t  J 


clm-cn  :it  random  fi < mi  llir  entire  population  or  for  particles 
entering  tin'  system  at  a  random  time,  and  /„(()  ih  the  resi- 
•Ioiiii-  I  inn*  iIoiimI  y  for  particles  leaving  t  hr*  system  at  a 
random  I  inn',  provided  inilial  disl  filiation  l  iquation  16  ap¬ 
plies  Tin*  different  inilial  dist rilml ion**,  14  and  16,  can  bo 

matched  I iy  supplying  tin*  appropriate  tracer  inputs.  Thus, 

to  determine  statistical  quant ilies  for  initial  distribution 
(l/plallim  H)  c\|s*riiiioniuiiy,  tin*  I  rarer  iiipm  muni  in- 

*«tf)  -  —'»(<)  (58) 

"’.I 

v» hit'll  ran  Is*  achieved  by  an  iinpulne  in  (raeer  feed  rate: 

v(/)  =  A<0  (67) 

To  delerniine  statistical  quantities  f**r  inilial  distribution 
Equation  16,  the  input  is 

v*»(0  =  ~r  6(0  (58) 

ip 

which  can  Ih*  achieved  with  an  impulse  in  inlet  concentration: 

x„(l)  =  (l/iD»(()  (50) 


In  the  presence  of  reaction,  Equation  41  becomes 


h 


dxj 

dt 


n 


<fm)  (< )  +  Z  —  t,ft  (jf 

t-i 


(62) 


where  z,  is  now  the  concentration  of  reactant  in  tank  j, 
and  ft  (z)  is  the  reaction  rate  expression.  Applying  Equation 
40,  it  is  found  that  the  joint  probability  distribution  of 
reaction  concentration  and  how  state  is  given  by 


dPad,  «)  ^  d_  'J*., 
dt  ”i  dxj  |  v, 


Z  — 1  x,  —  ftfziil>Bs((,  *) 

-if)  ) 


ZK*P.(l,z)  (63) 

a 

In  considering  the  model  as  a  reactor,  one  is  primarily 
concerned  with  its  stationary  behavior,  that  which  prevails 
at  some  large  time  after  startup.  Such  a  stationary  distri¬ 
bution  will  exist  only  if  ipgj  is  independent  of  f.  Again,  two 
possibilities  occur,  depending  on  whether  one  feeds  reactant 
at  a  constant  rate  or  at  constant  concentration.  Titus  cither 


fet  -  Uty„*0  (64) 

or 


The  a  mount  injected  for  un  impulse  in  flow  rate  is  the 
same  for  emit  realization,  while  for  an  impulse  in  concen¬ 
tration,  the  amount  injected  is  proportional  to  the  instan¬ 
taneous  inlet  flow  rate  (which  in  practice  is  impractical). 

Since  the  system  of  Equations  48  is  linear  in  the  un  and 
also  in  cither  y(/)  or  x„((),  whichever  is  used  to  describe  the 
tracer  input,  the  expected  responses  to  arbitrary  inputs  arc 
given  by  the  convolutions: 

(*(0)  “  f  <^i(t  -  T)). r„(r)  dr 

<*(«)}  =  (  ~  r))<f{r)  dr 

•'o 

,<  (60) 

(?(0)  -  /  <Jj(f  -  r))x«(r)  dr 

(*(<)}=  f  (*»(<  -  T))if(r)  dr 
Jo 

where  (()  is  the  response  in  flow  rate  to  un  impulse  in 
concentration,  (!)  is  the  response  in  flow  rate  to  an  impulse 
in  flow  rate,  z,(t)  is  the?  concentration  response  to  on  impulse 
in  concentration,  and  r#(()  is  the  concentration  response  to 
aa  impulse  in  tracer  How  rutc.  The  various  residence  time 
densities  are  given  by 

!,<■)  «  <i/if)<tM<)> 

/*<•'>=  <tM0>  (01) 

/.,«>  =  (mo) 


fa!  “  -  <fi 

UI. 


(65) 


where  i„  is  the  constant  inlet  concentration  and  <p  is  the 
constant  reactant  feed  rate.  Defining  p0(x)  <=  p«(»  ;x), 


if  is?, 

j-itejLK  <-t  l’; 


Z  XaSf*»  (x) 


(06) 


The  outlet  reactant  concentration  and  reactant  flow  rate  will 
again  be  given  by  Equation  45. 

To  compare  the  reactor  behavior  to  the  trucer  response 
behavior,  define 

mil  -  (xj  >s  ■=  /  xjpt  (x )  dx  (67 ) 

•'ll 

Then,  from  Equation  60, 

(ft  (zi'l)e  ■  f>e  —  +  Z  — ~  mi<  4-  Z 

tty  l-l  Vj  a 

}-  1,2,  ...,»  (68) 

The  expected  outlet  concentration  is  then  given  by 

(*)-  Z  Z - m°i+  LP . -  (60) 

a  a  Wa 

which  corresponds  to  Equation  50  for  tracer  experiments, 
Similarly,  the  expected  outlet  flow  rate  of  reactant  is  given  by 


n 

(lA )  ~  Z  Z  tt'i.i+l.utltai  *y '  Pa y"o , ,i + 1  (70) 

a  1-1  a 


where /,(()  is  the  residence  time  density  of  a  particle  chosen 
at  random  from  the  entire  population,  /„(()  is  that  of  a 
particle  chosen  at  a  random  tune  at  the  inlet  of  the  system, 
and  /„(()  is  that  of  a  particle  chosen  at  a  random  time  at  the 
outlet  o!  the  system.  Erom  Equation  60  it  is  dear  that  the 
response  to  a  step  input  is  just  the  integral  of  the  corre¬ 
sponding  impulse  response.  Thus,  the  distribution  functions 
corresponding  to  /„  and  /„  are  just  the  expected  step 
responses.  Tbe  impulse  response  (z,(t)),  however,  isdiflielllt 
to  interpret  as  a  probability  distribution, 


which  corresponds  in  a  similar  way  to  Equation  51.  The 
set  of  Equations  08  determines  m„  completely  only  if  ft(i;) 
is  a  linear  function  of  x,.  Thus,  let  ft(x,)  =  fer;.  Then 
one  obtains 

,  .'?>!.  mm 

kmn  =  pi - hi, - mi,  +  i  Xa,irn„,; 

tj  i—l  Cy  a 

J=l,2,  ...,n  (71) 
which  is  a  set  of  algebraic  equations  sufficient  to  determine 
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the  mi,,  Comparing  Equation  7i  with  Equauuu  48  u  u> 
seen  that  replacement  of  ifn(t)  in  48  with  va/8 (<),  where 
Vi,  is  constant,  makes  71  the  Laplace  transform  of  48  with 
transform  variable  k,  anti  with 


ns,  =  Ht,  =  P  e  *'«/(<)  dt 

’'ft 


(72) 


Thus,  the  moments  of  reactant  concentration,  mu,  for  a 

•  1 1  n  .*  - I  -  -  ....ilaa  .-4  imUIi  /n«<)  /I  iet  ri  Ki  1 4  i rxn 

OJr  B  WJ I  1 1  mill  MIOt-VlUtil  IVMWtun  - -  - - - 

Vi,'  are  just  the  Laplace  transforms  of  the  moments  of  tracer 
concentration,  w,(l),  with  tracer  feed  rate  Since 

the  expected  outlet  concentration  and  the  ex|,ei  U  d  Outlet 
flow  rate  of  tracer  and  reactant  arc  given  by  the  same  l'.ieur 
combination  of  individual  moments,  and  since  the  Laplace 
transform  o|ieration  is  linear,  the  expected  outlet  concen¬ 
tration  in  the  reaction  case  will  lie  the  Luplacc  transform  of 
the  expected  outlet  concentration  for  the  corresponding  tracer 
ex]icrlmcnt,  and  the  exacted  outlet  reactant  flow  rate  will  be 
the  Lupluce  transform  of  the  expected  outlet  tracer  flow  rate. 
The  tracer  input  that  corresponds  to  the  constant  inlet 
concentration  reactor  case, 


Viy(0  m  u0ljxj  (( )  (73) 

as  comparison  with  Equation  43  shows,  is  an  impulse  in 
tracer  inlet  concentration  of  height  Similarly,  the  tracer 
input  corresponding  to  the  constant  reacts nt  feed  rote  cuse  is 


viV)  (74) 

which  is  seen  to  be  an  impulse  in  tracer  feed  rate  of  height  v 
on  comparison  with  Equation  44.  Since  /«(!)  and  fv(t)  uto 
the  expected  responses  in  outlet  tracer  flow  rate  for  an 
impulse  in  inlet  tracer  concentration  (of  height  './it)  and  u 
unit  impulse  in  inlet  tracer  flow  rate,  respectively,  it  is  seen 
that,  for  a  reactor  with  constunt  inlet  reactant  concentration 
*», 


and  for  one  with  a  constant  inlet  reactant  flow  rate, 


<*> 


r  )dt 

•'ll 


(76) 


Similarly,  one  can  express  the  expected  outlet  concentration 
of  reactant  as  the  Luplacc  transform  of  the  expected  outlet 
tracer  concentration  for  the  appropriate  truccr  input.  The 
terms  on  the  left  of  Equations  75  and  76  arc  the  expected 
fraction  of  reactant  which  leaves  unconverted.  The  situation 
of  Equation  75— fixed  concentration  of  rcuctant  in  a  fluctu¬ 
ating  feed  stream — is  by  far  the  more  common.  The  situ¬ 
ation  of  Equation  70--fixcd  flow  of  reactant— however,  uriscs 
in  certain  contexts. 


Interpretation  of  Tracer  Experiments 

Four  impulse  response  experiments  were  discussed:  d'n  the 
tracer  flow  rate  response  to  u  concentration  impulse;  if>t,  the 
tracer  flow  rate  response  to  u  flow  rate  impulse  of  truccr; 
!„  the  concentration  response  to  n  concentration  impulse; 
and  the  concentration  response  t.  a  flow  rate  impulse. 
When  the  inlet  and  outlet  flow  rates  arc  constant  ul!  four 
responses  arc  identical.  In  general,  however,  the  cx|)ccuh1 
values  of  three  of  these  can  Ik:  given  a  probabilistic  intorpre- 


TH..... 

tUUUH.  *  line 

0A»)<*.(0)-/«<0 

<*#(o; -/•(»)  ('?) 

<*,(!))  =  foil) 

when :/,(!),  /*<t),  and  /<,(!)  ure  the  residence  time  density 
functions  for  different  populations  of  particles.  Function 
f,(l)  is  the  density  for  the  entire  population  of  particles  that 
pass  through  tho  system.  This  is  the  "true”  residence  time 
density.  Its  mean  value  is  equal  to  the  toiui  volume  of  the 
system  divided  by  the  aveiugc  inlet  and  outlet  flow  rute, 
while  the  olhci  distributions  do  not,  in  general,  have  tins 
property.  Function  /y(0  is  the  residence  time  density  of  u 
particle  injected  into  the  system  nt  a  random  time,  and 
/„(<)  is  tile  residence  time  density  of  a  pnrlicle  taken  from 
the  outlet  stream  at  a  random  time.  In  general,  all  threo 
functions  are  different.  However,  /„(()  wtd;,(()  are  rather 
closely  related.  At  point  I  =  0,  for  example,  the  functions 
can  bo  show  n  to  be  equal  [/„(«)  =  /,(0)].  Stcpcx|K>riments 
corresponding  to  the  above  impulse  experiments  can  also  bo 
used  to  find  the  probability  distributions.  In  such  cases  the 
expected  step  response  is  the  distribution  function  of  residence 
times. 

When  conventional  experimental  techniques  ure  used,  not 
all  the  responses  ore  ns  convenient  to  determine.  It  is  usual 
to  measure  tracer  outlet  concentration  directly.  Determi¬ 
nation  of  tracer  outlet  flow  rate,  thus  requires  simultaneous 
knowledge  of  total  outlet  flow  rate  and  concentration.  Also, 
it  is  more  convenient  to  inject  pulses  of  constunt  amount, 
which  correspond  to  pulses  in  inlet  trv'er  flow  rule,  tlmn  to 
vu-y  the  amounts  in  proportion  to  the  instantaneous  total 
inlet  flow  rate,  which  would  correspond  to  pulses  in  ildet 
concentration.  Of  course,  since  the  expected  response  of  the 
system  depends  linearly  on  the  input,  the  response  to  a 
concentration  impulse  can  be  determined  by  injecting  equal 
pulses  but  multiplying  the  output  by  the  total  flow  rate  at 
tho  instant  of  injection  before  averaging  the  realizations 
together.  Again,  this  would  require  knowledge  of  the  total 
flow  rate.  The  two  step  inputs,  constant  inlet  tracer  concen¬ 
tration  and  constant  inlet  tracer  flow  rate,  can  be  achieved 
without  measuring  flow  rate.  Thus,  if  total  flow  rate  is 
measured  along  with  outlet  concentration,  all  the  responses, 
both  impulse  and  step,  cun  be  measured.  If  totul  flow  rate 
is  not  measured,  however,  only  the  impulse  response  (r„(0) 
and  the  step  responses  corresponding  to  (zr(0)  and  (z,(0) 
can  be  found.  (*,(()}  is  hard  to  interpret  in  a  probabilistic 
sense,  while  (r,(D)  gives  the  residence  time  density  for  a 
special  class  of  particles,  those  chosen  ui  random  times  from 
tiic  outlet  stream.  The  true  residence  time  density,  /,(()  — 
could  not  be  determined  by  such  experiments. 

In  most,  cases  measuring  zf(l)  is  the  method  most  con¬ 
venient,  and  therefore  generally  used.  It  has  no  direct 
probabilistic  into,  pretut  ion,  but  provides  important  infor¬ 
mation  about  the  system.  If  we  want  either  to  confirm  or 
construct-  a  simplified  flow  model  for  our  process,  z*  selves 
this  purpose  as  well  ns  any  of  the  other  three  functions. 

When  a  first-order  reset  ion  occurs  in  the  system,  the  mean 
outlet  flow  rate  of  unconverted  reactant  is  given  by  the 
Laplace  transform  of  fx(i)  «*  (l/t(’j(^i(f);  when  rcuctant, 
enters  nt  constant-  concentration,  and  by  that  of  ff(t)  — 
when  reactant  enters  at  a  constant  flow  rate.  The 
ineuu  outlet  concentration  of  unconverted  reactant,  is  given 
by  the  I-uplnee  transform  of  /„(!)  =  ) )  for  the  constant 

inlet-  concentration  case  and  that-  of  (z^(0)  for  the  constant 
inlet  reudant  flow  rute  cuse. 
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An  (sample 

To  illtiM  rate  tin1  k  no  I  t  )|  U'lmvinr  exhibited  by  xtnchastic 
system.-,  tlic  fiiregning  aiisly-i-  k  applied  ton  simple  example 

of  llif  general  slm'liast ic  . . I«-I  previously  dexerilieib  a  Hinkle 

tank  with  a  flurt u:K itiK  throughput.  It  is  also  assumed 
that  thr  flow  rule  a».»miH'-  only  two  values.  again  for  sin\. 
plieitv.  Tinier  Ihcse  conditions,  Equation  10  lieeoinox 

dl>  i  ... 


-  -  =  Xi/'i  — 
ill 

Thom*  equations  can  readily  lie  solved,  and  the  transition 
probabilities  irad(r),  «i/>  —  1 12,  not  down  explicitly  by  taking 
the  appropriate  initial  conditions  for  in  and  pt.  All  the 
probabilities  go  exponentially  to  their  steady  values 

•Jl  “  Xi  +  x,’  ,H  =  x,  +  x,  (70) 

a*  t  — »  ® ,  w ith  the  time  constant  Xt  +  X|.  With  the  (single) 
flow  rate  w  taking  just  the  two  vidues  uia,  a  —  1,2,  one  to  ay 
readily  compute  its  mean 

If  ■  pm  4-  i\wi  (80) 

and  the  covariance  function  may  also  be  seen  to  Ik?  n  sin, pie 
exponential 

p (t)  =  fnptUt'i  -  n'j),-c“(Xl+x,llri  (81) 

With  the  probability  structure,  of  the  flow  states  estab¬ 
lished,  one  can  readily  Investigate  the  tracer  response  of  the 
model.  For  a  single  tank,  the  tracer  material  balance, 
Equation  41,  becomes 

i 

dx 

t  —  -  V«(0  -  \t>aX\  a-  1,2  (82) 

Wu  ncctl  work  here  only  with  the  probability  distribution 
/>,((,  x)  for  a  single  *,  and  apply  the  machinery  of  Equations 
40  to  48  to  give  the  moments 

8«(!)  -  f  x)dx;  o-l,2  ■  (83) 

From  liquations  50  attd  61,  we  see  that  the  mean  outlet 
tracer  concentration  is  given  by 

(:)  ■"  Mi  +  M  (84) 

and  tiie  mean  outlet  tracer  flow  by 

(if>)  ^  uimi  +  uhmj  (85) 

We  may  now  calculate  the  response  to  an  impulse  in  tracer 
concentration,  where 

v?«(0  ~  «'«4( 0;  a  -  1,2  (80) 

and  to  an  impulse  in  tracer  flow,  where 

*».(<) -8(0;  n-1,2  (87) 

The  genual  procedures  noted  earlier  then  give  for  the  different 
mean  responses 

1  ,,  /W  +  jW  tie6"  -  tje6" 

f.U)  -  T  vMO)  - - - - ; - 7 - 

.v  wv  hi  —  b t 


Plied  +  fnwi1  (u*,  -  unr  |  e4"  -  c4" 

- TT - 1 - 7 - - ; — 

trw  IW  b\  —  b s 


n  ldbl S"-**1'1 

<\M0)  . — 

v  6i  —  At 


plied  +  plied  «*"  —  c4" 

e1  6i  —  Aj 


iDiic4"  —  fete41'  —  e4" 

«'<**«)>- - - — - (  )— - —  (90) 

v  In  —  bt  \v  J  bi  —  bi 


where  6i  and  6t  are  the  two  roots  of 


'ui  U), 

•  T - 

. »  *’ 


' +X,  +  X,]i+^+  (X,  +  X,)--0  (01) 


The  concentration-concentration  response,  /,(()  —  {«,(()),  is 
not  quoted  above,  since  it  is  identically  equal  to/, (t).  This 
is  not  true  in  gencrul.  It  happens  here  because  this  illus¬ 
trative  cose,  involving  only  a  single  flow  state,  is  too  thin  *o 
permit  the  distinction  between  these  two  sojourn  time  distri¬ 
butions. 

Function  /,(()  of  Equation  88  Is  the  true  residence  t-imo 
distribution  for  the  system— that  is,  the  distribution  for 
the  entire  population  of  particles.  Its  mean  value  is  just 
equal  to  ii/'if.  This  is  not  true  for  the  mean  sojourn  time 
calculated  from  Equation  80— that  is,  for  a  particle  caught 
at  a  random  moment  in  the  inlet  (or,  in  this  example,  in  the 
outlet).  Indeed,  the  mean  value  from  Equation  89  is 


0,-  -(l 


-  mid 1 
fif  (XiXj)  +  WiUi% 


which  always  overstates  v/\ 5,  sometimes  appreciably.  If  the 
average  residence  time  is  indciiendontly  known  (from  direct 
measurements,  say,  of  the  volume  and  the  mean  flow  rate), 
the  sire  of  the  overstatement  given  by  Equation  92  is  itself 
valuable  information.  Also,  if  we  have  some  preconceived 
notion  about  the  flow,  /,  provides  sufficient  information  to 
estimate  the  parameters  for  a  flow  model.  For  such  esti¬ 
mations/,  is  jiiBt  as  good  as/,  and  there  is  therefore  often  no 
incentive  to  measure  /,. 

The  concentration  response  to  an  impulse  in  tracer  flow 
r&to  is  shown  in  Equation  90  multiplied  by  iD,  to  make  its 
dimensions  consistent  with  those  of  the  other  responses. 
This  response  corresponds  to  the  most  common  kind  of 
tracer  experiment,  and  it  is  not  a  probability  density  at  all. 
Indeed, 


tZ>  <r,  (1 ) )  dt  —  iW,/ 1 


rather  than  unity. 

In  the  limit  of  fust  switching  rates,  the  roots  of  Equation 
01  become 


bPH  — ,  —  (Xt+Xj);  Xj,  Xj—  *  «> 

U> 

and  all  responses  coalesce  to  the  common  exponential 


t>  /— tt)\ 

rtO--exp^— 


that  i«,  to  the  response  for  a  steady  system  with  constant 
flow  rate,  i5.  lllustrutivc  plots  of  /„  /,  from  Equation  88 
and  89,  and  the  limiting  /  of  Equation  94  arc  shown  in 
Figure  2.  These  arc  ull  fc  r 


,  —  ti'j 

-- - -  -  1,8 

w 
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and 


b2 


Xi  =*  Xj  «■  — 
t 

>o  that 

fh°Pt-  h 

All  curves  are  shown  with  the  time  scale  normalized  on  f/tZ>. 
For  these  values,  6t  is  40%  greater  than  v/x i. 

A  useful  device  for  evaluating  residence  time  distributions 

*  •<  *  »  .1  •  •  .  .  -t  j  . .  »  /j  \  ..  _ 

ib  iu  exj)ruB»  mem  m  (.untie  ui  tut?  tret,  a  j  a-  imvimu),  a\t/f  uo 

ilefined  by  Xuor  and  Shinnar  (1063): 

/  r .  .  m 

M<)  -/(«)/  j  ~  _  y  iu°i 

whcre/(<)  is  the  residence  time  density  function  and  F(l)  is 
the  corresponding  distribution  function.  h(l)  has  the  sig¬ 
nificance  of  the  fractional  rate  at  which  particles  which  have 
been  in  the  system  a  time  t  will  cscupc  from  the  system. 
This  is  plotted  in  Figtne  3  for  the  density  functions  of  Figure 
2.  In  the  graph,  h,(t )  corresponds  to/,(()  olid  hr  (I )  corre¬ 
sponds  to /,(().  In  a  steady  system,  when  the  curve  of  h  (t ) 
decreases  over  some  range,  it  is  an  indication  that  the  flow 
pattern  exhibits  bypassing  or  stagnancy,  since  the  tendency 
of  a  particle  to  leave  the  system  is  higher  when  it  has  been 
in  the  system  a  short  time  than  it  is  at  longer  times.  This 
offcct  is  present  in  both  h, (l)  and  h,(t)  (Figure  3),  but  is 
much  more  noticeable  in  5,(().  Thus  the  effect  of  the  fluctu¬ 
ating  flow  rate  is  similar  to  that  of  bypassing. 

We  conclude  this  discussion  of  our  illustrative  example  by 
making  out  the  mean  conversion  for  a  first-order  renction. 
Here,  allowing  liquation  62,  wo  have 

dx 

v  —  m<PuT  —  kx  (96) 

of 

and  we;  sock  tho  solutions  of  the  stationary  distribution 
Equations  06  for  the  two  feed  conditions: 

*■  a  «*  1, 2  (97) 

corresponding  to  a  constant  reactant  inlet  concentration,  and 
m  »  if  a  “  1,  2  (08) 

corresponding  to  a  constant  reactant  feed  rate.  As  before, 
we  work  with  the  moments 

m«  —  j  X’p„(x)  dx\  a-  1,2  (99) 

in  tcnnB  of  which  wc  may  express  the  mean  outlet  flow  rate 
of  Unconverted  reactant. 

(^)  —  Witrii  4-  iramj  (100) 

and  the  corresponding  mean  outlet  concentration 

<*)  «  mi  +  mi  (101 ) 

The  main  result  is  contained  in  the  system  of  Equations  71, 
and  solving  them  gives,  for  the  different  interpretations  of 
fraction  of  renctunt  unconverted: 


io  r 


Figure  2.  Illustrative  residence  time  densities 

lUildtncc  time  dtntity  vt.  lime 


Figure  3,  Illustrative  escape  Intensities 

heaps  Intsntlty  vi.  Ilm« 

The  result  for  is  not  quoted  here,  since  it  turns  out 

to  be  identically  equal  to  (xpr'/Zf-  As  in  tho  tracer  experi¬ 
ments  for  this  example,  this  is  not  true  in  general,  hut  is  an 
accident  of  this  particularly  simple  illustrative  case. 

Equations  102  and  103  give  the  fraction  of  reactant  un¬ 
converted  under  the  two  different  feed  conditions  being 
studied;  Equation  104  docs  not  quite  do  tins.  Still,  us  the 
switching  rates  AtXa — ►  “,  all  the  equations  coalesce  to  the 
common  value 


x  1 

—  MB  ' 

1  +  vk/xD 


(105) 


which  is  the  unconverted  fraction  for  a  steady  flow  u\  Figure 
4  shows  illustrative  plots  of  the  unconverted  fraction  from 
Equations  102  and  103,  and  the  limiting  value  of  105.  The 


(<!>*)  =  ?hu.'sa)/W'3fe  +  (u-iuyV)  +  (tt/f)(\i  4-  Xa) 

xliXc  K‘  4"  [(it'i/t'  4-  (u>i/n)  4-  Xi  4-  4-  (tei xxj/xr1)  4*  (tP/v)  (Xi  4"  X|) 


(4/r)  m _ (tZ)/o ) fc  4-  (wiWi/x?)+  (t5/t')(Xi4- Xa) _ 

f  +  [(wi/h)  4"  (uyV)  4-  Xi  4-  4-  (wm'a/e2)  4-  (xT>/v )  (,\|  4"  Xj) 

>VM  ^  (xl>/v)k  4-  (tcitiVf2)  4-  (tP/c)(Xi4-Xi)4-?h?h[(uvc)  -  (wrAi]3 
<p  &  +  [(tui/c)  4-  (xih/v)  4-  Xi  +  Xi]A  4*  (tciteiA2)  4-  {w/v)  (Xi  4-  >i) 


(103) 

(104) 
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Figura  4.  Illutfrativo  behavior  for  firtt-ordar  reaction 
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numerical  values  arc  those  elinsou  for  the  plots  of  Figure  2, 
ami  the  lirat-onicr  rate  constant  k  is  normalized  on  tD/t». 

It  may  Ih>  seen  from  Figure  4,  and  directly  from  liquations 
102  and  103,  that  the  unconverted  fract  ions  based  on  constant 
inlet  reactant  eoncenttations  and  constant  reactant  feed  rate 
straddle  the  limiting  value  of  liquation  10fi 


< _ l__  (*>) 

v  1  4-  i 'k/\T> 


000) 


AppondU.  Moan  R«ild«n<«  Tims 

This  Appendix  aims  at  an  intuitive  proof  that  for  a  broad 
class  of  mixing  systems,  the  mean  residence  time  is  the  ratio 
of  the  mean  working  volume  to  the  mean  input-output  flow 
rate.  As  a  general  matter,  this  is  not  an  especially  sur¬ 
prising  result,  although  the  point  seems  to  arise  from  time  to 
time  in  the  discussion  of  particular  mixing  models,  The 
proof  is  offered  here  as  an  intuitive  base  for  the  detuiled  calcu¬ 
lations  on  the  stochastic  mixing  models  presented  in  this 
paper,  although  it  applies  to  mueh  more  general  mixing 
systems.  Indeed,  the  argument  is  altogether  model-free,  and 
proceeds  by  a  straightforward  accounting  for  the  sojourn 
time  in  the  system  of  each  material  element  passing  through 
the  system.  Wc  adduce  no  statistical  considerations,  nor 
any  generul  considerations  of  stationurity,  but  instead  carry 
out  simple  averaging  ill  time,  over  what  may  be  regarded  as 
a  very  long  transient  from  the  moment  the  mixing  vessel  is 
brought  (empty)  on  stream  till  it  is  retired  (empty)  from 
service. 

Consider  accordingly  a  mixing  system  of  volume  V,  with 
iidct  and  outlet  flow  rates  u  and  te,  respectively,  all  varying 
with  time  in  such  a  way  that 

dV 

—  =  u  —  ic  (107) 

dt 

The  working  fluid  we  take  to  bo  made  up  of  identifiable 
material  particles,  each  maintaining  its  own  identity,  ami  for 
convenience,  we  agree  to  measure  V,  u,  ami  u;  in  particle 
uidts,  so  that  V(f)  is  simply  the  numlicr  of  particles  in  the 
system  at  time  t,  and  «(()  and  u>(()  arc,  respectively,  the 
numbers  of  particles  per  unit  time  entering  and  leaving  the 


system  at  time  (.  We  imagine  further  the  whole  history  of 
the  mixing  Bystem  spread  over  the  (long)  time  interval 
f„  <  t  <  (i,  so  that  u  ■  w  ss  0  before  l„  and  after  (i,  and 
suppose  that  over  its  life  the  system  handles  S'  particles,  so 
that 

f'u(t)dl»  f“w(t)dt  «*  .V  (108) 

A,  A, 

Mean  values  here  are  Bimply  time  averages  over  the  interval 
/s,  It,  so  that 

<«)  “  (w>  -  ~~  (109) 

11  *“  to 

The  time  interval  li  represents  the  whole  life  of  the 
mixing  system,  and  not  the  much  shorter  duration  of  <his 
or  that  tracer  experiment.  Ju  the  simplest  situation  of  con¬ 
stant  volume  and  flow  rates,  we  might,  for  instance,  have 

N 

- ,  („<(<<,  — o 

It  —  t0  —  a 

N 

v  ,  - - - - ,  J„  +  a  <  t  <  (, 

h  —  to  —  a 

where  a  is  the  time  needed  to  fill  (or  empty)  the  vessel. 

Suppose  the  mixing  system  to  hove  certain  stagnant 
regions.  Physically,  such  regions  communicate  very  slug¬ 
gishly  with  the  main  body  of  the  system,  and  can  introduce 
serious  discrepancies  between  the  ratio  of  volume  to  flow 
late  and  the  mean  residence  time  as  calculated  from  tracer 
experiments.  Wo  represent  these  stagnant  regions  here  os 
zones  tiiat  do  not  communicate  with  the  main  body  of  the 
system.  Specifically,  we  consider  that  there  is  within  the 
mixing  system  at  all  times  a  completely  stagnant  region  of 
(constant)  volume  V.,  When  the  system  is  brought  on 
stream  at  time  l„,  and  when  it  is  removed  from  service  at 
time  <i,  wc  take  it  to  be  empty  except  for  this  volume  Vo. 
Vo  is  then  the  common  value  of  V  at  and  at  It,  and  wc  see 
on  integrating  Equation  107  that 

V(<)«  Vo+  (u(e)  —  t?(*))  d« 

J  to 

Integrating  this  now  over  the  whole  range  to,  h  to  form  the 
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mean  value  of  V  gives 

1  f'1  /' 

(V)-  H - /  di  /  («(«)  —  u-(s)|  di 

1 1  “  ffl  -  to  "to 

u!nl  interchanging  ihe  order  of  integration  and  applying 
liquation  108,  we  are  left  w;th 

(V>  “  V.H - - — \[  iw (t)  d»  —  f  tu(a)ds  (110) 

t}  f0  J t9 

Now  in  Equation  110,  tho  integral  of  »•«(«)  simply  cumulates 
the  times  at  which  all  the  particles  enter  the  system,  anil  the 
Integra!  cf  S' u>‘(u)  isle  tiiricj  nt  which  they  Icuvc  'phcir 
difference  is  accordingly  just  the  sum  of  the  sojourn  times  in 
the  system  of  all  the  particles  that  have  passed  through 
during  its  history,  and  if  we  denote  the  sojourn  times  of  the 
individual  partielo3  by  ft,  6s,  etc,,  wo  have 


<V>-  Vo+ ■ 


(9i  +  6s  +  •  ■  •  +  6s ) 


Tho  mean  sojourn  time  we  Identify  simply  us 

„  6i  +  6t  +  . . .  +  6n 

and,  consulting  Equution  109,  we  find 

<V>  -  V.+  <«t)ff 


Equation  112  is  the  result  sought.  For  constant  mixing 
volume  V,  and  vanishing  stagnant  volume  V„,  it  reduces  to 
the  result-  in  Equation  25.  That  the  mean  sojourn  time,  6, 
should  be  computed  from  the  residence  time  distribution 
that  is,  from  the  sojourn  time  distribution  for  a  random 
particle,  and  not  from  the  distributions  f,  or  /„  for  particles 
untcring  or  leaving  at  random  times- -is  evidenced  simply  by 
the  form  of  Equation  111,  where  each  particle  passing  through 
the  system  is  weighted  equally  in  the  evaluation  of  S. 


Nomenclature 

6i,  bt  •»  constants  (Equation  08 ) 

/(f)  <m  residence  time  density  function 

F(t)  =  residence  time  distribution  function 
/  (It )  —  Laplace  transform  of  /  (f ) 

7,(0  —  residence  time  density  function  for  particles 

chosen  at  a  random  time  in  outlet  stream 
/, (I)  ■■  truo  residence  time  density  function 

/,(<)  —  residence  time  density  function  for  particles 

chosen  at  a  random  time  In  inlet  stream 
(t )  *=>  residence  time  density  function  for  particles 

clioson  at  a  random  timo  in  outlet  stream 
whilo  being  fed  in  inlet  stream  at  a  constant 
rate 


flod.X) 

—  time  rate  of  change  of  x, 

hit) 

«■  intensity  function  (Equation  95) 

k 

*■  reaction  rate  constant 

mot 

—  partial  moments  of  reactant  concentration 
«*/>.) 

Pot  1) 

«  flow  state  probability  distribution 

po 

”  stationary  flow  state  distribution 

Po° 

•«  flow  state  distribution  at  instant  an  average 
particle  enters 

/>«' 

•»  flow  state  distribution  at  instant  a  particle 
leaves 

p.id) 

«  joint  probability  distribution  of  flow  state  and 
particle  location 

Ps+l  (f  1  «) 

“  conditional  probability  that  particle  has  left 

54 

by  time  f  given  that  flow  state  when  it  leaves 
a 

=*  joint  probability  of  a  particle  chosen  in  outlet 
stream  at  a  random  time  leaving  in  flow  state 
a  at  a  time  less  than  t 

*=  joint  probability  distribution  of  flow  state  and 
concentration 

—  reaction  rate 

—  volume  of  single  tank 

—  volume  of  tank  » 

—  inlet  and  outlet  flow  rate 

—  liiict  amt  uuiicb  nun  mtc  n  licit  linn  otovo  19  u 

«  flow  rate  from  tank  f  to  tank  j 
re  (low  rate  from  tank  to  tank  j  when  flow  state  is 

u 

»  mean  inlet  flow  rate 

—  single  tank  concentration 

=■  concentration  in  tank  i 
“  set  of  concentrations,  —  {xi ,  .  .,x»\ 

“  inlet  concentration 

—  outlet  concentration 

—  tracer  concentration  response  to  an  impulse  In 
concentration 

m  tracor  concentration  response  to  an  Impulse  in 
flow  rate 

mi  outlet  reactant  concentration  for  constant 
inlet  concentration 

—  outlet  reactant  concentration  for  constant  inlet 
reactant  flow  rate 

GnuEK  Letters 

6  —  mean  residence  time 

9a,  —  partial  mean  residence  time  (Equation  21) 

0t  ■=  see  Equation  02 

K)  *=  switching  rate 

Xi  =  Xu 

X|  —  Xj| 

“  partial  mean  concentration  (Equation  47) 
Mi(0,Mt(0  “  nuO),Mu(0  for  single  tank 

fiat  *  Laplace  transform  of  pai(f) 

jrOJ(r)  ■“  transition  probability 

p(r)  »•  autocovarlancc  function 

jJ  variance  of  flow  rate 

tp  ••  inlet  reactant  or  tracer  flow  rate 

1 (/)  »  inlet  flow  rate  of  tracer  to  tank  t  when  flow  rate 

is  a 

ip„(t)  “  <fo;(0  for  single  tank 

yj,  ■»  outlet  reactant  or  tracer  flow  rate 

—  outlet  tracer  flow  rate  response  to  concentration 

impulse 

^(t)  re  outlet  tracer  flow  rate  response  to  flow  rate 
impulse 
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Analysis  of  Some  Random  Blending  Processes 
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A  common  problem  In  the  design  of  mixing  and  blend¬ 
ing  equipment  is  the  estimation  of  the  size  of  the  equipment 
needed  to  achieve  a  certain  specification.  If  the  statistical 
properties  of  the  non-uniformities  in  the  production  lots 
to  be  blended  arc  known  one  can  calculate  by  known 
methods  the  reduction  in  the  variance  of  the  product 
properties.  Specifications  however  are  normally  given  not 
in  terms  of  a  variance  but  in  terms  of  limits.  These  can 
be  estimated  from  the  variance  by  assuming  a  Gaussian 
distribution.  In  this  paper  a  method  is  discussed  which - 
allows  one  to  culculatc  these  limits  directly  for  some  blend-  ~ 
ing  problems  in  which  the  source  of  the  nonuniformity  is 
due  to  the  production  of  an  off-grade  lot.  This  not  only 
allows  more  accurate  design  procedures,  but  o!so  gives  some 
insights  as  to  the  magnitude  of  the  error  made  by  assuming 
a  Gaussian  distribution. 


In  a  previous  paper  by  one  of  the  authors'”  the  effect  of  a 
mixing  tank  on  fluctuations  in  the  fccdstrcatn  compositions 
was  discussed  and  methods  were  described  which  allow  one  to 
calculate  some  statistical  properties  of  the  output  in  terms  of 
the  statistical  properties  of  the  input.  For  example,  one  can 
use  this  method  to  calculate  the  correlation  function  of  the  out¬ 
put,  p,(r)  =  <r(r)  c  U  +  r)  >  in  terms  of  pt,,(r),  the  cor¬ 
relation  function  of  the  feed  stream.  If  the  concentration  is 
expressed  relative  to  the  mean,  so  that  <r„>  and  <r>  arc 
zero,  is  the  variance  of  the  output,  l  he  method  given 
in"1  can  be  applied  to  anv  system  which  can  be  reasonable 
described  In'  a  linearized  model,  as  well  as  to  blending  processes. 


Un  probleme  courant  dans  la  conception  de  i’outiliage 
dc  malaxage  et  de  melange  est  1’estime  dcs  dimensions  dc 
I’outillage  qui  doit  repondre  a  des  exigences  specifiques. 
Si  I’on  connait  les  pronrletes  statiatiques  des  facteurs  de 
non-uniformlte  dans  les  portions  des  materiaux  a  melangrr, 
on  peut  calculer  par  des  met  bodes  connues  (reference  1) 
la  diminution  de  la  variance  des  proprietes  du  produit. 
Toutefois,  on  formulc  normalement  les  exigences  en  terme 
de  limites  plutot  que  de  varlanre  et  on  peut  les  evoluer  a 
partir  de  la  variance  cn  supposant  1’existence  d’une  distri¬ 
bution  de  Gauss.  On  discut;,  dans  cc  travail,  unc  method® 
qui  permet  de  eulculer  ces  limites  directement,  dans  le  cas 
dc  certains  problemes  de  melange  ou  le  manque  d’uni- 
formite  est  du  a  la  production  d’une  quantile  de  produit 
qui  s’ecarte  de  la  qualite  desiree.  Ceci  permet,  non  seule- 
ment  l’oblention  de  procedes  plus  precis  pour  la  concep¬ 
tion,  main  donne  une  idee  de  I’ampicur  de  I’erreur  qui 
rcsulte  dc  I’cxistcnce  presumec  d’une  distribution  de  Gauss. 

It  often  happens,  hou'ever,  that  specifications  arc  expressed 
in  terms  of  limiting  concentrations  or  limiting  values  of  some 
other  parameter,  rather  than  in  terms  of  a  variance,  and  the 
method  mentioned  docs  not  provide  this  kind  of  information, 
except  for  the  special  case  where  the  probability  distribution  of 
the  inlet  concentration  is  Gaussian.  In  this  special  case  the 
our  If. concentration  would  also  be  Gaussian,  and  knowledge  of 
the  mean  and  variance  determine  the  distribution  completely. 
It  the  lluctuations  in  inlet  concentration  cannot  he  reasonably 
described  bv  a  ( iaussia.i  distribution,  the  above  method  cannot 
be  used  t.j  determine  confidence  limits  on  the  output. 
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'  fdIBwS“iTncthod  is  dcscrilicd  which  permits  the  : 

comjnitatioh  of  the  complete,  probability  distribution  of  the 
Output  of  a  blending  tank  for  some  specific,  non- Gaussian 
inputs.  It  is  interesting; to  note  that  in  the  cases  studied  the 
Gaussian  approximation  would  be  in  appreciable  error. 

Deter  tpt tdn'of  the  Blending  Procett  ~  ■  " 

In  some  industrial  processes  the  occurrence  of  off-grade 
batches 'cannot  be  prevented.  Sometimes  a  ccitain  amount  of 
off-grade  material  is  produced  during  the  startup  of  a  process. 
Often  this  off-gradc  material  can  lie  blended  into  the,  product 
provided-  its  concentration  docs  not  exceed  a  certain  limiting 
value.  One  way  of  dealing  with  such  a  situation  is  to  provide 
an  off-gradc  storage  tank, 'and  feed  the  material  slowly  into  the 
product  stream.  This  possibility  is  discussed  in  reference*21. 

If  thc-prodess  contains  some  Jargc  blending  facilities  one  might 
consider  . the  alternate  possibility  of  feeding  all  the  material  into 
a  single  blending  tajik.  _This  is  the  situation  that  will  be  studied 
here.  It  will  be  assumed  that  off-gradc  batches  occur  at  random 
times,  with'  the  time  intervals  between -Them  distributed  ex¬ 
ponentially.  The  capacity  of  thc  blending  tank  will  be  assumed 
large  compared  to  the  volume  of-off  grade  in  a  single  batch,  so 

thatrcaclvMtch  can-b^_ consider^;! '  “li)i!Tr'pjl'''-in  fi- - ThT^' 

product  is  fe<Tt?rthe  tank  and^XTtttafaWrrcorltimiousI^rTlfe~ 
amount  of  offgrade  contained  in  each  pulse  is  also  a  random 
variable,  with  density  function  }{m).  In  case  the  real  problem 
does  not  involve  impurities  but. rather  a  large  deviation  in  some 
quantity  like  molecular  weight,  color,  etc.  one  can  always 
treat  this  deviation  from  the  average  in  the  same  wayitbaf-jm- 
purity_conCentration  is  treated  here.  VVe  now  proceed  to  set 
up  the  blending  equations. 

The  pulses  .occur  at  a  mean  rate  1/0  and  the  number  of 
pulses  occurring  in  a  fixed  time  interval  is  a  Poisson  random 
variable.  The  outlet  concentration  of  impurity,  *. then  satisfies 
the  equation'--' 


v  —  «•  2  5(f  —  ti)mi  —  tex . 

at  i 


.  ;-(i) 


where  w  is  the  total  volumetric  flow  rate,  v  is  the  volume  of  the 
tank,  and  the  /,  arc  the  random  pulse  times.  The  pulse  heights 
m,  are  distributed  according  to  f(m)  .Thus  in  between  pulses 
the  concentration  will  satisfy 


vdt  “  ~  wx . 

while  each  pulse  will  cause  an  instantaneous  surge  in  concentra¬ 
tion  by  the  amount  nti/v. 

YVc  define  transition  probabilities  ir(x  —  y  ;  t)  so  that  the 
probability  that  the  outlet  concentration  is  in  the  interval 
( y,y  +  dy)  at  time  t  +  t  given  that  it  was  equal  to  *  at  time 
t  is  ir(x  ->  y  ;  r)dy.  We  also  define  the  probability  density 
function  of  outlet  concentration,  <£(r,x),  so  that  the  probability 
that  the  outlet  concentration  is  in  the  interval  (x,  x  +  dx)  at 
time  t  is  tf>(t,x)dx.  By  writing  the  transition  probabilities  in  the 
above  form,  wc  have  assumed  that  the  probability  distribution 
at  a  later  time,  t  +  t,  depends  only  on  the  state  of  the  system 
at  time  t  and  not  on  any  previous  states  of  the  system,  and  also 
that  this  dependence  only  involves  the  time  interval  between 
the  two  points  of  time  in  question  rather  than  on  the  times 
measured  from  some  absolute  reference.  These  two  assumptions 
classify  the  process  as  a  stationary  Markov  process.  Reflection 
will  show  that  they  arc  true  for  the  present  problem  as  stated. 
■Yny  process  of  this  type  will  satisfy  the  Chapman-Kolmogorov 
equation: 

<t>(l  +  t,  y)  =  f  dx  <t>(t,xi  ir(.v  —  y;  r) . (3) 


(  There  is  an  extensive  literature  on  the  theory  of  Markov 
processes.  See,  for  example,  reference'31). 

The  transition  probabilities  can  lie  expressed  for  small  time 
intervals  as  follows: 


tc (.v  -*  y\  t)  =  j^l  —  ^  5  £y  -  x  +  y  T  +  °(r)J  + 

-  -v)  +  . 

The  first  term  on  the  right  hand  side  is  the  product  of  the  pro- 

/  A 

bability  of  no  pulse  arriving  in  the  interval  r,  I  1  .—  -  I,  times 


the  5-function,  which  expresses  the  certainty  of  what  will 
happen  if  no  pulse  arrives,  namely  that  the  concentration  will 
change  according  to  Equation  (2) .  The  second  term  is  the  pro¬ 
duct  of  the  probability  that  a  pulse  will  arrive,  times  the  density 
function  for  y  that  will  result  from  this  occurrance.  This  is 
derived  from  the  function  j(m)  by  substituting 'v(y  —  x)  + 
</(!)  for  m,  since  for  a  small  enough  time  interval  the  change  in 

in 

concentration  resulting  from  the  pulse  will  be  —  .  The  function 

v 

must  be  multip'ied  by  v  because  dm  —  vdy. 

We  then  expand  the  5-function  in  a  power  series  in  t. 

-  x  +  r  '+  o(r)J  =  •  ~ 

j(y_  :  -  ^xj"£5(y  -  v)Jr  +  o(r) . (5) 

and  substitute  (4)  and. (5)  into  (3)  to  find 

4>U  +  r,y)  -  y)  -  \  <t>(l,  y)  +  r  -  [y  <p(i,  y)|  + 
u  v  ay 


dxt(>(t,  x)f  |t<y  -  x)  +  o(l))  «(r) . (6) 


Changing  the  integration  variable  and  rearranging  yields 

4>{l  +  r,  y)  —  <K«,  y)  1  d  , 

- - - - "  ~  6  ^  y)-+  V  Ty  ^  ’  y + 

If  dm  *  y  ~  7  +  +  «(■')■ : . (7) 

and,  as  t  -♦  0,  wc  find 


d<f>(l,x)  1  ,  . 

~Tt - ^°'v)  + 

w  d  ! 

-  —  [x  <5(/,x)  |  +  - 
v  dx  f) 


iH-5) 


J(m)dm . (8) 


d(f> 

Setting  —  =0  yields  the  equation  for  the  stationary  pro- 
dt 

bability  distribution  for  the  process: 


swwl  /*(*-?) 


Moment b  of  Outlet  Concentration 


f(m)dm.  .  .(9) 


M*  ”  J'xi<t>(x)dx  and  X»  -  J'mkf(>n)dm 
Multiplying  Equation  (9)  by  x*  and  integrating  wc  find 

M  700  700  /-»  \k J  t*-i 
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f  ‘r  f  i\  M**-. 
“  IwB  V*  J 


i^-y 


.(10) 


Equation  (10)  expresses  the  moment  of  the  outlctxoncentra- 
tion  in  terms  of  the  moments  of.the  pulse  height  distribution  and 
the  first  M  moments  of  the  concentratibivso  that  the  moments 
may  bo  calculated  in  turn.  For  example'  •’ 


Me'  "* 


X, 

w6 


Xj  Men  -i* 

2vw6  wO 


2vw6 


+  A*i* 


Thus  the  variance  of  the  outlet  concentration  is 


21-U.-S 


-The  moments  imv  also  be  found  through  a  Laplace  trans¬ 
form  method.  Taking  Laplace  transforms  in  Equation  (9)  we 
obtain  _ 


d4>  v*  v  ts\  * 

■'■57 


(ID 


where 


4>( s)  m  f  e~"<f>(,x)dx 

0 

which  is  solved  to  yield 

/»0(r)  -  ^  l'dt . (l2) 


Since  m*  ■  (—  0*  —<Ks) 
ds 


,  differentiation  of  Equation 


(12)  gives  the  moments  of  <t>  in  terms  of  the  moments  of /. 

Distribution  cf  Output  for  Exponentially 
Distributed  Pulse  Heights 

For  exponentially  distributed  pulse  heights  wc  have 


/(»»)  =  *“  x. 

where  here  X  is  the  mean  pulse  height. 
Taking  the  Laplace  transform  wc  find 

h)  =  r+-x7 


.(12a) 


(1.1) 


Substituting  (13)  into  (12)  yields 

$U)  =  jj  +  7]  ** 

which  can  be  inverted  to  give  the  gamma  distribution: 


(v/X)**  1  ;  x 

(t>(.x)  =  -  — — -v  f. 


r(i) 


.(14) 


1  lie  cumulative  distribution  function  corresponding  to  this 
density  is  the  incomplete  gamma  (unction  (4): 


4»(.r)  -  - 


U 


-  1 


c~r  dr 


(L 

S’.x/- 


'15) 


The  foregoing  Equations,  (14)  and  (15),  give  the  probability 
distribution  of  outlet  concentration.  However,  for  the  design 
of  a  blending  tank,  one  must  consider  the  fact  thar  a  pulse  of 
impurity  will  produce  a  sudden  jump  in  outlet  concentration, 
and  it  is  the  height  of  this  jump  that  one  wishes  to  limit.  Thus 
we  consider  the  distribution  of  outlet  concentration  given  that 
a  pulse  has  just  entered  the  system.  Since  the  probability  of  a 
pulse  occuring  in  a  given  time  interval  is  independent  of  when 
the  previous  pulse  occurred,  it  is  also  independent  of  the  state 
of  the  system.  Therefore  the  outlet  concentration  distribution 
just  before  a  pulse  occurs  is  the  same  as  the  previously  computed 
distribution  (14),  (15).  The  distribution  in  concentration  just 

m 

after  a  pulse  is  then  that  of  the  sum  x  H - . 

V 

The  independence  of  the  two  random  variables  permits  the 
calculation  of  the  distribution  of  their  sum  by  convolution: 

Ax)--  fvfMx-lMm . (16) 

0 

(Equation  (16)  can  also  be  derived  by  a  more  careful  arguuiciU 
given  in  the  appendix) 

Substituting  (14)  and  (12a)  into  (16)  wc  obtain 


*(*)  - 


(v/X)* 


+  1 


.(17) 


which  is  also  a  gamma  distribution.  The  cumulative  distribution 
now  becomes 


*(*) 


(a +  ■•?)■ 


.(18) 


The  distribution  characterized  by  \f/  and  'F  may  be  called  the 
distribution  of  surge  concentrations.  Roughly  speaking,  the 
distribution  <l>  gives  the  fraction  of  total  material  which  docs 
not  exceed  a  given  limit,  while  the  distiibution  4'  gives  the 
fracrion  of  surges  which  wiil  nor  exceed  a  given  limit. 

The  moments  of  the  outlet  concentration  distribution  can 
be  found  from  Equation  (10).  The  moments  of  the  pulse  height 
distribution,  f  (m)  arc 

X*  =  i!X»  \k  -  1,2,  ... 
thus,  substituting  in  (10), 


M» 


v  y  ( k\  m/X*  > 


kwti 

=  _y_  y  *1  M,X'- 


kwd o  j  !  v*  ’ 

In  particular,  the  mean  and  variance  arc 

X 


Mi 


‘tvO 


<r‘  =  M:  -  Mi-  = 


_X»_ 

t’Tl'0 


I  At  us  introduce  the  following  dimensionless  variables  to  reduce 
the  number  of  parameters  involved. 
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Flpire  1 — Probability  density  of  ontlet  concentration  for 
exponentially  distributed  pulse  heights. 


Figure  2 — Design  chart  based  on  confidence  limit  of  con¬ 
centration  for  exponentially  distributed  poise  heights. 


Figure  3 — Design  chart  based  on  confidence  limit  of  snrge 
concentration  for  exponentially  distributed  pulse  heignts. 


'1  = 


w6 

w&v 


The  parameter  q  is  equal  to  the  average  number  of  pulses  per 
resilience  time  of  the  blender  and  2  is  n  dimensionless  concentra¬ 
tion  equal  to  the  outlet  concentration  divided  by  the  mean 
outlet  concentration.  In  this  wav 


'I'fcj  = 


\'(<D 


ff* 

/ 


r*~  V  Tdr  -  /^(f/.f/r) 


ana 


d>(s) 


r(f)‘ 


The  moments  of  the  dimensionless  distribution  are 
in  =  1 
1 

a'  —  - 

-  ---  --  -  1 


Figure  1  gives  sonic  curves  of  vs.  s  for  typical  vaiucs  of 
the  dimensionless  pulse  frequency,  q.  Figure  2  gives  confidence 
limits  for  the  dimensionless  concentration  at  different  values  of 
q.  The  abscissa  of  the  plot  in  Figure  2  is  z  —  I.  where  2  is  the 
value  of  dimensionless  outlet  concentration  that  has  probability 
a  of  being  exceeded: 

a  =  1  -  4>(s)  =  1-  P[.q,qt)  -  -■ 

The  confidence  limits  on  surge  concentration  arc  given  in  Figure 
3.  These  curves  are  given  by 

a  *=  1  —  Sp-fz)  m  1  —  P(q  +  I,  qz) 

lt_should  be  kept  in  mind  when  using  plots  that  the  limit  on 
concentration  Will  be  exceeded  a  fraction  a  of  the  time,  while 
th<’  'imit  on  surge  concentration  will  be  exceeded  for  a  fraction 
a  of  the  surges.  This. will  obviously  result  in  a  much  smaller 
amount  of  spoiled  product. 

DUtribution  of  Output  for  Constant  Pulse  Heights 

For  equal  pulse  heights  the  function  /  is  given  by 

f(m)  =  5(X  —  m) . (19) 

where  X  is  the  pulse  height.  The  Laplace  transform  is 

/<!)  «  . (20) 

Substitution  of  (20)  into  (12)  yields 

'  •/» 

A  W  /*  1  — 

J.-_* 

0 

or 


where 


ln«s)  -  ~i[E,(^)  +  '"(^)  +  T] . (21) 


00 

re-t 

—  dl  and  y  is  Euler's  constant  (ref. 


(4)) 


Since  (2!)  is  difficult  to  invert,  another  method  will  be  used  to 
determine  </>(*)•  However  it  will  be  useful  to  obtain  a  limiting 
form  of  4>(x)  as  x  —  0.  This  is  done  by  studying  d>(s)  as 


$fx) 


•e-r-4- 

(HV< 

rfe) 


.(22) 


1  V 


U-' 


_  A 
\  l\ 

Li! 


\ ; 
»  i 

|t 

0; 
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Ml  = 


wO 


1  2 

-  <  s  <  - 
<1  ? 


<t!  =  M:  -  Mr  = 


X*_ 

2m6 


WV'  i)  *] 

i/* 


Again  we  introduce  the  dimensionless  variables  ,]  and  z,  with 
the  same  significance  as  before.  1  lien 


0  <  c  < 


Tile  moments  arc  given  by 


0(  =  ) 


r (7)  : 


Ml  =  I 


’9 
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One  notes  that  for  the  same  mean  and  an  equal  value  of  q  the 
variance -of  outlet  concentration  for  equal  pulse  heights  is  half 
of  that  for  exponentially  distributed  heights.  Figure  4  shows 
some  typical  curves  of  <t>(z)  and  Figure  J  shows  the  cor¬ 
responding  confidence  limits.  The  confidence  limits  on  surge 
concentration  arc  given  in  Figure  6. 

Comparison  with  the  Gaussian  Approximation 

It  was  stated  in  the  introduction  that  in  the  absence  of  any 
other  method  one  can  try  to  estimate  the  confidence  limits  by 
assuming  that  the  distribution  of  output  is  approximately  normal. 
In  this  case  the  confidence  limit  of  s  for  a  =  0.001  is  p,  + 
3.09<r,  where  cr  is  the  standard  deviation,  and  fi\  is  the  average 
value  of  i  which  is  one.  In  the  ease  of  constant  pulse  heights, 

1  .  . 

a  —  — =  ,  while  in  the  case  of  exponentially  distributed  pulse 
I 

heights,  a  =  .  The  actual  confidence  limit  for  constant 

pulse  height  is  compared  with  the  Gaussian  approximation  in 
Figure  7,  for  a  =  0.001,  and  in  Figure  8  with  the  exponentially 
distributed  pulse  height  ease.  One  notes  that  for  hign  values  of 
q,  (q  >  5),  the  Gaussian  approximation  gives  fairly  close 
results  whereas  for  low  values  of  q  the  deviations  are  consider¬ 
able.  For  q  =  0.1  the  Gaussian  approximation  underestimates 
the  upper  concentration  limit  by  about  a  factor  of  2  for  the 
constant  pulse  height  ease  and  3  for  the  exponential  pulse  height 
case.  Another  type  of  comparison  is  illustrated  by  the  following. 
Suppose  it  is  desired  to  design  a  blending  tank  for  offgrade  lots 
such  that  the  maximum  outlet  concentration  of  impurity  is  less 
than  five  times  the  average  outlet  concentration  with  a  pro¬ 
bability  of  99.9%.  The  average  outlet  concentration  is  that 
which  would  result  if  the  offgrade  material  were  evenly  dis¬ 
tributed  over  the  total  production.  In  the  exponentially  dis¬ 
tributed  pulse  height  ease  the  required  value  of  q  would  be 
1.26,  while  the  Gaussian  approximation  gives  .39.  In  the  con¬ 
stant  pulse  height  case  the  -equired  value  is  .45  vs.  the  Gaussian 
prediction  of  .183.  Thus  the  Gaussian  approximation  would 
predict  a  much  smaller  blender  size. 

In  general  one  could  conclude  that  in  anv  case  of  a  stoch¬ 
astic  input  where  the  imput  deviates  strongly  from  a  Gaussian 
distribution  the  assumption  that  the  outlet  concentration  is 
Gaussian  is  onlv  good  if  the  time  scale  of  the  input  fluctuations 
is  small  compared  m  the  residence  time  of  the  tank. 


APPENDIX 

Distribution  of  Surge  Concentrations 

Consider  successive  surge  concentrations  as  points  in  a 
Markov  chain.  •  We  define  one-step  transition  probability 
densities  ir(x  -*  y)  so  that  the  probability  that  the  surge  con¬ 
centration  is  in  the  interval  (y,  y  +  dy)  given  that  the  last 
surge  was  of  height  x  is  ir(ar  — *  y)dy.  We  may  derive  this 
density  in  terms  of  the  density  of  pulse  heights, /(w),  and  the 

density  of  times  between  surges,  -  e^1'  as  follows :  Since  the 

height  of  the  last  surge  was  x ,  the  value  of  concentration  just 

before  the  next  surge  is  x  e  ’  ,  where  t  is  the  time  between 
surges.  The  concentration  is  then  increased  by  an  amount 
m 

—  ,  so  that  the  random  variable  Y  depends  on  the  variables  t 
v 

and  m  according  to  the  equation 


v 


The  joint  density  function  of  t  and  m  is  the  product  of  the  two 
! 

respective  densities,  -  e~,'>  f(m).  Thus 


.  »  1  v(y  -  xe  ’  ’ 

Pr  {  Y  <  y)  =  /  -  e~">  f  }{m)dm  dl 

o  u  o 

d  .  .  1 

—  Pr  {  Y  <  y]  =  v(x  -*  y)  =  f  -  e~">  vf[v(y  ~  xe  ’  )J  dl 
ay  o  v 

The  Chapman-Kolmogorov  equation  (for  the  stationary  dis¬ 
tribution) 

f'(y)  =  f'l'(x)T(x  -*  y)dx 

then  becomes 

n> 

mm  •<  —  -  t 

'i'(y)  =  f  dx  f  dl  f/(x)  ~f\v(y  -  xe  '  )|<-  '  • 

II  o  u 
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Taking  Laplace  transforms, 


$(j)  -  gf  I  «■'"  ’  )dt 


$.s)  =  f  e~"\p(x)dx 


h  **  sc  .  The  expression  then  becomes 

t(s)  "5*  '>J'(v)/U”  *  ^U)d“ 


-Differentiating, 


d<p{s)  j_c_ 
ds  1  w6 


A  /  .V  \  A 

/  "  1  /' 


/rf-x  x 


ltt  ^ffrJ'dl  +  ln  '(;) 


Comparing  with  equati.  _)  wc  see  that 


*(*>  "  }  (jj  &*) 

which  gives 

*(*'  -  /»/Wt  - 

n 

Nomenclature 

f  =■  pulse  height  probability  density 
/  =  Laplace  transform  of  pulse  height  density 


mi  =  pulse  height  of  i‘k  pulse 

v  ‘  , 

a  =>  dimensionless  tank  volume  (or  pulse  rate)  **  — 

•wO 

a  -  Laplace  transform  variable  a 

t  *»  time 

1 1  —  time  of  t'*  pulse 

v  =■  volume  of  tank 

u>  **  volumetric  flow  rate 

x  *■  concentration  of  impurity 

.t _ »  dimensionless  impurity  concentration 

— -"—probability  of  exceeding  confidence  limit 
0  =  mean  time  between  pulses 

X  =  mean  pulse  height  ( =  Xi) 

X.  =  /fe'*  moment  of  pulse  height  distribution 
Hi  =  4“  moment  of  outlet  concentration  distribution 
ir  =  transition  probability 
p  =_  correlation  function 
o  . — stsrdabd  deviation  — .  C7 

<jj  =  probability  density  of  outlet  concentration 
=  distribution  functibu-of  outlet  concentration 
i {/  =  probability  density  of  surge  concentration 

Aft  =  distribution  function  of  surge  concentration 
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Systems 


A  stochastic  approach  to  particuiats 
processing  systems  can  give  the 
investigator  insight  into  underlying 
mechanisms  and  the  nature  of 
observed  fluctuations  in  particle 
size  and  number 

Clouds  of  particles  in  chemical  processing  systems  arc 
perhaps  one  of  the  newer  contexts  in  which  prob¬ 
abilistic  analyses  come  to  the  fore.  But  while  the  context 
may  be  new,  the  mathematical  methods  have  much  in 
common  with  studies  in  biological  populations,  on  the 
one  hand,  and  in  classical  statistical  mechanics  cn  the 
other. 

The  chemical  processing  context  itself  offers  a  good 
deal  of  variety.  It  includes,  for  example,  problems  in 
crystallization,  in  mineral  flotation,  and  in  fluid  bed 
dynamics.  In  the  realm  of  submicroscopic  particles, 
there  arc  polymerization  problems.  And  if  we  permit 
a  more  abstract  view  of  our  particles,  we  find  problems 
in  turbulent  mixing. 

In  these  different  cases,  we  look  for  the  probability 
distributions  associated  with  the  particle  populations — 
the  distributions  of  population  size  and  the  joint  dis¬ 
tributions  of  population  size  and  the  appropriate  mea¬ 
sures  of  particle  quality.  We  would  like  to  know  these 
distributions  at  single  times  as  well  as  the  corresponding 
joint  distributions  at  two  or  more  times.  We  begin  the 


The  general  mathematical  background  ot  this 
review  it  to  be  found  in  any  one  of  a  groat 
number  of  books  cn  probability  theory.  For  the 
reader  interested  to  leam  or  re-leam  this  subject, 
we  are  fortunate  to  be  able  to  direct  him  to  the 
very  beautiful  two-volume  work  of  Feller  (2), 
one  of  the  great  texts  of  this  century.  A  rather 
shorter  introduction  to  our  part  of  the  subject  is 
given  in  the  recent,  crisp  book  of  Karlin  (3). 
And  a  treatment  of  Markov  processes  with  a 
good  many  physical  applications  may  be  found 
in  .the  book  of  Bharucha-Reid  (I ). 

(1)  Bharueha-Reld,  A.  T.,  “Elements  of  the  Theory 
of  Markov  Processes  and  their  Applications," 
McGraw-Hill,  New  York,  N.  Y.,  1960. 

(2)  Feller,  William,  "An  Introduction  tu  Prob¬ 
ability  Theory  and  Its  Applications,"  Wiley, 
New  York,  N.  Y.,  Vol.  1, 1 950,  Vol.  2,  1 966. 

(3)  Kariin,  Samuel,  "A  First  Course  in  Stochastic 
Processes,"  Academic  Press,  New  York,  N.  Y., 
1966, 
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search,  mathematically  speaking,  with  some' plausible 
guess  at  the  random  mechanism  underlying  the  popula¬ 
tion  changes.  ,  This  -tentative  specification  of  the 
mechanism  always  contains  rate  parameters  describing 
the  short-term  changes  in  the  system,  and  while  these 
can  rarely  be  directlymieasured,  we  may  estimate  them, 
if  we  can  push  the  mathcmaticai'work  through- to  the 
end,  by  comparing  the  final  calculated  probability 
distributions  with  appropriate  measurements  on  the 
actual  particle  populations. 

For  example,  in  studying  a  continuous  crystallizer,  we 
might  postulate  a  random  nucleation  mechanism  forming 
new  particles  at  some  average  rate,  a  random  takeoff 
mechanism  withdrawing  particles  at  some’  average 
fractional  rate,  and  a  deterministic  growth  mechanism. 
What  we  would  hepe  to  learn  from  the  analysis  would 
be  how  the  growth  rate  .and -the  average  nucleation  and 
takeoff  rates  affect  the  joint  distributions  of  particle 
count  and  .size.  Ms  ny ^polymerization  problems  could 
be  studied^'  in  an  entirely,  similar  way;  the  particles 
would  be.-growing  radicals,'  and  account  would  be  taken 
of  suitable'  termination  mechanisms. 

To  take  a  slightly  different  example,  in  studying  a 
flotation  cell,  we  might  postulate  random  feed-takeoff 
mechanisms  for  air  bubbles  and  for  mineral  particles, 
and  a  random  collision  mechanism  whereby  particles  are 
attached  to  bubbles.  What  we  would  jhopc  to  learn 
would  be  how  the  average -rates  of  takeoff,  withdrawal, 
and  attachment  affect  the  joint  distributions  of  free 
particle  count  and  air  bubble  count  and  loading.  The 
average  rates  appearing!  in  the  underlying  random 
mechanisms  need  not  of  course  be  constants  but  may 
depend  on  the  particle  quality  itself,  or  on  associated 
environmental  factors.  Thus,  a  crystal  growth  rate  may 
well  depend  on  the  crystal  size  as  well  as  on  the  solute 
concentration,  and  in  a. flotation  cell  the  average  rate  of 
attachment  of  particle  to  air  bubble  will  likely  depend 
on  how  heavily  the  bubble  is  already  loaded. 

To  ask  for  the  full  history  of  the  probability  dis¬ 
tributions  of  parucle  count  and  quality  is,  in  most  cases, 
to  ask  for  more  than  we  can  reasonably  expect  to  get. 
That  is,  the  technical  problems  that  arise  in  bridging  the 
gap  from  a  postulated  random  mechanism  to  a  full 
knowledge  of  the  probability  distributions  are  often  so 
formidable  that  we  must  content  ourselves  with  partial 
information.  Sometimes  this  partial  information  is 
found  by  simplifying  the  random  mechanisms  to  the 
point  where  more  tractable  mathematical  problems 
emerge.  But  more  often  we  are  not  willing  to  accept 
a  perhaps  oversimplified  mechanism,  and  we  look 
instead  for  partial  information  in  the  form  of  suitable 
averages  of  the  underlying  random  process — means, 
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variances,  covaria  decs.  We  are  particularly  willing  to 
'  settle  for  this  kind  ;of  summary  information  for  arge 
populations,  whef.  ar  intuitive  reliance  on  limit  theorems 
leads  us  to  expect  that  variances  will  be  of  the  same  order 
of  magnitude  as  nneares-and  standard  deviations,  accord¬ 
ingly,  small  fractions  of  the  corresponding  means. 

Also,  for  large  populations,  an  older  point  of  view 
asserts  itself — that  we  need  not  bother  explicitly  with 
random  mechanisms  at  all,  but  may  simply  describe  the 
macroscopic  peril  'finance  of  our  systems  phenomeno¬ 
logically.  From  this  point  of  view,  we  simply  introduce 
plausible  rate  mechanisms  for  the  processes  of  interest 
and  embody  them  in  conservation  laws  for  the  system 
properties  we  are  trying  to  follow.  True,  we  no  longer 
have  a  hold  on  the  statistical  fluctuations  of  our  systems, 
but  we  have  gooc  reason  to  believe  that  these  are  small 
anyway.  This  is,  of  course,  a  familiar  procedure  in  the 
study  of  conventional  transport  phenomena,  and  in  our 
problems,  just  as  in  thermodynamic  fluctuation  theory, 
we  find  a  very  illuminating  methodological  connection 
between  the  phenomenological  laws,  on  the  one  hand, 
and  the  statistical  underpinning  on  the  other.  The 
connection  is  through  a  kind  of  repeated  averaging 
on  the  underlying  random  process.  This  averaging, 
repeated  at  every  finstant  of  time,  leads  to  equations  that 
we  may  identify  with  the  phenomenological  equations; 
the  average  rates  associated  with  the  underlying  random 
mechanisms  appear  as  the  instantaneous  phenomeno¬ 
logical  rates.  Vbat  comes  out  of  the  solution  of  these 
equations  is  not  necessarily  the  true  average  of  the  under¬ 
lying  random  process,  but  for  large  populations  it  is  not 
usually  essentially  different,  and  we  are  often  most 
willing  to  settle  for  it. 

Now  the  bulk  of  our  engineering  applications  in  the 
study  of  dispersed  systems  is  in  situations  where  the 
c  umber  of  particles  is  always,  in  fact,  large,  and  we  may 
ask  what  in  these  cases  is  the  point  of  a  probabilistic 
analysis.  The  ‘chief  technical  reason  is  that  from  a 
probabilistic  study  we  may  learn  just  how  large  a  popula¬ 
tion  ws  ready  need  before  we  can  properly  say  that 
deterministic  phenomenological  equations  describe  its 
behavior  satisfactorily.  This  will  especially  be  the  case 
in  systems  having  a  certain  linear  character,  where  the 
results  of  repeated  averaging  are  in  fact  equal  to  the 
true  means,  no  matter  what  the  population  size.  Here 
we  will  often  be  able  to  compute  variances  and  see  under 
just  what  circumstances  the  standard  deviation  becomes 
a  sufficiently  small  fraction  of  the  mean. 

In  other  cases,  repeated  averaging  will  not  lead 
precisely  to  the  true  means  for  small  populations,  and 
here  we  will  con  monly  have  to  rely  on  semi-intuitive 
judgments  of  the  population  size  necessary  to  reduce 
variances  to  a  low  enough  level  so  that  we  may  properly 
equate  the  two  after  all.  In  this  general  connection, 
we  might  note  that  there  are  situations  where  statistical 
fluctuations  are  important  even  though  the  population 
sizes  are  large;  these  large  fluctuations  turn  out,  on 
analysis,  to  be  due  to  too  close  a  statistical  relationship 
between  successive  influences  on  the  population,  or  to  be 
the  effects  of  very  :  are  events,  perhaps  as  arising  from  an 
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initially  small  population  size.  There  is  every  reason 
to  believe  that  for  a  vigorous  random  mechanism  operat¬ 
ing  on  populations  that  are  and  have  been  large,  statis¬ 
tical  fluctuations  arc  in  fact  unimportant. 

Apart  from  this  technical  reason  for  undertaking  a 
,  probabilistic  analysis  of  a  dispersed  system  with  a  large 
;  number  of  particles,  there  is  the  matter  of  a  certain 
conceptual  convenience  in  formulating  equations  for  the 
system  behavior.  Here  v  ••  focus  on  situations  where  the 
number  of  particles  is  always  so  large — an  emulsion 
polymerization,  for  example — that  statistical  fluctuations 
in  the '.population  as  a  whole  play  no  role  at  all.  If  we 
wish  to  study,  say,  the  polymer  molecular  weight  dis¬ 
tribution,  we  might  develop  the  appropriate  working 
equations  in  terms  of  macroscopic  balances  on  the  popu¬ 
lation  of  emulsion  particles — introducing  instantaneous 
phenomenological ,  rates  for  the  capture  of  primary 
radicals  by  emulsion  particles,  and  so  on. 

It  would,  however,  be  very  natural  to  interpret  the 
fraction  of  emulsion  particles  containing  a  certain 
number  of  growing  radicals  as  the  probability  that  a 
given  particle  contains  that  number  of  radicals,  to  inter¬ 
pret  the  capture  rate  of  primary  radicals  per  particle 
as  the  average  rate  associated  with  die  random  arrival 
of  radicals  in  a  given  particle,  and  so  on.  With  this 
interpretation,  we  might  well  find  it  much  more  con¬ 
venient  simply  to  formulate  the  probability  equations 
for  a  single  emulsion  particle  than  to  set  up  the  deter¬ 
ministic  equations  for  the  whole  population  of  particles. 
Especially  if  the  differential  equations  that  arise  call 
for  the  application  of  boundary  conditions,  the  form  of 
these  boundary  conditions  might  be  seen  much  more 
clearly  from  probabilistic  considerations.  From  this 
point  of  view,  the  probability  machinery  furnishes  a 
conceptual  guide  to  the  construction  of  suitable  phe¬ 
nomenological  equations,  probability  distr  ibutions  for  the 
single  particler  appearing  simply  as  a  shorthand  for 
number  fractions  over  the  whole  universe  of  particles. 

No'  r  the  entire  program,  as  sketched  out  in  the  fore¬ 
going,  has  a  technical  language  and  a  variety  of  technical 
methods  in  terms  of  which  we  may  try  to  implement  it, 
and  fo;-  our  purposes,  we  may  take  this  technical  appa¬ 
ratus  to  be  that  of  Markov  processes.  It  is  not  that  all 
random  processes  are  Markov,  but  rather  that,  allowing 
full  freedom  in  specifying  the  states  of  our  systems,  we 
may  describe  a  great  many — perhaps  all — of  our  par¬ 
ticulate  systems  in  terms  of  Markov  processes.  We 
begin  the  study  of  a  Markov  process  by  specifying  the 
probabilities  of  the  short-time  transitions  from  one  state 
to  another.  This  specification,  which  contains  the 
average  rates  associated  with  the  underlying  random 
mechanism,  is  summarized  in  a  linear  operator  on  func¬ 
tions  of  state,  the  generator  of  the  Markov  process. 

With  the  generator  in  hand,  we  may  set  up  equations 
describing  the  transition  probabilities  in  general,  and, 
in  sufficiently  simple  cases  and  with  luck,  proceed  to 
solve  them.  These  transition  probabilities,  once  known, 
furnish  the  complete  probabilistic  description  of  the  sys¬ 
tem.  With  them,  we  may  carry  forward  any  initial 
probability  distribution  in  time,  carry  out  averaging 


procedures  to  find  the  time  history  of  mean  and  variance, 
evaluate  two-time  probability  distributions  and  the 
associated  covariances,  and  so  on.  If  we  cannot  evaluate 
the  transition  probabilities  in  general,  we  can  go  back 
to  the  equations  describing  them  and  try  to  rework 
them  into  simpler,  self-contained  equations  for  summary 
quantities  of  interest  such  as  means,  variances,  co- 
variances. 

For  systems  in  which  we  deal  always  with  a  large 
number  of  particles,  we  might  not  be  interested  in  the 
detailed  probability  structure,  and  might  prefer  instead 
to  set  up  the  repeated  averaging  procedure  noted  above, 
and  use  it  as  a  guide  to  the  construction  of  phenomeno¬ 
logical  equations.  These  phenomenological  equations 
might  of  course  be  derived  directly  as  macroscopic 
particle  balances,  but  the  probabilistic  formulation 
may  serve  as  a  useful  guide  to  our  physical  intuition, 
and  will  in  any  case  show  directly  how  the  average 
rates  associated  with  the  underlying  random  mechanisms 
are  to  be  interpreted  as  the  instantaneous  phenomeno¬ 
logical  rates  at  which  processes  transpire. 

Wc  may  now  set  down  the  plan  of  this  review.  Follow¬ 
ing  a  sketch  of  the  basic  mathematical  machinery  for 
Markov  processes,  we  set  up  the  repeated  averaging 
procedure  noted  earlier  and  show,  by  way  of  illustra¬ 
tion,  how  it  may  be  applied  to  lead  to  the  familiar 
phenomenological  equations  for  a  crystallizer  and  to 
a  set  of  perhaps  less  familiar  equations  for  a  mineral 
flotation  cell.  Then  we  illustrate  the  nature  of  statistical 
fluctuations  in  small  populations,  in  contexts  drawn  from 
studies  in  chemical  kinetics  and  general  particle  popula¬ 
tion  studies.  Following  this,  v :  illustrate  the  nature  of 
some  problems  arising  in  particle  interactions  by  way  of  a 
familiar  model  for  turbulent  mixing.  These  are  the 
main  technical  points  of  this  review,  and  we  close  with  a 
discussion  of  the  conccp  '1  convenience  often  found  in 
describing  the  behavior  of  particulate  systems  prob¬ 
abilistically,  even  when  populations  are  large  and  deter¬ 
ministic  descriptions  open  to  us:  this  discussion  is  illus¬ 
trated  by  application  to  an  emulsion  polymerization 
study. 

It  should  perhaps  be  noted  that  while  this  review  docs 
nut  contain  any  new  results,  neither  does  it  sys.ematically 
survey  the  existing  literature.  It  offers  instead  simply 
one  point  of  view  on  the  role  of  probability  methods 
in  formulating  and  studying  problems  in  particulate 
systems.  There  are  accordingly  no  formal  references 
made  here  to  the  existing  literature,  but  our  friends  and 
colleagues  will  surely  recognize  how  much  we  have 
learned  from  their  work,  and  how  freely  wc  have  made 
use  of  it. 

Markov  Processes 

Wc  sketch  out  here,  for  later  reference,  the  basic 
mathematical  machinery  of  Markov  processes.  To  keep 
the  ideas  as  concrete  as  possible,  wc  restrict  ourselves 
to  three  special  cases:  discrete  stale  processes,  con¬ 
tinuous  jump  processes,  and  diffusional  processes. 
These  examples  do  not  begin  to  exhaust  the  variety  of 
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the  chemical  processing  applications,  but  they  may  serve 
to  illustrate  adequately  the  underlying  mathematical 
ideas.  Further,  we  restrict  ourselves,  this  time  for  con¬ 
ciseness,  to  stationary  Markov  processes,  that  is,  those  for 
which  the  transition  probabilities  between  two  states  at 
two  times  depend  only  on  the  time  difference.  Again, 
this  excludes  many  applications  in  which  the  particle 
environment  is  changed  systematically  with  time,  but 
we  hope  it  will  be  fairly  clear  how  the  machinery  is  to  be 
extended  to  cover  such  cases. 

By  way  of  introduction  to  what  follows,  we  may  note 
that  our  summary  of  the  properties  of  Markov  processes 
is  grounded  in  the  generator,  g,  of  the  process,  and  its 
adjoint  g*.  Both  arc  linear  operators,  taking  as  their 
domains  of  operation  suitable  functions  of  the  state  of 
the  process.  They  appear  variously  as  matrices,  as 
integral  operators,  or  as  differential  operators,  depending 
on  the  topology  of  the  state  space  and  the  nature  of  the 
process.  The  adjoint  operator,  g*,  appears  in  the 
Kolmogorov  forward  equation.  This  is  the  equation 
describing  the  history  of  the  single-time  probability 
distribution  of  the  process,  and  is  accordingly  the  im¬ 
portant  working  equation  in  most  of  our  applications. 
The  generator  g,  itself,  appears  in  the  Kolmogorov 
backward  equation.  From  the  point  of  view  of  the 
mathematical  structure  of  the  process,  the  backward 
equation  plays  a  more  fundamental  role  than  the 
forward.  But  in  our  applications,  it  appears  primarily 
as  the  carrier  of  the  method  of  repeated  averaging  noted 
earlier,  to  be  applied  to  the  development  of  phenomeno¬ 
logical  equations  for  the  system  under  study. 

We  begin  now  with  discrete  state  processes  and  let  the 
integer  i  serve  to  index  the  states;  in  a  typical  applica¬ 
tion,  i  might  be  a  particle  population  count.  We  shall 
discuss  such  processes  in  some  detail,  as  serving  to  illus¬ 
trate  the  methodology  in  the  simplest  context.  The 
underlying  random  mechanism  for  such  processes  we 
take  in  the  following  form:  the  system,  in  state  i,  will  in  a 
short  time  t  leave  it  with  probability  a,t;  the  system, 
leaving  state  i,  will  go  to  state  j  with  probability  /3(/ — 
i.e.,  «,  is  the  average  jump  rate  from  state  i,  and  a(0t)  is 
the  average  jump  rate  from  i  to  j.  Here,  j 3«  =  0  and 
2j3i ,  =  1.  If  we  denote  the  transition  probability  from 

i  to  j  in  time  t  by  we  find  that  we  have  specified 

the  short-titnc  behavior  of  pi). 

~  {UT } : :}'  ♦  °  (1) 


Equations  such  as  Equation  1  are  sometimes  written 


J  =  ‘ 

j  *  ‘ 


to  emphasize  the  fact  that  the  transition  time  dt  is  short, 
but  we  shall  not  use  this  convention  here. 

Now  the  general  behavior  of  the  transition  probabili¬ 
ties  of  a  Markov  process  is  regulated  by  the  Chapman- 
Kolmogorov  equation 

I’iiU  +  j)  =  2  At lt 5  ^  0  (2) 


05 


which  describes  the  independence  of  past  and  future 
characterizing  such  processes.  To  find  the  general 
behavior  of  the  system,  we  would  want  to  solve  the 
Chapman  equation,  Equation  2,  subject  tc  the  short- 
time  condition,  Equation  1.  This  task  is  facilitated  by 
developing  differential  equations  in  the  pu  from  Equa¬ 
tion  2.  We  begin  by  letting  s  J  0  in  Equation  2— small 
last  step — and  applying  Equation  1 .  What  emerges  is 

=  +  <3> 
at  k 

i.e.,  Kolmogorov’s  forward  equation  (the  familar  Fokker- 
Planck  equation)  in  the  transition  probabilities.  The 
short-time  behavior,  Equation  1,  is  subsummed  in  the 
coefficients  of  Equation  3  and  gives  rise  also  to  the  initial 
condition 

pi,(! 0)  =  5,j  (4) 

A  perhaps  less  familiar  equation  in  the  transition  prob¬ 
abilities  is  found  by  letting  t  |  0  in  Equation  2— small 
first  step — and  applying  Equation  1.  This  leads  to 
Kolmogorov’s  backward  equation 

^  =  -a<M')  +  «<£  fiikpM  (5) 

ds  t 

together  with  the  initial  condition  Equation  4. 

The  structure  of  the  forward  and  backward  equations 
emerges  a  little  more  clearly  if  we  recognize  their  right- 
hand  sides  as  matrix  products.  If  we  introduce  the 
matrix  elements 

=  (-a,;  j  =  i 

Sil  (aA/;  j  7*  i 

so  that  the  short-time  transition  probabilities,  Equation  1 , 
may  be  written 

pit(t)  ~  S{)  +  gtjt;  t  I  0 

then  the  forward  equation,  Equation  3,  becomes 

^  =  <6> 
at  k 

and  the  backward  equation,  Equation  5,  becomes 

,  £*„,„(,>  (7) 

dt  k 

The  matrix 

S  =  (£</) 

is  the  generator  of  the  Markov  process.  It  serves  as  a 
linear  operator  on  functions  of  state,  that  is,  on  vectors  ut. 
We  might  illuminate  the  central  role  of  the  generator 
by  noting  that  the  forward  or  backward  equations, 
together  with  the  initial  condition,  Equation  4,  have  the 
formal  matrix  solution 

pi,  (0  =  (*®% 

The  generator  also  appears  in  a  natural  way  in  the 
evaluation  of  conditional  means  (conditional  expecta¬ 
tions)  of  functions  of  state.  If  we  take  an  initial  vector 
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«i(0)  and  form  its  conditional  expectation  at  a  later  time  t 

«<( 0  “  E^«(0«O(O) 
y 

we  find  from  the  backward  equation,  Equation  7,  that 
this  conditional  expectation  satisfies 

•rf  “  E  £<*«*  =  tS«)<  (8) 

«  * 

The  differential  equation,  Equation  8,  will,  with  suitable 
choice  of  vectors  u(,  serve  as  the  basis  for  the  method  of 
repeated  averaging  to  be  discussed  below.  Since 
2  £<*  =  0*  we  see  that  g«,  or  rather  u  +  gu,  is  of  the 

k 

nature  of  a  smoothed  version  of  u,  so  that  a  solution  of 
Equation  8  really  represents  a  kind  of  continued  smooth¬ 
ing. 

If,  leaving  conditional  expectations  apart,  we  wish  to 
study  directly  the  evolution  of  an  initial  probability 
distribution  in  time,  we  turn  to  the  forward  equation. 
An  initial  probability  distribution  vj( 0)  develops  at  a 
later  time  t  into 

VA‘)  “  E  vi(°)P<t(<) 

i 

and  we  see  from  Equation  6  that  this  distribution  satis¬ 
fies 

!>*«-  (S*»)y  (9) 

As  a  matrix,  g*  is  simply  the  transpose  of  g.  As  an 
operator,  g*  is  adjoint  to  g  in  the  sense  that 

E  vt(S“)<  =  E  (S*»)j«y 

<  y 

for  any  vectors  u,  v. 

It  might  be  noted  that  Equation  9  is  just  of  the  form 
of  the  forward  equation,  Equation  6,  and  Equation  8  is 
ust  of  the  form  of  the  backward  equation,  Equation  7. 
Accordingly,  if  we  could  find  analytical  solutions  of 
either  of  them  that  were  general  enough  to  satisfy  the 
different  initial  conditions,  we  would  have  in  hand  the 
complete  probabilistic  picture  of  the  process.  The 
applications  being  as  complicated  as  they  are,  we  very 
rarely  succeed  in  doing  this.  Instead,  we  try  to  distil 
from  Equation  9  simpler  equations  for  summary  proper¬ 
ties  of  the  distribution  v},  such  as  the  leading  moments, 
and  only  infrequently  compute  a  detailed  distribution. 
Alternatively,  we  go  over  to  the  phenomenological  point 
of  view  and  look  for  suitable  vectors  u<  which,  taken  to 
Equation  8,  will  form  a  tractable  self-contained  set  of 
equations  in  what  we  may  hopefully  interpret  as  mean 
values  of  quantities  of  interest.  In  this  connection,  we 
may  note  that  the  mean  value  of  a  vector  u 

(u)  «  2  W* 

k 

where  vt  is  the  single-time  probability  distribution,  satis¬ 
fies,  according  to  Equation  9,  the  differential  equation 

d~j!  =  E  **  E  g*i»i  =  <9“> 

dl  k  } 


SB 

This  is  not  quite  the  backward  equation,  Equation  8, 
but  if  g  has  an  appropriately  simple  character,  we  may 
find  that  the  mean  values  of  suitable  vectors  u  satisfy 
something  very  much  like  the  backward  equation,  and, 
in  fact,  turn  out  to  be  equal  to  the  corresponding  condi¬ 
tional  expectations. 

This  concludes  our  discussion  of  discrete  state  proc¬ 
esses.  We  turn  next  to  a  brief  sketch  of  continuous 
jump  processes.  We  restrict  for  convenience  to  one 
dimension  and  let  x  serve  as  the  index  of  states.  An 
application  of  these  jump  processes  will  appear  below 
in  the  discussion  of  a  familiar  method  for  agglomerative 
mixing.  The  underlying  random  mechanism  for  such 
processes  we  take  in  the  following  form:  the  system,  in 
state  x,  will  in  a  short  time  t  make  a  jump  with  prob¬ 
ability  a(x)t;  the  system,  leaving  state  x,  win  jump  to 
the  interval  y,  y  +  dy  with  probability  (3(x,y)dy;  the 
system,  between  jumps,  will  change  state  continuously 
according  to  the  differential  equation  dx/dt  =  fix). 
That  is,  f(x)  is  the  translation  rate  at  state  x,  a(x)  is  the 
average  jump  rate  from  state  x,  and  a(x)f3(x,y)  is  the 
average  jump  rate  density  from  x  to  y.  Here,  /  fi(x,y)dy 
“1.  If  we  denote  the  transition  probability  density 
from  x  to  y  in  time  t  by  p(x,y;  t),  we  find  that  we  have 
specified  the  short-time  behavior  of  p  in  the  form 

p(*w 0  ~  [l  -  <«(*)]« Ly  -  *  -  (/Ml  + 

toc(x) Pixy)',  t  |  0 


The  Chapman-Kolmogorcv  equation,  here  appearing  as, 
p(x,y;  t  +  s)=  fp(x,z;  t)p(z,y;  i)dz  (10) 

then  leads,  as  for  discrete  processes,  to  a  forward  equation 

=  ~  ^  ~  P(x,y;  t)a(y)  + 


fp(x,z;  l)  a  (z)/3  (z,y)  dz  (11) 

and  to  a  backward  equation 


&p(x,y;  t )  _  dp(x,y;  t ) 
dt  'X  dx 


<x(x)p(x,y;  t)  + 


a(x)ffi(x,z)p(z,y;  t)dz 
together  with  the  initial  condition 
p{xy;  0)  =  &{y  -  x) 


(12) 

(13) 


From  Equations  11  and  12,  we  may  extract,  as  before, 
the  generator  g  and  its  adjoint 

(S“)M  =  /(*)  “  «(*)«(*)  + 

<x(x)f  p(x,z)u(z)dz  (14) 

(8 *v)(y)  =  -  v  Hy)f(y) ]  ~  f(y)a(y)  + 

dy 

f  v(z)ot(z)P(z,y)d;  (15) 
Here  g*  is  adjoint  to  g  in  the  sense  that 

fv(x)  (<p,u)(x)dx  =  f  (<?,*v)(y)u(y)dy 


(16) 
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With  g*,  we  may  follow  the  evolution  in  time  of  an  initial 
probability  density  v(y;  0).  This  density  evolves  in  a 
time  t  into 

v(y;  t)  =  fv(x;  0)p(x,y;  t)dx  (17) 

which,  according  to  the  forward  equation,  Equation  11, 
satisfies 


(18) 


With  g,  we  may  follow  the  conditional  expectation  of  an 
initial  vector  u(x;  0).  This  conditional  expectation  is 


«(*;<)  =  fp(x,y;  o)4y  (19) 


and,  according  to  the  backward  equation,  Equation  12, 
satisfies 


5-8-  <“> 

The  use  of  Equations  18  and  20  in  the  applications 
follows  that  of  the  corresponding  equations,  Equations 
9  and  8,  developed  for  discrete  processes,  and  the  dis¬ 
cussion  made  there  applies  here  as  well, 

This  concludes  our  sketch  of  jump  processes,  and  we 
turn  finally  to  diffusional  processes.  Again,  we  restrict 
ourselves,  for  convenience,  to  one  dimension  and  let  x 
serve  as  the  index  of  states.  Here,  we  characterize  the 
underlying  random  mechanism  for  the  process  by 
thinking  of  the  system  as  being  continuously  shocked 
in  such  a  way  that  a  jump  from  x  in  a  short  time  t  has 
mean  f(x)t  and  mean  square  k*(x)t.  That  is,  we  take 
the  transition  probability  density  p{x,y;  t)  from  x  to  y 
in  time  t  to  have  the  short-time  behavior 

:)/>(*, y;  t)dy  ~  f(x)t  )  ,  _  , 

■yp(x,y;t)dy  ~  A2(x)M 


A  model  for  such  a  process  may  be  formed  in  a  way 
familiar  from  Brownian  motion  studies  by  taking 

Jt  =  /(*)  +  k(x)w(t) 

where  w  is  a  white  noise  with  unit  spectral  density,  that  is 
to  say,  where 

(w(t)}  =  0,  (w(t)w(t  +  s))  =  <5(j) 


the  pointed  brackets  denoting  mean  values.  Other 
models  will  appear  below  in  connection  with  population 
size  problems. 

The  Chapman-Kolmogorov  equation  has  the  standard 
one-dimensional  form,  Equation  10,  and  we  may  re¬ 
cover  from  it,  by  consulting  the  short-time  behavior, 
Equation  21,  a  forward  equation  in  p 


0  -  -  ®  + 

01  oy 

(22) 

and  a  backward  equation 


b^j> ,  fM  1  (23) 


together  with  the  standard  initial  condition,  Equation  1 3. 
We  may  accordingly  recognize  the  generator  g  and  its 
adjoint  as 

<s«)w-/w^  +  |to^  (2-) 

(S^X?)  =  -  r  KX/fy)  ]  +  1  (25) 

where  g*  is  adjoint  to  g  in  the  familiar  one-dimensional 
sense  of  Equation  16.  With  9  and  g*  in  hand,  we  may 
develop  working  equations  for  probability  densities  and 
conditional  expectations  just  as  before.  Thus,  a  density, 
v,  defined  according  to  Equation  17,  satisfies  a  forward 
equation,  Equation  18,  while  a  conditional  expectation  u, 
defined  according  to  Equation  19,  satisfies  a  backward 
equation,  Equation  20. 

With  diffusional  processes,  the  question  of  boundary 
conditions  comes  up,  as  indeed  it  may  also  for  the  trans¬ 
lational  aspects  of  the  continuous  jump  processes.  The 
general  guide  here  seems  to  be  that  if  a  transition  into  a 
forbidden  zone  is  possible,  it  must  be  guarded  against  by 
imposing  a  suitable  condition  at  the  zone  boundary. 
Consider,  for  illustration,  a  population  problem  modeled 
diffusionally,  where  we  wish  to  forbid  transitions  to 
negative  population  size  x.  It  would  be  natural  to 
impose  on  the  transition  probability  density  p(x,y;  t) 
the  boundary  condition 


dp(x,y;  t) 
dx 


0;  x  =  0 


(26) 


drawn  from  the  behavior  of  a  reflecting  barrier  in  a 
random  walk.  This  would  amount  to  attaching  the 
boundary  condition 


dttjx) 

dx 


=  0; 


x  =  0 


(27) 


to  the  definition,  Equation  24,  of  the  generator,  and 
accordingly  the  boundary  condition 

v(y)fiy)  ~  -J-  j  Kv)*!(y)]  =  0;  y  a  0  (28) 

to  the  definition,  Equation  25,  of  its  adjoint.  This  last 
amounts  to  saying  that  the  transition  probability  density 
p  also  satisfies  the  boundary  condition 

Pixy;t)f(y)  -  y  ^  [/»(*, y;  t)k-{y)]  =  0;  y  =  0  (29) 

The  boundary  condition,  Equation  29,  would  have  to  be 
attached  to  the  forward  equation.  Equation  22,  in  the 
transition  probability  density,  and  the  condition,  Equa¬ 
tion  26,  to  the  backward  equation,  Equation  23  Simi¬ 
larly,  the  boundary  condition,  Equation  27,  would  have 
to  be  attached  to  the  working  backward  equation, 
Equation  20,  for  conditional  expectations,  and  the  condi- 
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tion,  Equation  28,  attached  to  the  working  forward 
equation,  Equation  1 8,  for  probability  densities.  Indeed, 
the  condition,  Equation  28,  turns  out  to  be  just  what  is 
needed  to  preserve  the  normalization  of  v  in  Equation  18. 

Repeated  Averaging 

We  discuss  here  the  construction  of  phenomenological 
equations  associated  with  a  Markov  process.  In  a 
macroscopic  view  of  the  process,  these  are  deterministic 
conservation  equations  in  quantities  of  interest.  From 
the  point  of  view  of  the  underlying  random  structure, 
they  are  equations  in  suitable  conditional  expectations. 
The  generator  of  the  Markov  process,  which  we  have 
seen  above  to  be  of  the  nature  of  a  smoothing  operator, 
will  accordingly  play  a  central  role  in  the  development, 
and  since  the  phenomenological  equations  will  be  of  the 
general  form  of  Equation  20,  we  see  that  what  is  in¬ 
volved  in  their  solution  is  really  a  kind  of  continued 
averaging.  Our  task  here  will  be  to  develop  these 
phenomenological  equations  from  the  Markov  process, 
discuss  them  as  macroscopic  conservation  equations,  and 
see  how  the  elementary  average  rates  of  random  change 
subsummed  in  the  generator  are  interpreted  macro- 
scopically  as  instantaneous  deterministic  rates  of  change 
in  the  system. 

To  illustrate  the  ideas  as  concretely  as  may  be,  we 
proceed  by  example,  considering  first  a  crystallizer  with 
random  formation  and  discharge  of  particles  together 
with  deterministic  growth  of  existing  particles,  and 
second  a  mineral  flotation  cell  with  random  attachment 
of  particles  to  vacant  sites  on  air  bubbles.  It  will 
emerge  from  the  discussion  that  the  conditional  expecta¬ 
tions  appearing  in  the  phenomenological  equations  will 
sometimes  be  precisely  equal  to  the  true  mean  values, 
sometimes  not — as  an  engineering  matter,  this  seems  to 
depend  on  whether  the  particles  in  the  system  interact  or 
not.  We  will,  however,  argue  on  semi-intuilive  grounds 
that  even  when  the  two  arc  not  equal,  they  become 
approximately  equal  for  populations  that  are  and  rctnam 
large.  Indeed  our  argument  will  be  that  in  such  cases, 
variances  and  covariances  become  small,  distributions 
become  singular,  and  the  processes  involved  become 
essentially  deterministic.  However,  to  illustrate  the 
uncertain  character  of  this  reasoning,  we  discuss  briefly 
some  problems  in  population  size,  too  simple  to  be  of 
any  engineering  interest,  but  which  show  that  this 
method  of  repeated  averaging  may  falsify  essential 
features  of  the  system  behavior  even  when  the  popula¬ 
tions  are  large. 

Crystallizer.  Wc  turn  now  to  a  consideration  of  the 
crystallizer.  Wc  consider  a  mixed  continuous  crystal¬ 
lizer  with  dear  feed,  and,  for  convenience,  take  the 
chemical  environment  to  l)c  constant.  The  underlying 
random  mechanism  of  the  process  wc  take  in  the  follow¬ 
ing  form :  in  a  short  time,  t,  a  new  particle,  of  vanishingly 
small  size,  will  be  formed  with  probability  Dt;  in  a  short 
time,  /,  any  given  particle  will  be  discharged  with 
probability  1)1;  a  particle  of  size  x  in  the  systen 
at  the  rate  Jx/rlt  —  G(x).  If  we  describe  the  sta1 
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system  at  any  moment  by  the  number  m  of  particles 
present,  together  with  their  sizes  xh  x2,  .  .  . ,  xm  (say, 
oldest  first),  we  see  that  we  have  specified  the  short-time 
behavior  of  the  transition  probability  p{mx .  .  xm, 
ny i. .  ,yn;  t)  from  state  m,  .  .  .,  xm  to  state'n,y,,  . .  .,y„. 
Taking  p  to  be  a  probability  in  n  jointly  with  a  proba¬ 
bility  density  in  ylt  y2,  . . . ,  yn,  wc  may  write : 

p{mxx. .  ,x„,  nyi.  .  ,yn;  l)  ~ 

Bl  «„,m+1S(yi  -  xi).  .  .  S(ym  -  xm)S(ym+l)  + 

Dt  2  i«,m-i5(yi  —  *i).  •  S0h-i  -  xj- i)  X 
z'-t 

&(yj  ~  *>+!)•  ■  S(ym-i  —  x„)  +  [1  —  {B  +  mD)t)bnm  X 

5[yi  -  *i  -  G(*i)/].  •  -Mvm  —  xm  —  G(xJ/];  t  J  0 

Now  all  this  represents  a  rather  more  con. plicated 
situation  than  in  any  of  the  Markov  processes  sketched 
out  earlier.  Still,  wc  may  apply  the  same  basic  ma¬ 
chinery,  and  extract  from  it  a  knowledge  of  the  generator 
Q  for  the  process  in  hand.  We  find 

m 

(gu)(m*j. .  ,xm)  =  X)  G{xi)  X 
i- 1 

du(mxi. .  .xj  ,  n  ,  ,  t  M  , 

- - b  Bu(m  +  1,  *i. .  ,x„  0)  + 

OXj 

m 

D  2  —  1,  *i.  •  .  .xj  - 

(B  +  mD)ii(mX) .  .  ,  x,„)  (30) 

With  S  in  hand,  wc  arc  ready,  in  principle,  to  set  up 
and  try  to  solve  the  equations  for  the  underlying  prob¬ 
ability  distributions.  Or,  turning  aside  from  such  an 
ambitious  effort,  wc  may  look  instead  for  suitable  func¬ 
tions  of  the  system  state— i.e.,  of  mx\.  .  ,.vm,  for  which  wc 
may  construct  self-contained  phenomenological  equa¬ 
tions  of  the  form  of  Equation  20.  A  natural  function 
of  this  kind  is  the  number  distribution  of  crystal  sizes  in 
the  s>stem: 

B(x)  =  fi(t-  xt)  (31) 

;  - 1 

where  A  is  the  Heaviside  unit  step  function.  Applying 
Equation  30,  wc  find  that 

(SJOto  =  -C(x)  d!'^  -  Dl’Xx)  +  /?A(.y) 

so  that  the  conditional  expectation  of  Equation  31 
wc  may  denote  this  l‘(x,t) — satisfies 

D/-’  dF 

OJ  -  -C«  4.  -  »'■'  + 

Finally,  introducing  in  place  of  the  number  distribution 
F  its  density  /  =  d/'/d.v.  we  find  the  more  familiar 
equation 

dt  +  6x  !G('V)  '  /!  =  11  ■  5{v)  ~  ■  !  (32) 

Indeed,  Equation  32  is  of  the  usual  form  of  the 
phenomenological  equation  for  a  continuous  mixed 


crystallizer,  and  if  we  interpret  fdx  as  the  number  of 
crystals  per  unit  working  volume  with  sizes  in  the  range, 
x,  .t  +  dx,  we  may  identify  B  as  the  rate  of  nucleus  forma¬ 
tion  per  unit  volume  and  \/D  as  the  nominal  residence 
time  in  the  crystallizer.  Now  Equation  32  has  been 
developed  for  a  conditional  expectation,  not  for  a  true 
mean  value  based  on  how  the  underlying  probability 
distributions  evolve  in  time.  In  this  ease,  a  calculation 
will  show  that  the  true  mean  value  satisfies  the  same 
differential  equation,  although  this  would  no  longer  be 
so  if  we  introduced  particle  interactions,  say  by  way  of  a 
supersaturation-dependent  crystal  growth  rate,  and  the 
associated  solute  balance.  But  here,  with  the  mean 
number  density,/,  of  crystal  sizes  satisfying  Equation  32, 
we  may  confidently  expect  that  for  large  crystal  popula¬ 
tions,  there  will-bc  no  appreciable  statistical  fluctuations 
in /,  and  accordingly  that  Equation  32,  viewed  as  a  deter¬ 
ministic  phenomenological  equation,  will,  in  fact,  give  a 
satisfactory  complete  description  of  the  process.  (The 
fluctuations  to  be  expected  in  over-all  particle  count 
will  be  discussed  in  the  next  section  of  this  review.) 
However,  while  we  may  be  very  willing  to  use  analogous 
equations  in  more  difficult  eases,  we  should  bear  in  mind 
that  they  wi)'.  not  necessarily  describe  the  true  mean 
values  of  interest,  but  only  related  conditional  expecta¬ 
tions. 

Flotation  cell.  This  concludes  our  discussion  of  the 
crystallizer,  and  we  turn  next  to  a  consideration  of  a 
mineral  flotation  cell.  We  consider,  for  convenience, 
a  simple  experimental  situation:  a  mixed  batch  cell 
with  particles  all  of  one  size  and  an  equal  likelihood  of 
attachment  to  a  vacant  site  on  an  air  bubble,  the  bubbles 
themselves  being  well  mixed  throughout  the  working 
volume.  We  may  accordingly  describe  the  random 
mechanism  underlying  the  process  as  follows:  in  a  short 
time  t,  a  bubble,  particle-free,  will  be  introduced  with 
probability  Bt;  in  a  short  time,  t,  any  given  bubble,  with 
its  particle  loading,  will  be  discharged  with  probability 
Dt;  in  a  short  time,  t,  any  given  particle  will  attach 
itself  to  any  given  bubble  already  carrying  n  particles 
with  probability  Ant,  where  n  may  be  0,  1,  2,  etc.  If  we 
describe  the  state  of  the  system  at  any  moment  by  the 
number,  //,  of  free  particles  present  together  with  the 
numbers  x<,  xi,  x5,  etc.,  of  bubbles  carrying  0,  1,  2 
particles,  etc.,  we  see  that  we  have  specified  the  short- 
time  behavior  of  the  transition  probability  p(uxoX 
vyoyi. from  state  a,  xo,  xi,  ...  to  state  v,  yo,yi,  . . . : 

/>('« 0*1.  •  ■  ,  Wl.  •  ■  ;  0  ~  5<$ruS,»rri-l  II  SlmJ»  + 

tnHO 

5-f  XI 

n  m  n 

]C  AnUXnt  .  IT 

n  n,  n+1 

{  1  -  (tf  +  52  Dxn  +  52  AnUX«)t)l,u  n  1  J  0 

.in  m 

Now  the  variables  of  state  n,  x„,  arc  integers,  so  that  we 
have  here  a  multidimensional  version  of  the  discrete 
state  process  of  Equations  \  through  9.  We  may 
accordingly  recover,  as  there,  the  generator  of  the  process 
in  the  form : 
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(S<tf)(uXoXlX2.  .  .)  =  B  •  <fi(u,x o  +  1,  *1,  *2.  •  •)  + 
Dx<rit>(u,x0  —  1,  xi,**...)  +  Dxi<e(u,x0,  —  1,  **...)  + 

.  .  .  +  A0ux0<p(u  —  1,  x0  -  1,  xi  +  1,  x2.  .  .)  + 
A\UXi<p(u  —  1,  Xo,  xi  —  1,  x*  +  1.  . .)  +  .  . .  — 

(B  +  52  Dxn  +  52  dJ1«x„)<a(wx0Xix2, . .)  (33) 

n  n 

With  g  in  hand,  we  are  ready,  in  principle,  to  try  for 
the  whole  probability  history  of  the  flotation  process. 
However,  the.  interaction  between  particles  and  bubbles 
makes  this  an  especially  ambitious  task,  and  we  turn 
instead,  as  for  the  crystallizer,  to  the  search  for  suitable 
functions  of  state  whose  conditional  expectations  will 
satisfy  self-contained  sets  of  equations  of  the  form  of 
Equation  20,  here  taken  in  the  representation,  Equation 
8.  The  state  variables  themselves  are  such  functions, 
and  bringing  a,  x0,  xi,  x2. . .  in  turn  to  Equation  33,  we 
find 


du 

di 


52  A»uxn 

n 


dx  o 

It 


B  -  Dx o  —  /lo«xo 


dx,. 

Hi 


—Dxn  +  /l„_i«x„_i 


(34) 


Anux„;  n  yt  0 


We  may  readily  identify  Equation  34  as  a  set  of  phe¬ 
nomenological  equations  for  the  performance  of  the  flota¬ 
tion  cell.  If  we  interpret  the  variables  per  unit  working 
volume,  so  that  a  is  the  number  density  of  free  particles 
in  the  cell  and  x„  the  number  density  of  bubbles  carrying 
n  particles,  then  we  may  interpret  the  An  as  rate  con¬ 
stants  for  the  attachment  of  particles  to  bubbles,  B  as  a 
feed  rate  of  bubbles,  and  1  /D  as  the  average  residence 
time  of  bubbles  in  the  cell.  It  should  be  noted  here 
that  the  actual  mean  values  of  the  quantities  v,  xn  as  the 
underlying  probability  distributions  evolve  in  time  do 
not  satisfy  these  phenomenological  equations,  as  the 
analogous  mean  values  do  for  the  crystallizer — the 
bubble-particle  interactions  stand  in  the  way.  Indeed, 
an  attempt  to  construct  working  equations  for  the  true 
mean  values  (we  denote  them  here  by  pointed  brackets) 
leads  to 


djft) 

dt 


52  An(uxn) 


d{x0) 

dt 


B  —  jD(x0)  —  /lo(«Xo) 


(H*n) 

dt 


—  D(x„)  +  /l„_i{«x„_i)  —  /1b(hx„);  n  ^  0 


These  differ  from  the  phenomenological  Equations  34 
only  in  that  their  right-hand  sides  involve  mean  values 
of  products,  («x„),  rather  than  products  of  mean  values, 
(«)(x„).  Now  (wx„)  differs  from  («)(x„)  just  by  the 
covariance  between  «  and  x„,  and  this  covariance 
is  bounded  in  absolute  value  by  the  product  of  the  stan¬ 
dard  deviations  of  u  and  x„.  Accordingly,  if  the  appro- 
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priate  populations  are  large,  so  that  the  standard  devia¬ 
tions  are  small  fractions  of  the  corresponding  means, 
the  mean  values  (uxH)  become  approximately  equal  to 
the  products  {u){x,),  and  we  may  not  only  con¬ 
fidently  identify  the  conditional  expectations  in  Equa¬ 
tions  34  with  the  true  mean  values,  but  also  argue  that, 
the  statistical  fluctuations  being  negligible,  the  deter¬ 
ministic  phenomenological  Equations  34  give  an  essen¬ 
tially  complete  description  of  the  process. 

The  approximate  equality  of  (ux„)  with  («)(*„) 
for  large  populations  may  be  described  as  a  kind  of 
asymptotic  orthogonality  of  the  landom  quantities  u 
and  xn,  and  the  verbal  arguments  wc  have  just  made 
represent  an  attempt  to  deal  on  intuitive  grounds  with 
the  mathematical  question  of  specifying  the  conditions 
under  which  u  and  xn  will  be  approximately  orthogonal. 
This  is  a  characteristic  question  in  the  study  of  systems 
of  interacting  particles,  and  we  shall  return  to  it,  in  a 
somewhat  sharpened  form,  where  the  issue  is  indepen¬ 
dence  rather  than  simple  orthogonality,  in  a  later  section 
of  this  review. 

This  concludes  our  discussion  of  the  flotation  cell, 
and  we  turn  finally  to  two  simple  examples  of  popula¬ 
tion  growth  which  show  some  of  the  pitfalls  in  the  use 
of  this  method  of  repeated  averaging. 

Examples  of  population  growth,  Wc  consider 
first  a  linear  birth  process  where,  in  a  short  time  t, 
a  population  of  size  i  jumps  to  size  i  +  1  with  probability 
Bit.  If  wc  characterize  the  state  of  the  system  at  any 
moment  by  its  population  size,  then  the  machinery  of  the 
discrete  states  processes  (Equations  1  through  9)  applies 
directly.  Wc  find 

Ptj(0  ~  Bit  iy,f+i  +  (1  —  Bit)  in!  (  |  0 
so  that 


(9“)<  =  Bi(ut+ 1  —  u,)  (35) 

Taking  for  u,  the  population  size  i  itself,  wc  find  accord¬ 
ing  to  Equation  8  that  its  conditional  expectation  satis¬ 
fies 

j  =  Bi  (36) 

dt 

This  is  of  the  expected  exponential  form,  and  wc  have  no 
hesitation  in  identifying  it  as  a  phenomenological  equa¬ 
tion  in  the  deterministic  population  size,  /.  Further,  a 
straightforward  calculation  shows  that  the  actual  mean 
value  of  the  random  population  size,  as  the  underlying 
distribution  evolves  in  time,  satisfies  just  this  same 
equation,  Equation  36. 

So  far,  so  good,  but  if  wc  consider  instead  a  quadratic 
birth  process,  where,  in  a  short  time  /,  the  population 
size  jumps  from  i  to  i  +  1  with  probability  BPt  some¬ 
thing  much  more  dramatic  happens.  Formally,  the 
machinery  works  as  before.  We  find 

(9"I<  =  Br(u,^i  —  a,) 

and,  taking  for  //,  the  population  size  i  itself,  wc  sec  from 
Equation  8  that  its  conditional  expectation  satisfies 


-  =  BP  (37) 

dt 

Again,  we  would  not  hestitatc  to  identify  this  as  a  phe¬ 
nomenological  equation  in  the  deterministic  population 
size,  i.  But  now  the  conditional  expectation  behaves 
rather  differently  from  the  true  mean  value  of  the  under¬ 
lying  random  birth  process.  The  conditional  expecta¬ 
tion  equation,  Equation  37,  starting  from  an  initial 
population  size  i'o,  has  the  solution 

■  - 

1  —  Biot 

Thus,  according  to  Equation  37,  the  population  grows 
hypcrbolically,  exploding  at  the  time  t  =  1  /Biv.  Now 
this  is  a  very  short  time  if  in  is  large,  but  a  careful  analysis 
of  the  underlying  random  process,  nevertheless,  shows  a 
finite  probability  of  having  an  infinite  number  of  births 
in  every  time  interval.  Consequently,  right  from  the 
outset,  there  is  a  finite  probability  of  having  an  infinite 
population,  and  the  true  mean  population  size  is  in¬ 
finite.  '  Before  taking  too  seriously  the  practical  im¬ 
plications  of  this  divergence  between  conditional  expecta¬ 
tion  and  true  mean,  wc  should  note  that  this  is  a  very 
unrealistic  example,  and  that  suitable  constraints  on  the 
birth  process,  designed  to  mitigate  its  explosive  behavior, 
would  likely  serve  also  to  bring  the  conditional  expecta¬ 
tion  of  population  more  into  line  with  its  true  mean. 

Small  Populations 

Wc  present  here  three  examples  to  illustrate  the  nature 
of  the  statistical  fluctuations  to  be  expected  in  small 
populations.  One  is  of  a  first-order  decay  process,  and 
may  be  taken  to  apply  to  first-order  chemical  kinetics 
or  to  simple  radioactive  decay.  Another  is  the  linear 
birth  process  that  was  discussed  briefly  in  the  preceding 
section.  Ihc  last  ;s  of  a  combined  birth  and  death 
process  and  may  apply  to  a  study  of  particle  populations 
in  a  mixed  vessel,  or  perhaps  to  growing  radical  popula¬ 
tions  in  an  emulsion  particle. 

Wc  turn  accordingly  to  the  first-order  decay  process, 
where,  in  a  particle  population,  any  given  particle  dis¬ 
appears  in  a  short  time  l  with  probability  Dt.  Wc  may 
interpret  D  as  a  radioactive  decay  constant,  or  as  a 
first-order  chemical  rate  constant.  The  size  i  may  be 
taken  to  index  the  state  of  the  process,  and  the  machinery 
of  the  discrete  state  processes  sketched  in  Equations  1 
through  9  applies  directly.  We  have  the  generator  in 
the  form 


l(9»)o  =  n 

\(9»)f  =  Di(u,..i  -  a,);  i  ^  0 

and  iis  adjoint 

(<;*»'),  =  -njvj  +  /)(,  +  i)pJ+l 


(38) 


We  may  accordingly  set  up  the  forward  and  backward 
equations  (Equations  3  and  5)  for  the  transition  prob¬ 
abilities  jt,j.  and  see  that  they  have  the  solution  in  simple 
binomial  form 
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If  '  -  t-*')'-1;  j  =  0, 1,2, 

hid)  =  '•> 1 

( 0;  j-i  +  l.i  +  2,  ...  (39) 

From  Equation  39,  we  may  follow  the  probability 
history  of  any  initial  population.  If  wc  take  a  popula¬ 
tion  initially  of  size  N,  so  that  its  initial  probability 
distribution  is 

w/(0)  = 

wc  may  sec  that  it  evolves  into 

a}(t)  =  (J'j  (t-Diy(\  -  e-”)"-*  (40) 

satisfying  a  fonvard  equation 

=  —  Djvj  +  D{j  +  l)r>-n  (41) 

at 

of  the  form  of  Equation  9.  From  Equation  40,  we  find 
the  mean  population  size  to  be 

f,  m  tie-01 

This  satisfies  the  differential  equation 


which  may  indeed  also  be  developed  directly  from 
Equation  41.  Wc  see,  incidentally,  on  consulting 
Equations  38  and  8,  that  the  conditional  expectation  of 
the  population  size  also  satisfies  just  this  differential 
equation,  so  that  the  method  of  repeated  averaging 
would  give  us  the  true  mean  for  this  process,  although 
this  would  not  necessarily  be  true  for  more  complicated 
decay  mechanisms. 

Wc  may  also  calculate  the  variance  u*  of  a  population 
initially  of  size  N — cither  directly  from  Equation  40, 
or  by  developing  a  differential  equation  in  <rs  from 
Equation  41.  Wc  find  in  any  case 

=  AV-D,(1  -  e-DI) 

and  from  this  wc  may  infer  something  about  the  statis¬ 
tical  fluctuations  in  population  size.  Wc  see,  for  ex¬ 
ample,  that 

1  -  '-*•) 

A'  1  N 

is  unilormly  small  for  large  N,  so  that  the  fluctuations  in 
an  initially  large  population  arc  always  small  compared 
to  the  initial  size.  More  revealing  is  the  ratio 


This  increases  exponentially  iiii  i  no  matter  what  the 
size  of  .V,  but  for  large  t  it  behaves  as  follows: 

e  1  . 

-  ;  (  t  ” 

M  Vm 


Thus,  the  ratio  cr/ft  is  asymptotically  independent  of  the 
initial  population  size  N,  depending  only  on  the  de¬ 
creasing  mean,  m>  as  long  as  M  remains  sizable,  the  rela¬ 
tive  fluctuations  will  be  correspondingly  small. 

Finally,  with  the  transition  probabilities,  Equation  39, 
and  the  single-time  probability  distribution,  Equation 
49,  in  hand,  we  can  readily  assemble  the  joint  distribu¬ 
tion  of  the  population  sizes  at  the  two  times  t,  t  +  s. 
The  results  are  not  worth  quoting  in  any  detail,  but  we 
may,  by  way  of  illustration,  give  the  correlation  co¬ 
efficient  between  the  two  populations.  For  an  aged 
system — large  t — this  turns  out  to  be  simply 

This  concludes  our  discussion  of  the  first-order  decay 
process,  and  we  turn  next  to  the  linear  birth  process. 
This  process  was  discussed  briefly  in  the  preceding  sec¬ 
tion  of  this  review;  with  birth  rate  B  and  population 
size  r,  it  has  the  generator  Equation  35.  We  shall  not 
describe  this  process  in  as  great  detail  as  the  first-order 
decay,  but  simply  quote  some  key  results  on  means  and 
variances  that  seem  to  cast  some  light  on  the  role  of  a  con- 
tinuingly  large  population  size  in  ensuring  that  statis¬ 
tical  fluctuations  stay  small.  These  results  arc  all  readily 
derivable  by  straightforward  calculation  from  the 
discrete  process  machinery  of  Equations  1  through  9. 
We  have,  for  a  population  initially  of  size  N,  that  the 
growing  population  size  has  mean 

M  =  Nen‘ 

and  variance 

<r*  =  AVfl‘  (1  -  c-Bt) 

so  that 


For  large  t,  <r/n  becomes  simply  l/VA^,  and  two  points 
emerge.  The  first  is  that  if  the  population  is  initially 
large,  and  hence  always  large,  the  statistical  fluctuations 
are,  as  wc  expect,  small  compared  to  the  mean.  The 
second,  and  more  surprising,  is  that  if  the  population  is 
initially  small,  say  N  =  1,  the  fluctuations  are  of  the 
same  order  of  magnitude  as  the  mean,  even  though  the 
mean  itself  increases  without  bound  as  time  progresses. 

To  mitigate  this  surprise,  we  should,  however,  note 
that  while  these  large  fluctuations  might  be  expected  in, 
say,  a  particle  break-up  process  (and  of  course  biological 
processes  of  various  kinds),  they  would  not  arise  in  a 
process  whereby  new  particles  arc  formed,  or  appear,  at 
a  rate  independent  of  the  population  size.  If  wc  take, 
as  in  a  Poisson  process,  a  new  particle  to  appear  in  a 
short  time  l  with  probability  Bt,  and,  as  before,  index 
the  population  size  on  i,  wc  find  for  the  generator 

(S«)<  =  B-(t/,+i  -  u,) 

in  contrast  with  Equation  35.  Calculations  of  mean  and 
variance,  for  a  population  initially  of  size  0,  then  lead  to 

H  =  <rJ  =  Bt 
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which  becomes  quite  satisfactorily  small  as  soon  as  n 
reaches  a  sizable  value. 

At  this  point  we  might  mention  one  well-known 
physical  example  for  a  process  involving  large  numbers 
which  shows  significant  statistical  fluctuations.  Con¬ 
sider  again  a  crystallization,  but  now  let  us  assume  that 
we  arc  dealing  with  a  case  where  primary  homogeneous 
formation  of  nuclei  is  a  very  rare  event.  In  the  presence 
of  crystals,  most  of  the  nuclcation  will  be  secondary 
nuclcation  due  to  break-off  of  dendritic  growth  on  the 
surface  of  a  growing  crystal.  A  melt  or  a  solution  might 
be  heavily  undcrcoolcd  before  the  first  crystal  appears, 
but  once  it  appears,  nuclcation  and  formation  of  net/ 
particles  are  almost  explosive  and  may  lead  to  almost 
instantaneous  solidification  of  the  melt.  While  the 
final  number  of  crystals  is  large,  the  total  number  of 
crystals  will  show  significant  fluctuations  with  time  as 
the  experiment  is  repeated. 

This  concludes  our  discussion  of  the  linear  birth 
process,  and  we  turn  finally  to  our  particle  birth  and 
death  process.  We  describe  the  underlying  random 
mechanism  of  the  process  as  follows:  in  a  short  time,  l, 
a  new  particle  appears  with  probability  Bt;  in  a  short 
time,  t,  any  given  existing  particle  disappears  with 
probability  Dl.  For  a  particle  population  problem  in  a 
mixed  vessel,  we  might  interpret  B  as'thc  particle  feed  or 
production  rate,  and  \/D  as  the  mean  residence  time  of 
particles  in  the  vessel.  In  the  context  of  an  emulsion 
polymerization,  where  we  study  the  population  of  grow¬ 
ing  radicals,  B  might  be  the  arrival  rate  of  primary 
radicals  in  an  emulsion  particle,  and  D  a  rate  constant 
for  the  escape  or  spontaneous  termination  of  growing 
radicals.  As  before,  the  population  size,  i,  may  be 
taken  to  index  the  state  of  the  process,  and  the  machinery 
of  the  discrete  state  process  sketched  in  Equations  1 
through  9  applies  directly.  The  transition  probability 
/) tj(l)  has  the  short-time  behavior: 

ptj(0  ~  Bt  &J, i+i  +  Dit  + 

(1  -  Bt  -  Dit)Sjt;  t  l  0  (42) 

and  we  may  recover  the  generator  of  the  process  in  the 
form 


(cjf/),  =  B  ■  (t/,+  i  —  itt)  -f  Di(ut- 1  —  iii)  (43) 


and  its  adjoint  as 
(fi*t')o  =  —Bv  o  +  Dvi 

(S*v)}  =  B(v j-i  -  vj)  +  D(j  +  \)vJ+i  -  DjV,; 

j  *  0  (44) 

We  shall  quote  here  only  a  few  illustrative  results 
readily  derivable  from  Equations  43  and  44.  The 
probability  distribution  vt  of  the  population  size,  once 
the  process  has  settled  down  into  a  state  of  statistical 
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equilibrium,  satisfies,  according  to  Equation  9.  the  equa¬ 
tion 

(S*v),  =  0 

and  is  seen  to  be  of  the  familiar  Poisson  form 


Vj  =  e~’«D 


(B/py 

j' 


This  has  mean  n  and  variance  a-  both  equal  to  B/D, 
so  that 


a  1 
M  Vn 


and  we  may  accordingly  expect  that  small  populations 
will  exhibit  pronounced  fluctuations  about  their  means. 
The  conditional  expectation  of  the  population  size,  as 
computed  from  Equation  5,  will  incidentally  be  equal 
to  the  true  mean,  for  this  process — although  this 
would  not  necessarily  be  true  for  more  complicated 
particle  disappearance  mechanisms.  Finally,  we  may 
derive  from  the  forward  equations,  Equation  3  or  6, 
in  the  transition  probabilities  differential  equations  in 
the  lagged  covariances  for  this  process,  and  find,  for 
example,  that  at  statistical  equilibrium  the  correlation 
coefficient  between  the  population  sizes  at  times  t  and 
t  +  s  is  just  t~'“,  entirely  independent  of  B. 

We  might  also  note  here  that  birth  and  death  processes 
of  this  kind  can  also  usefully  be  modeled  in  terms  of  the 
diffusional  processes  sketched  in  Equations  21  through 
29.  From  the  short-time  transition  probability  be¬ 
havior,  Equation  42,  we  may  sec  that 


U  -  >')  ~ 

(O'  -  05> 


(B  -  Di)t  ) 
~  (B  +  Di)t) 


t  j  0 


Accordingly,  consulting  Equation  21,  we  find  from 
Equation  24  the  generator 


(S«)(0  =  ( B 


Pi)  ^  +  4 "  0*  +  D>)  ^4-  (45) 


di 


dr 


and  from  Equation  25  its  adjoint 

(S*0(j)  =  -  j.  [»(/)  •  (B  -  Pj )]  + 
dJ 

\~Vii)  ■  {B  +  Pj)}  (46) 

Here  i  and  j  arc  continuous  variables  representing  the 
population  size.  To  keep  the  population  size  positive, 
we  would  want  to  apply  boundary  conditions  in  the 
manner  of  Equations  27  and  28,  that  is.  to  attach  to 
Equation  45  the  boundary  condition 


M 0 

di 


=  0; 


i  =  0 


(47) 


and  to  Equation  46  the  boundary  condition 
•(;)  •  (B  -  Pj)  -  -2  j.  [v(j)  ■  (B  +  Pj)}  =  0; 

7  =  0  (48) 
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With  the  generator  given  lay  Equations  45  and  47  and 
its  adjoint  by  Equations  46  and  48,  we  would  be  pre¬ 
pared  to  begin  a  study  of  the  population  process  accord¬ 
ing  to  this  diffusional  model. 


Particle  Interactions 

Almost  .ill  of  our  examples  up  to  this  point  have  dealt 
with  particles  that  behaved  quite  independently  of  each 
other,  and  ■  his  was  for  the  good  reason  that  problems 
involving  significant  particle  interactions  arc  commonly 
very  difficult.  We  propose  here  to  discuss  what  seems 
to  us  to  be  a  key  difficulty  in  treating  clusters  of  inter¬ 
acting  particles.  The  difficulty  is,  of  course,  simply 
that  the  particles  do  interact,  so  that  the  properties  of 
the  individual  particles  are  not  statistically  independent. 
This  difficulty  has  already  co.nc  up  in  our  earlier  dis¬ 
cussion  of  the  mineral  flotation  cell,  but  rather  than 
return  to  this  earlier  discussion,  wc  shall  illustrate  it 
anew  in  terms  of  a  familiar  agglomcrativc  model  for 
turbulent  mixing,  which  brings  us  to  the  difficulty  in  a 
sharper,  more  transparent  form. 

According  to  this  model,  the  turbulent  mass  is  divided 
up  into  N  equally  sized  droplets,  the  particles,  which 
undergo  binary  collisions  at  the  average  rate  NA,  where  A 
is  a  measure  of  the  mixing  intensity — i.e.,  in  a  short  time 
t,  any  given  particle  pair  will  collide  with  probability 
2 At/(N  —  1),  so  that  some  pair  will  collide  with  prob¬ 
ability  NAl.  The  colliding  particles  merge,  equalize 
concentrations,  and  immediately  separate.  If  wc  denote 
the  concentrations  of  some  key  substance  in  the  in¬ 
dividual  droplets  by  xi,  x2 ,  ...  at.v,  then  the  vector  x  = 
(.r i,  x-i,  .  .  . ,  x,v)  may  be  taken  to  represent  the  state  of 
the  system,  and  we  find  a  multidimensional  version  of 
the  jump  process,  Equations  10  through  20,  with 


a(x)  =  NA 

<>■  -  H*) x 

s(yn  -  x  n  «(y.  -  *.) 

Wc  may  also  introduce  a  translation  rate  into  the 
process  by  imagining  a  chemical  reaction  going  on  in 
the  system,  the  concentrations  xm  in  the  individual 
droplets  continuously  changing  according  to  the  rate 
equation  dx,Jdt  —  R(xm),  m  =  1,  2  .  .  .,  ;V. 

Now  we  find  on  applying  the  machinery  of  Equations 
10  through  20  that  the  probability  density  of  system 
states  as  defined  in  Equation  17 — wc  denote  it  here 
c(  V'0';0  =  ’O'p'i.  •  y.\-;  0  —satisfies  the  equation 

0  -  o  - 


—  £  ,  V,(v,  ()  1  —  .V.I,"'  Vi(y.'  ()  + 

m  oy  m 

.  .  .  £  1-  •  x m .  .V, . .  .yN;t)  X 

TV  I  m  <  n 

«(>’.  -  +  -■-)  — =)  X  dxjxn  (49) 


The  solution  of  Equation  49  would  certainly  tell  us  a 
very  great  deal  about  how  the  system  evolves  in  time 
from  some  initial  state.  But  quite  apart  from  the  diffi¬ 
culty  in  solving  it,  it  would  tell  us  rather  more  than  wc 
want  to  know — all  the  information  wc  really  want  about 
the  system  is  contained  in  the  one-dimensional  marginal 
distribution  for  a  typical  particle,  and  indeed  in  the 
leading  moments  of  this  one-dimensional  margin. 
Besides,  wc  would  be  hard  put  to  assign  a  numerical 
value  to  N,  which  we  think  of  rather  vaguely  its  large. 

Accordingly,  wc  recognize  first  that  if  t4,v>  is  symmetrical 
in  they’s,  so  is  so  that,  according  to  Equation  49, 

a  distribution  initially  symmetrical  stays  symmetrical. 
Wc  then  proceed  to  integrate  outy2,  y3  .  .  .  yN  in  Equa¬ 
tion  49,  hoping  to  obtain  an  equation  for  the  typical 
single  particle  distribution 

t)<l,(_yi;0  =  /  .  .  .  fv<-'V)(y;  t)  dy2dy3.  .  ,dyN 
what  emerges  is 

^—~L  —  =  —  —  ~  2  Av<‘>(yi;()  + 

ot  qyi 

2A SS  c(2)(* iyXt;  t)  o^yi - ^  (50) 


But  this  involves  the  typical  two-particle  distribution 
v^iyhya  0  =  /  . . .  fvm(y;i)  dy3. .  .dyN 


If  wc  try  to  close  matters  off  by  integrating  out  only 
y3.  .  .  V;v  in  Equation  49,  we  find  an  equation  very  much 
like  Equation  50  with  in  the  derivative  terms  and 
the  three-particle  distribution  t)(3;  in  the  integral.  We 
cannot,  that  is  to  say,  develop  self-contained  equations 
in  the  lower  order  marginal  distributions  and  must 
either  return  to  the  full  equation,  Equation  49,  or  make 
some  judicious  approximation  to  close  off  the  hierarchy 
of  lower  order  equations. 

Now  we  may  make  an  intuitive  interpretation  of 
Equation  50  in  terms  of  macroscopic  variables,  in  a  way 
suggested  by  the  variables  appearing  in  our  earlier 
discussion  of  the  flotation  unit.  Without  bothering 
about  the  repeated  averaging  machinery,  we  may 
renormalize  the  probability  distributions — 14’>  to  the 
total  number  of  particles,  p(2)  to  its  square— divide  up 
the  concentration  space  into  cells,  and  interpret  the 
integrals  of  the  renormalized  distributions  over  these 
cells  as  the  actual  numbers  of  particles  and  particle 
pairs  with  concentrations  in  the  appropriate  ranges. 
If  the  particle  population  is  large  and  the  cells  are  suffici¬ 
ently  broad  so  that  there  is  a  large  number  of  particles  in 
each  cell,  these  cell  counts  will  be  random  variables  with 
small  variances  and  hence  small  covariances,  just  as  the 
particle  and  bubble  counts  in  the  flotation  unit  were. 
Wc  may  then  argue,  as  there,  that  for  a  typical  cell  pair 


nbi 

»(2,(*i,*2;  t)dx\dx2  =  1 

•1  */  rtl 


»<■>(*!, 1  X 


J'bt 

n\ 


t)dx2 
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so  that,  if  the  cells  arc  in  fact  not  too  broad,  we  have  in 
general 

t)dx\dxn  =  v(-Vi{x\;  t)dx\  ■  v^){xz;  t)dx 2 

This  relation  may  then  be  returned  to  Equation  50  to 
give  a  self-contained  equation  in 

There  arc,  of  course,  formidable  difficulties  in  making 
this  line  of  argument  precise.  We  don’t  attempt  to  do 
this  here,  but  simply  point  out  that  very  much  the  same 
difficulties  arise  in  the  kinetic  theory  of  gases  in  making 
a  systematic  development  of  the  Boltzmann  equation. 
The  questions  there,  however,  are  commonly  posed  in  a 
somewhat  different  mathematical  way — i.e.,  one  recog¬ 
nizes  that  the  foregoing  intuitive  argument  leads  to  the 
statement  that  the  concentrations  .Vi,  x-g,  .  .  . ,  xN  for  the 
particles  in  the  system  are  independent  by  pairs.  Ac¬ 
cordingly,  one  sets  it  down  as  such: 

W'Kxt!  *)  (51) 

and  recovers  from  Equation  50 — the  g’s  are  probability 
densities  again — 

---  {^(yi)»<1)0’i;<)}  -  2  Av^iyi;  t)  + 

ot  qyi 

2d/JV‘>(*i;  t)vV>(xi;  t)  X  &(y\  —  —^Jdxrfxi 

(52) 

a  self-contained  working  equation  in  n<l>.  Oi.e  realizes, 
of  course,  that  the  statement,  Equation  51,  is  not  under 
all  circumstances  true,  and  asks  various  mathematical 
questions  aimed  at  clarifying  the  conditions  when  it  is 
true.  We  might  perhaps  close  this  discussion  with  one 
of  them.  If  Equation  49  is  solved  for  an  initial  distribu¬ 
tion  in  which  the  y’s  are  independent,  what  are  the 
conditions  under  which  the  y’s  remain  independent  in 
the  solution — i.e.,  under  what  conditions  does  inde¬ 
pendence  preserve  itself  in  time?  Our  intuitive  answer 
would  be:  when  the  population  is  large. 

Problem  Formulation 

The  technical  part  of  this  review  being  completed, 
we  devote  this  final  section  to  a  consideration  of  why 
we  should  formulate  engineering  systems  probabilis¬ 
tically  at  all.  It  goes  without  saying  that  if  the  process 
exhibits  fluctuations  in  the  macroscopic  scale — imperfect 
reproducibility,  in  experimental  terms — that  it  may  be 
very  useful  to  describe  it  in  terms  of  a  random  mechanism 
rather  than  to  look  for  a  very  fine  grained  deterministic 
description.  In  our  applications  these  large-scale 
fluctuations  arc  usually  associated  with  small  particle 
populations.  Our  point  here  is  that  even  for  large 
populations,  where  the  over-all  behavior  is  quite  deter¬ 
ministic,  there  is  often  a  certain  conceptual  convenience 
in  making  a  probabilistic  formulation  at  the  single 
particle  level,  interpreting  the  single  particle  probability 
distributions  in  terms  of  number  fractions  for  the  whole 
ensemble  of  particles.  We  proceed,  as  throughout, 
by  example,  contenting  ourselves  here  with  the  single 
example  of  the  study  of  molecular  weight  distribution 


in  an  emulsion  polymerization  system.  This  situation 
would  seem  to  be  rather  complicated  to  formulate  in 
terms  of  over-all  deterministic  balances  for  the  emulsion 
system  as  a  whole. 

We  turn  accordingly  to  the  consideration  of  an 
cmuls'c  1  polymerization  system  and  focus  attention  on 
a  single  emulsion  particle.  For  reasons  ol  analytic 
simplicity,  wc  take  the  particle  to  be  in  a  fixed  chemical 
environment  and  igncrc  variations  in  its  size  and. in  its 
monomer  concentration.  Wc  can  then  describe  the 
underlying  random  mechanism  affecting  it  in  terms  of 
three  parameters,  B,  G,  D:  in  a  short  time,  t ,  a  primary 
free  radical  enters  with  probability  Bt;  the  molecular 
weight  of  a  free  radical  grows  at  the  rate  G;  in  a  short 
time,  t,  any  two  growing  radicals  terminate,  by  com¬ 
bination,  with  probability  Dt.  The  parameters  B,  G,  D 
have,  of  course,  a  direct  interpretation  in  terms  of  macro¬ 
scopic  rate  constants.  If  wc  describe  the  stare  of  the 
emulsion  particle  at  any  moment  by  the  number  m 
of  free  radicals  present,  together  with  their  sizes  xi,  x«, 

.  .  .,  xm  (say,  oldest  first),  we  sec  that  we  have  specified 
the  short  time  transition  probability/;(m*i.  .  ,xm,  hy  1.  .  ,y„; 
t )  from  state  m,  x  1,  .  .  . ,  xm  to  state  n,y  1,  .  .  . ,  y„-  n  time  t. 
Taking  p  to  be  a  probability  in  r  jointly  with  a  prob¬ 
ability  density  inyi  .  .  .  ,y„,  we  have 

p{mx\.  .  ,xm,  ny\.  .  .yv;  t)  ~  Bt  ■  5„,m+i  •  5(.Vi  —  *>)••. 

&(jm  —  *m)£0'm+l)  +  Dt  ■  ■  £  £  5 (>"  1  _  *l)  ■  ■  • 

i<) 

5(y<_i  -  *<_i)5(vi  -  x(+i).  •  .6(v/_s  -  1)  X 

1  -  xJ+{). .  .5(ym-i  —  xm)  +  fl  -  Bt  — 


&nmd(y  1  —  Xi  —  Gt). . .  8(yn 


xn  —  Gt);  t  l  0 


Wc  may  note  that  we  have  taken  the  molecular  weight 
of  a  primary  radical  to  be  vanishingly  small. 

This  process  is,  mathematically  speaking,  a  rather 
more  complicated  version  of  the  crystallizer  process 
discussed  earlier.  It  is  not  specifically  included  in  our 
sketch  of  Markov  processes,  but  an  application  of  the 
same  general  machinery  will  yield  its  generator.  It 
wi  11  be  convenient  first  to  symmetrize  the  short  time 
transition  probabilities  in  the  x's  and  y’s.  Since  we  are 
concerned  here  only  with  the  forward  equation  which 
governs  the  single-time  probability  distribution,  we 
quote  simply  the  adjoint  of  the  generator  for  the  sym¬ 
metrized  process : 


(9*f,)(",j'i-  •  -y*)  = 


_  G  £  ,Vl-  •  ■ )'n )  + 

i  ty, 


-  £  K”  -  ;q+j.  ■  yn)o(vj)  + 

n  i 


»<»  + 
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where  it  is  understood  that  t>  is  symmetric  in  the  y's. 

We  are  concerned  here,  in  fact,  only  to  find  the  dis¬ 
tribution  of  states  after  the  process  has  settled  down  into 
statistical  equilibrium.  Denoting  this  by  v(n,  yi. .  .y„) — 
symmetrized  in  the  y’s — we  note  that  according  to 
Equation  9  or  any  of  its  continuous  analogs,  it  satisfies 

9*e  =  0 

This  really  concludes  the  probabilistic,  part  of  the  story. 
It  remains  only  to  reduce  the  equations  describing  the 
equilibrium  distribution,  v,  to  a  convenient  working 
form.  This  can  readily  be  done  by  introducing  the 
marginal  distributions: 

On  =  fv(n,y i. .  ,yn)dy\. .  .dyH 

<Pn(y\)  =  fv(n,yi. .  .yn)dyi. .  .dy„ 

in(yuyt)  =  fv(rt,y1...yn)dy3...dyn 

where  8n  is  the  probability  of  having  n  radicals  present, 
<p»  is  the  joint  distribution  of  radical  count  and  molecular 
weight  of  a  typical  radical,  and  so  on.  Wc  recover, 
after  some  calculation,  a  difference  equation  in  6n 

0.  M  +  tK'TK’-G)'’-] 


ordinary  differential  equations  in  the  <pn(y) 

G  d  1 

—  ~  -  [•-.*)  —  <P»- 1]  +  “  <fn)  + 

B  ay  n 

T[(*tV- ('»)*]  (54) 

and  partial  differential  equations  in  the  i»(yi,yt) 


9  (**.•'  +  = 

B  \dyi  dyn) 


[  rn-i(yi)^(yi)  +  <pn-i(yt)&(yi)  —  2^„_i]  + 


Hn-l  —  in)  + 


~  In  +  2\  /  n  \  *1 
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The  probability  density  for  the  molecular  weight  ef 
the  combined  product  can  be  expressed  as 

e(  \  )  f  f  in(yi,yz)8(yi  +y«.  -  z)dyi/dy2 

'<=>-  — zprs - 

?U)"- 

and  this  suggests  that  wc  introduce  the  functions 

Pn(:)  =  ffinivi,  y:)6(vi  +  y«  ~  z)dy\dy2 

which,  according  to  Equation  55,  satisfy  the  ordinary 
differential  equations 


G  dpn  2  ,  .  i  I 

2  •  — -  —  =  —  [yn-iW  -  P«-i]  + 
B  dz  n 


(Pn- 1  ~  Pn)  +  " 2  Pn+2  ~  (56) 

The  solution  to  Equation  53  being  known, 

1  (2  B\n/2  ^"-1  (V^cT/ 


1  (2  B\n/2 

°n  n'.Vl  \  D  ) 


(V?) 


(Jm) 

■  ■'*(#) 

and 

wc  may  readily  undertake  to  organize  first  the  numerical 
solution  of  Equation  54,  and  then  of  Equation  56. 

It  turns  out  to  be  convenient  to  work  with  the  cumula¬ 
tive  distributions  of  the  tails.  -  Letting 


/*  03 

'n(y)  -  I  <Pn 
Jy 

/*  m 

•  GO  “  I  Pn 


we  find  from  Equation  54 

(  f  t-('-t)*- 


t  [C  t1)*--  (:w 


\  *»(0)  =  On 

and  from  Equation  56 

(  2  'T  ^  =  4  $-1  +  0  ~  4)^  ~p*  + 

IKTK-aW-- 

1  Pn(  0)  =  On 

It  is  then  a  straightforward  matter  to  truncate  these 
systems  of  equations  at  some  value  of  n  past  which  8n  is 
negligibly  small  and  to  organize  a  direct  numerical 
sol  tion.  The  tails  distribution  of  the  product  molecular 
weight 


F(y)  =  f“ 

j  V 


can  be  recovered  from  these  solutions  in  the  form 


-  X  ?  (  2  )  F'<* 
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Abstract— A  mathematical  model  for  gas-fluidized  beds  is  proposed  that  allows  for  a  randomly  fluctuat¬ 
ing  flow  pattern.  It  is  shown  how  mean  first-order  conversion  is  related  to  contact  time  distribution 
for  arbitrary  models  of  this  type.  A  simplified  version  of  the  model  is  then  studied,  and  it  is  found  that 
the  effect  of  fluctuating  flow  is  similar  to  that  of  stagnancy  in  steady  systems.  This  effect  is  inconsistent 
with  the  usual  steady-state  models,  but  it  is  shown  that  some  published  data  on  conversion  in  fluidized 
beds  [6]  exhibit  this  effect. 


I.  INTRODUCTION 

One  of  the  readily  observable  features  of  the 
flow  pattern  in  fluidized  beds  is  its  fluctuating 
character.  The  vaii  us  elements  of  dense-phase 
fluid  are  intermittently  exposed  to  bubbles  of 
different  gas  composition.  Since  one  is  normally 
interested  in  the  average  behavior  of  the  beds, 
rather  than  in  the  details  of  the  fluctuations,  it  is 
usual  to  represent  such  systems  by  steady-state 
models.  It  is  the  purpose  of  this  paper  to  investi¬ 
gate  by  help  of  a  simple  model  the  effects  that 
stochastic  fluctuations  might  have  on  the  behavior 
of  the  bed. 

Of  course,  with  the  present  state  of  knowledge, 
it  is  rather  difficult  to  determine  the  parameters 
of  even  steady-state  models  accurately,  or  to 
choose  between  different  models.  Thus  it  is 
unlikely  that  this  can  be  done  with  a  stochastic 
model  either.  It  is,  however,  of  some  interest 
to  determine  properties  of  stochastic  models 
appropriate  to  fluidized  beds  to  gain  an  under¬ 
standing  of  how  and  under  what  conditions 
these  unsteady  properties  might  affect  the  behav¬ 
ior  of  the  bed  as  a  chemical  reactor. 

Now  every  turbulent  reactor  is  an  unsteady 
system.  The  reason  that  in  many  situations  we 
can  neglect  this  unsteady  behavior  is  the  fact 
that  the  time  scale  of  the  fluctuations  is  often 
small  as  compared  to  the  time  scale  of  the  system. 


The  output  of  the  system  for  steady  input  might 
therefore  be  almost  completely  deterministic 
and  we  can  deal  with  the  system  as  a  steady 
system. 

This  assumption  might  be  correct  in  high 
narrow  fluidized  beds  as  used  in  pilot  plants 
or  where  vertical  pipe  heat  exchangers  are  used 
to  break  up  the  bubbles  in  large  beds  but  should 
not  hold  for  large  scale  unbaffled  fluidized  beds. 
The  time  scale  of  the  internal  mixing  processes 
and  the  gas  residence  time  are  here  of  the  same 
order  of  magnitude.  Gas  bubbles  are  often  large 
especially  in  the  upper  part  of  the  bed  and  the 
local  concentration  of  bubbles  exhibits  fluctua¬ 
tions.  the  time  scale  of  which  has  the  same  order 
of  magnitude  as  the  residence  time.  The  concen¬ 
tration  fluctuations  in  the  dense  phase  should 
therefore  undergo  similar  fluctuations  which 
might  effect  the  behavior  of  the  bed  as  a  reactor 
and  might  be  important  in  its  control. 

As  will  be  shown  in  this  paper  the  inclusion 
of  the  unsteadiness  of  the  reactor  explains  some 
puzzling  phenomena  (see  for  example [6])  and 
it  is  hoped  that  it  might  be  helpful  for  a  better 
understanding  of  the  fluidized  bed. 

The  kind  of  model  to  be  considered  is  similar 
to  that  described  in  [  1  ].  This  consists  of  a  network 
of  ideally  stirred  tanks  interconnected  by  flows 
which  fluctuate  randomly  in  time.  The  new 
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feature  U>  he  considered  here  is  the  presence 
of  two  types  of  tanks  corresponding  to  zones 
in  '.he  den*;  ph:;*;  “nd  the  huhhle  nhase  of 
fluidi/ed  beds.  It  should  be  noted  that  such  u 
model  with  steady  flows  can  be  used  to  approxi¬ 
mate  arbitrarily  cioseiy  any  olltci  steady -state 
two-phase  model  of  the  fluidized  bed 

It  is  often  assumed  that  the  dense  phase  is 
either  completely  well  mixed  or  tnut  it  is  in 
plug  flow'  but.  again,  that  lateral  mixing  is  com¬ 
plete.  On  the  other  hand,  the  contact  with  large 
bubbles  assures  good  instantaneous  mixing 
only  in  the  immediate  neighborhood  of  the 
bubble.  As  said  before,  the  time  scale  of  the 
mixing  in  the  dense  phase  is  of  the  same  order  of 
magnitude  as  that  of  the  fluctuation  in  bubble 
concentration,  and  therefore  it  may  not  be 
desirable  to  assume  that  the  dense  phase  is  well 
mixed.  On  the  other  hand,  every  part  of  the 
dense  phase  comes  into  contact  with  bubbles, 
so  that  the  dense  phase  would  be  homogeneous 
in  some  time-averaged  sense.  Now  the  model 
mentioned  before  describes  a  different  physical 
situation  where  the  dense  phase  is  well  mixed 
or  at  least  cun  be  described  by  a  network  of  a 
few  well  stirred  tanks  but  the  transfer  rate  to 
those  tanks  fluctuates  with  time.  But  if  we 
consider  the  total  physical  effect  of  the  fluctua¬ 
tions  on  the  local  behavior  in  the  dense  phase 
we  note  that  this  model  captures  the  basic  physics 
of  this  unsteady  behavior  and  should  at  least 
predict  correctly  in  what  way  this  unsteady  nature 
of  the  transport  processes  might  interact  with 
the  kinetic  behavior  of  the  reactor. 

SOME  PROPERTIES  OK  THE  GENERAL 
MODE1. 

The  analytical  structure  of  the  stochastic 
mixing  models  was  developed,  and  various 
properties  were  derived,  in  reference}!].  Here 
we  derive  some  new  results  which  are  required 
for  the  application  of  these  models  to  hetero¬ 
geneous  systems. 

In  general,  the  model  consists  of  ti  ideally 
mixed  tanks  which  are  interconnected  by  flow 
streams  in  some  arbitrary  manner.  The  inter¬ 
connecting  flow  rates  are  allowed  to  fluctuate 


randomly  in  time  with  a  definite  probabilistic 
structure,  that  of  a  discrete-state  Markov 
process.  The  tanks  are  taken  to  be  of  constant 
volume,  and  the  fluid  is  assumed  incompressible. 
The  system  of  tanks  will  be  assumed  here  to 
po.sxcss  only  a  single  inlet  stream  and  a  single 
outlet  stream,  although  more  general  situations 
may  be  treated.  The  new  feature  introduced  here 
is  the  special  consideration  of  some  subset  of  the 
tanks  as  an  "active  region"  of  the  model,  cor¬ 
responding  to  the  dense  phase  of  a  fluidized  bed. 
Thus  when  the  model  is  viewed  as  a  chemical 
reactor,  only  the  fluid  contained  in  the  active 
region  of  the  system  at  any  instant  will  undergo 
reaction. 

It  was  shown  in  [  1 , 2J  how  the  rundom  walk  of 
a  single  fluid  molecule  through  the  system  may 
be  described  analytically,  and  how  various 
properties  of  this  random  walk  may  be  related 
to  tracer  response  statistics  and  first-order 
reaction  behavior.  Thus  the  expected  response 
to  a  certain  tracer  experiment  is  equal  to  the 
residence  time  density  function,  and  the  mean 
conversion  for  a  first-order  reaction  as  a  function 
of  the  rate  coefficient  is  just  the  Laplace  trans¬ 
form  of  this  function.  In  order  to  extend  such 
results  to  the  present  situation  u  new  random 
variable,  the  contact  time,  is  introduced.  For  the 
random  walk  of  a  single  fluid  molecule  through 
the  system,  this  is  defined  as  the  total  time 
spent  by  the  molecule  in  the  active  region  during 
its  sojourn  through  the  system.  This  will,  in 
general,  be  less  than  the  residence  time  of  the 
molecule,  defined  here  as  the  time  spent  in  the 
system  as  a  whole. 

We  denote  the  number  of  tanks  in  the  model 
by  >u  the  volume  of  the  /th  tank  by  vh  and  the 
volumetric  flow  rate  from  the  ith  tank  to  the  Jth 
tank  by  where  a  is  the  state  of  the  under¬ 
lying  Markov  process,  called  the  flow  state.  The 
flow  rate  from  the  inlet  stream  to  tank  /  is  called 
a ’oju,  and  the  flow  rate  from  the  /th  tank  to  the 
exit  stream  is  called  It  is  convenient 

to  define  quantities  of  the  form  so  that 

n+l  n 

W|ja  2)  ^  Wjla*  0) 

J*  1  J-0 

on  on 
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The  total  inlet  flow  rale  (equal  to  the  total  out-  shown  that  if  PaiU,0)dH  is  defined  as  the  joint 


How)  will  he  denoted  Then: 

a*  I  n 

n  ^  a  ojn  —  2i  a  i .  1 4 1  n.  t  *.  t 

ii  i  ‘  <i 

Note  that  direct  bypassing.  is  allowed 

for. 

The  flow1  state  transitions  are  governed  by  a 
switching  matrix  \„fl  such  that,  for  small  time 
intervals  r. 


probability  that  the  particle  is  in  state  to.  i) 
where  a  is  the  flow  state  and  i  is  the  lank  number, 
nmt  th«i  the  contact  time  is  between  0  and  0-t-  dff. 


.  ril‘0]U.  H) 

— - - -  -  irilfl.  /t— ~ — 

1)1  off 


rr0a(r)  —  +  o(r)  (3)  r)P„(l.  Kf  _  ri  n  "  i.n-n.a  p  ^  (gj 

h>  °l  ' 

where  na0(T)  is  the  probability  of  transition  from 

state  u  to  state  p  in  a  time  interval  r,  and  the  where  the  sutfix  a  denotes  the  outlet  state:  a 


function  o(t)  has  the  property 


Sti2?)-0' 


The  matrix  K„H  has  the  properties 
Km  3  0:  «  *  /3 


t/{(a, «+ 1)}.  The  initial  distribution.  PJ 0.  ff). 

<t 

is  given  by  (see  |21) 

/>,<().  0)  =  P„  — -  S(ff)  I 

*  .  (9) 

/’mo.  «)  =  v  p„———m) 


2  -  0,  ull a.  The  ditl'eieniiaJ  Jiqs.  (7)  and  f H )  together  with 

initial  conditions  (9)  give  the  P„,U,  0)  completely. 
We  now  consider  the  random  passage  of  a  The  contact  time  density  function,  ,fA»).  is  then 
single  particle  of  fluid  through  the  system.  In  given  by 
heterogeneous  reaction  systems  the  important 

property  of  the  single  particle  random  passage  ,/,<(>)  -  I jm.Pjf.H l.  HO) 

is  the  contact  time  distribution,  wher*  contact 

time  is  defined  us  the  total  length  of  time  a  U  is  not  necessary  to  solve  (7)  and  (8)  completely 
particle  spends  in  the  “active"  part  of  the  sys-  *°  determine  this  lunetion.  however.  Thus,  inte- 
tem  during  its  passage.  In  the  two-phase  model  of  grating  (7)  and  (S)  from/  —  Otof  -  *. 
the  fluidized  bed.  this  would  be  the  dense  phase 


residence  time  distribution.  The  variation  of 
contact  time.  tl.  with  clock  time,  t.  is  given  by 

717=  X  i<«-y)  (^!, 


+  2"  (ID 


where  A  is  the  set  of  active  states  fur  the  particles, 
and 


,  .,  1 1 ;  to. j 

:'{a,j)  ~  |(>;  (a.j 


fAO)  =  £  p»  *«>  +  22 


where  XuJ»)  -  J,,'  tJ)dr.  The  initial  condi- 
Using  the  methods  of  reference  (I  |.  it  can  be  lions  for  the  system  of  equations  ( 1 1 1  are 
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X,(/i,/)v.„(0  )  =  0.  <!•') 

In  thiv  way.  ihe  function  f,W)  cun  be  found  by 
solving  the  system  of  ordinar;  differential 
and  algebraic  Eq.  till,  rather  than  the  system 
of  partial  differential  Eq.  (7). 

It  is  of  some  interest  to  calculate  the  mean 
contact  time.  l)=  J‘  H/AMM  In  the  Appendix, 
it  is  shown  that 

0  =  ~  X  S  X.i</3  J)P*  L'i  ( 1 4> 

j-i  a 

where  Pn  is  the  stationary  probability  distribu¬ 
tion  of  flow  states,  which  satisfies 

2  h„„Pa  =  0;  all  fi.  (15) 

and  to  is  the  mean  total  inlet  flow  rate: 

<P  =  ^  P»wu-  (16) 

a 

If  a  set  A  consists  of  certain  tanks  in  the  model 
independently  of  flow  state,  then 

Xi(0J>  =  2  (l7> 

Vci 

and 

(18) 

'  fcf'l 

In  other  words,  the  mean  contact  time  is  equal 
to  the  volume  of  the  active  region  divided  by  the 
mean  total  inlet  volumetric  flow  rate.  This 
result  is  independent  of  whether  the  inlet  flow 
rate  or  the  internal  flow  rates  fluctuate.  It  may 
be  noted  that  if  the  set  A  includes  all  the  tanks 
Eq.  (18)  will  give  the  mean  residence  time. 

This  concludes  our  discussion  of  a  single  fluid 
particle  through  the  system,  and  we  turn  now  to 
the  other  point  of  view  of  individual  tank  con¬ 
centrations.  This  is  formulated  in  terms  of  the 
joint  probability,  P„(t,x)dx,  of  the  flow  state 
being  «  and  the  concentrations  of  the  individual 

tanks,  (.v . v„)  =  .v,  being  in  the  volume  d.r 

containing  v.  Using  a  slight  modification  of  the 
derivation  in  ( I  ]  we  arrive  at 


kt  2d 

J=l 

^-x  ,(i3.^j[/,.-.((..r)]=  £  K,»P„U.x).  (19) 

It  has  been  assumed  in  (19)  that  a  first-order 
reaction  occurs  in  the  active  region  of  the  model 
only,  with  rate  coefficient  k.  After  a  time,  a 
stationary  probability  distribution  will  be 
approached.  This  can  be  calculated  by  setting 
the  time  derivative  in  ( 1 9)  equal  to  zero. 

It  is  possible  to  calculate  the  first  moments 
of  Pji.x)  without  solving  (19).  however.  Thus 
if  we  define  /w0J  =  j  XjPn<f.x)cr  we  find,  as  in [  1  ], 

—  ~P“~  A"+2—M* 

~  +  AoaMtir  (20) 

< I 

Here,  again,  we  calculate  the  stationary  values 
of  juaj  by  setting  the  time  derivative  in  (20) 
equal  to  zero.  The  mean  outlet  flow  rate  of  un¬ 
converted  reactant  is  given  by 

n 

(ll<)  =  2  2)  2)  P 11+  |  ,tiXn< 

o  j-i  a 

(21) 

If  the  Laplace  transforms  of  Eqs.  (11)  and  ( 1 2) 
are  compared  with  (20)  and  (21 ).  it  is  found  that, 
for  the  stationary  value  of  (i//>, 

P  =  t,.<A)  (22) 

H.V„ 

where  fr(k)  =  J“  e~','*/(.(fl) dfl.  Thus  we  may  con¬ 
clude  that  the  Laplace  transform  of  the  contact 
time  distribution  is  equal  to  the  mean  unconverted 
fraction  of  reactant  when  the  inlet  concentration 
is  constant  and  stationary  conditions  have  been 
achieved. 

V  SIMPLIFIED  MODEL 
(a)  Description 

The  general  model  described  in  the  previous 
section  has  great  flexibility,  and  by  using 
sufficient  tanks  and  connections  one  could 
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undoubtedly  match  it  to  any  experimental  data. 
Before  undertaking  such  a  project,  however, 
it  would  he  useful  to  have  some  feeling  for  ho* 
the  fluctuating  mixing  flows  affect  the  properties 
of  such  moueis.  For  inis  purpose  a  very  simple 
model  of  the  previous  type  will  be  postulated, 
on  a  (urttelv  intuitive  basis,  and  its  properties 
will  be  investigated. 

Various  steady-state  models  of  fluidized  beds 
have  been  proposed  bused  on  the  two-phase 
picture  of  such  systems,  Common  to  these 
models  is  the  assumption,  based  on  observation, 
that  the  particulate  phase  behaves  as  an  incom¬ 
pressible  fluid  whose  volume  is  the  sume  us  that 
of  the  bed  at  incipient  fluidization,  and  that  the 
amount  of  gas  passing  through  the  bed  in  the 
form  of  bubbles  is  just  the  excess  of  the  total 
gits  flow  over  that  at  incipient  fluidization.  The 
models  differ  in  the  assumed  mixing  between 
and  within  the  phases.  For  the  purposes  of  this 
study,  the  simplified  model  shown  in  Fig.  I 
will  be  assumed.  In  this  model  the  particulate 
phase  is  assumed  to  he  of  constant  volume  and 
well-mixed.  T  he  quantity  r,  is  the  interstitial 
volume  of  this  phase.  The  total  flow  rate.  » . 
is  constant  with  time,  as  is  the  fraction  of  the 
total  flow  which  travels  in  the  form  of  hubbies. 
t.  The  bubble  phase  is  assumed  to  be  of  constant 
volume,  tv  and  is  also  well-mixed,  The  mixing 
flow  rate,  »•„„  is  assumed  to  fluctuate  with 


time,  however.  It  may  be  noted  that  while  the 
assumption  of  perfect  mixing  in  the  particulate 
phase  seems  reasonable,  on  the  basis  of  the 
observed  uniformity  of  temperature  in  such  xys- 

lClli>.  tnui  ui  fn.iics.1  KiiAiiig  m  1 1 iv 

seems  doubtful.  In  fact  it  is  often  assumed  that 
the  bubble  phase  is  in  a  condition  of  plug  flow. 
It  will  be  shown,  however,  that  many  properties 
of  the  system  are  independent  of  this  assumption, 
so  it  will  be  made  for  convenience.  The  assump¬ 
tion  that  the  bubble  phase  is  of  constant  volume 
results  from  defining  the  boundaries  of  the 
reactor  appropriately. 

The  equations  of  change  for  the  system  of 
Fig.  I  are 


(it,  .  .  .  , 

r,  —  =  ne.v„ -[/•»■+  ir,„|.V|  + 


(2?) 


I.'..  -.—  =  ( I  -  r)u  —  |(  I  —  r)ve  +  irj.v, 

‘  d/ 

Z  =  rx,  + 1 1  -  r).vv  (24) 

where  W(v)  is  the  reaction  rate  expression.  It 
is  assumed,  as  before,  that  only  one  reaction 
occurs  and  that  it  occurs  only  in  the  particulate 
phase.  The  concentrations  of  reactant  in  the 
bubble  phase  and  the  particulate  phase  are 
x,  and  .Vi  respectively.  For  tracer  experiments, 
K(.\)  is  just  zero.  The  quantity  /  is  the  outlet 
concentration. 

(b)  Sternly Jlow  behavior 

Before  discussing  the  effects  of  fluctuations  in 
M'„.  on  the  system  behavior,  it  is  useful  to  first 
derive  some  properties  of  the  system  with  con¬ 
stant  ir,..  Under  this  condition  the  model 
is  just  another  in  the  general  category  previously 
mentioned,  but  the  e fleet  of  fluctuations  can  only 
be  made  clear  by  comparison  with  this  steady 
behavior.  Also,  by  analyzing  the  steady  model 
from  the  point  of  view  developed  for  the  sto¬ 
chastic  models  some  interesting  results  are 
discovered. 

Because  the  reaction  takes  place,  in  the  model, 
only  in  tank  2.  the  residence  time  distribution  of 
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the  system  is  of  minor  importance  compared 
to  the  contact  time  distribution  of  gas  particles 
with  the  particulate  phase.  One  of  the  difficulties 
with  using  tracer  experiments  to  study  the 
properties  of  such  systems  is  the  fact  that  «n 
experiment  performed  with  a  tracer  that  does 
not  interact  with  the  solid  particles  can  furnish 
information  only  about  the  residence  time  dis¬ 
tribution  and  not  about  the  contact  time  distribu¬ 
tion.  It  is  therefore  interesting  to  compare  the 
two  distributions. 

The  residence  time  density  function  isobtnined 
by  solving  Eq.  (II)  with  all  the  states  included 
in  the  set  A .  This  is  found  to  be 


[r1  1 1  —  /•)]  />,eM  —  b,zb'' 

/(/)=  n - ! - - - 7 - r - 

Lt'i  t-j  J  h,  -bj 

(.  .  u — r)*i ,  n  (i-r)i2i 


b  |  —  h., 

where  bt  and  bt  are  the  two  roots  of 

A.+p+ilz^.+^+^l 

L  t-'i  ij  i’i  t'j  J 


,h  |  rfl  —r)w4i  |  K'u‘m  _  q  (26) 

‘.ij  w.f* 


The  corresponding  distribution  function,  f'U). 
is  just  the  integral  of  Eq.  (2.1).  This  is  plotted 
in  Fig.  2  for  typical  values  of  the  parameters.  The 
value  of  r  —  0-9  corresponds  to  a  ratio  «/«„ 


of  iO,  where  «„  is  the  superficial  gas  velocity  at 
incipient  fluidization,  and  u  is  the  superficial 
gas  velocity  at  the  system  conditions.  The  ratio 
of  the  two  volumes  corresponds  to  a  porosity 
of  0-5  in  the  particulate  phase,  and  ratio  of  bed 
height  to  bed  height  at  incipient  fluidization, 
HIH of  2.  These  vulues  are  thought  to  be 
typical  of  commercial  fluidized  beds.  The  values 
t-i  +  i  •  =  u-  =  1  are  chosen  by  assuming  appro¬ 
priate  scale  factors.  Under  these  conditions  the 
mean  residence  time  is  equal  to  one. 

The  three  curves  shown  are  for  three  values  of 
the  mixing  flow  rate.  wm.  covering  the  range  from 
zero  to  infinity.  It  is  seen  that  the  residence  time 
distribution  is  only  slightly  affected  by  changes 
in  u’,r. 

The  contact  time  density  function  is  calculated 
in  the  same  way.  with  only  tank  2  included  in 
the  set  A.  The  result  is. 


The  quantity  rh  above  is  just  the  fraction  of  gus 
which  bypasses  the  particulate  phase  entirely, 
and  thus  has  a  zero  contact  time.  When  u>M  =  0. 
it  is  seen  that  r„  =  r,  meaning  that  when  there  is 
no  mixing  between  the  phuses.  all  the  gas  that 
passes  through  the  system  in  the  form  of  bubbles 
bypasses  the  particulate  phase  completely.  The 
corresponding  distribution  function.  Fr(»). 
which  is  just  the  integral  of  (52),  is  plotted  in 
Fig.  3  for  the  same  system  as  was  used  in  Fig.  2. 
For  these  values,  the  mean  contact  time. 
is  equal  to  0-333.  Comparison  of  Figs.  2  and  3 
shows  quite  clearly  that  while  the  mixing  rate, 
tr,„.  has  only  a  slight  effect  on  the  residence  time 
distribution,  it  has  a  pronounced  effect  on  the 
contact  time  distribution. 

An  additional  factor  which  makes  the  estimate 
of  the  transfer  rate  even  more  difficult,  is  the 
fact  that  it  is  also  sensitive  to  our  assumptions 
as  to  the  nature  of  the  mixing  processes  within 
the  phases. 


1 502 


n  o 


A  stochastic  model  for  fluidized  beds 


Kig.  X 


The  contact  time  distribution  of  this  system  is 
closely  related  to  its  reaction  behavior.  Thus  the 
conversion  for  a  single  first-order  reaction  is 
just  the  Laplace  transform  of  fr(H).  The  convei 
sion  and  selectivity  of  complex  first-order  systems 
are  also  determined  by  this  function.  Finally, 
for  many  reactions,  the  method  of  Zwietering 
and  Dankwerts[3, 4)  can  be  used  to  find  bounds 
on  conversion  on  the  basis  of/|.(d),  Since  such 
large  differences  in  as  shown  in  Fig.  3,  arc 
consistent  with  such  slight  differences  in  /'(/). 
the  residence  time  distribution,  it  must  be  con¬ 
cluded  that  measurements  of  /(/),  that  is  tracer 
experiments  performed  with  non-interacting 
tracer,  where  the  tracer  is  introduced  in  the  inlet 
and  is  measured  in  the  outlet  stream,  provide  a 
very  poor  basis  on  which  to  construct  a  model  of 
the  system's  reactor  performance. 

The  steady  conversion  for  a  first-order  reaction 
catalyzed  by  the  solid  particles  can  be  calculated 
front  Eqs.  (20)  and  (21),  or  by  taking  the  Lap¬ 
lace  transform  of  /,.(«).  The  resulting  fraction  of 
unconverted  reactant  is  then  given  by 


Z 

•r,i 


n,  + 


( I  -  /•),)'• 

L  L‘ 


(29) 


It  is  interesting  to  note  that  this  expression  is 
identical  to  that  derived  by  Davidson  and  Harri- 
son|5|  by  assuming  plug  flow  in  the  bubble  phase 
and  complete  mixing  in  the  particulate  phase. 
Only  the  expression  for  r,„  the  bypass  fraction, 
in  terms  of  the  system  parameters  is  different. 


being  given  in  their  vs  ork  by 


uzhfr?  \J  i'»  th*  nnmh^r  i\f  tr»n*f#*r  unit*  In  furl 

as  long  as  the  flows  aie  steady,  it  can  be  shown 
that  the  contact  time  distribution  for  the  well- 
mixed  particuiate  phase  is  given  by  F.q.  (2~t 
regardless  of  the  nature  of  the  mixing  processes 
in  the  bubble  phase.  This  is  seen  b>  noting  that 
whenever  the  set  of  states  .4  consists  of  only  a 
single  state,  the  system  of  Eq.  (II)  reduces  to 
a  single  linear  differential  equation.  Its  solution 
must  then  be  of  the  form 

y;.(0)  =  +  acM  (31) 

where  a  and  h  are  constants.  It  is  known,  how¬ 
ever.  that  the  integral  of  jr(tt)  is  one.  and  that  the 
mean  contact  time  is  ay 1,.  These  two  conditions 
determine  a  and  b. 

This  fact  points  up  another  difficulty  in  using 
.racer  experiments  for  studying  such  systems, 
namely,  that  while  the  reactor  performance  is 
relatively  insensitive  to  the  nature  of  the  mixing 
in  the  bubble  phase,  the  residence  time  distribu¬ 
tion  is  just  as  sensitive  to  these  mixing  processes 
us  to  those  occurring  within  the  particulate 
phase  and  between  the  two  phases,  so  that 
different  assumptions  about  the  mixing  in  the 
bubble  phase  would  allow  very  different  con¬ 
clusions  about  the  particulate  phase  and  the 
interphasc  mixing,  based  on  such  experiments. 
On  the  other  hand,  for  purposes  of  studying  the 
reaction  behavior  of  such  models,  the  assump¬ 
tion  used  here,  that  the  bubble  phase  is  well-mixed 
is  seen  to  be  of  minor  importance. 

The  unconverted  fraction  given  by  Kq.  (29) 
is  plotted  in  Fig.  4.  It  is  seen  there  that  the 
mixing  rate,  »*■,„.  has  a  very  large  effect  on  first- 
order  conversion,  substantiating  the  conclusion 
about  the  importance  of  this  parameter.  At  each 
value  of  u',„  the  unconverted  fraction  approaches 
an  asymptotic  value  as  A.  the  rate  constant,  goes 
to  infinity.  This  value  is  just  r,„  the  bypass 
fraction. 

Another  point  that  emerges  is  that  F.q.  (2") 
for  the  contact  time  distribution  contains  only 
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one  unknown  parameter,  r*.  In  general,  «■  and  r, 
will  he  know  n  in  advance.  Thus,  if  one  is  willing 
to  assume  that  the  particulate  phase  is  well 
mixed  and  that  the  fluctuations  in  the  rate  of 
exchange  between  the  two  phases  is  unimportant: 
a  determination  of  the  single  quantity  rb  cun  be 
used  to  estimate  the  contact  time  distribution. 
This  quantity  can  be  measured  by  carrying  out  a 
fast  reaction  in  the  system  or  by  usiit;*  u  tracer 
that  is  completely  absorbed  on  the  solid  particles. 

(c)  Behavior  with  fluci  Italian  flow 
It  will  now  be  assumed  that  the  mixing  flow. 


-“  =  Ps0  -r)8(0)  +  — tf2l(#)  +  \,K12(d) 

i 10  Vt 


L!— ^  +  — +^1'^')  <33 ) 

vi  li 


with  g,2(0)  =  =  0.  To  find  the  residence 

time  distribution  the  zeros  on  the  left  of  the  first 
two  equations  of  (33)  are  replaced  by  d,<,'u/d0 
and  d^i/dfl  respectively. 

It  is  found  again  that  fr{0)  contains  an  atom  of 
probability  at  zero  contact  time  which  is  the 
bypass  fruction  of  the  system.  For  the  fluctuating 
case,  this  fraction  is  given  by 


rw 


1 


nr  +  Vr„ 


I  - 


[w+  [nv 


*W_ 

+  f{P-i~P\)  +  Ci(Xr 


tut! 


(34) 


u  „„  fluctuates  by  switching  between  two  values. 
n  „,|  and  h',„2.  Under  these  conditions,  the  equa¬ 
tions  for  the  contact  time  distribution,  (II) 
and  (1 2).  become 


nr  nr  (1—  r)ir 

.f,m  =  —  va.<")  -*•  — : —  turn 


v., 

1 1  -  r)w 

Vl 


.vjo)  (32) 


where  t  =  «•„„  -  ir„,2  and  vv„,  is  the  mean  mixing 
flow.  Comparison  of  (34)  with  (2b)  shows  that 
the  bypass  fraction  with  fluctuations  is  always 
greater  than  that  without  for  the  same  mean 
mixing  rale,  and  that  at  high  switching  rates 
( A ,  +  X2  —i »  x)  the  two  become  equal.  To  illustrate 
the  effect  of  fluctuations  on  r,„  this  quantity  is 
plotted  for  some  values  of  the  parameters  in 
Figs.  5  and  6.  In  Fig.  3.  the  quantity  «/»?,„  has 
been  given  its  maximum  allowable  value.  In 
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general,  to  keep  the  flow  rates  positive, 


s  —  s,  4-. 

In  the  ease  shown,  P,  =■  Pt ~  4.  so  «/»■„,  has 
been  taken  as  2.  It  is  seen  that  curves  of  rh 
vs.  it,,,  appear  to  approach  asymptotes.  Inspec¬ 
tion  of  Eq.  (58)  shows  that,  if  t/tr„,  is  held 
constant. 


Thus  the  fact  that  the  curves  in  Fig  5  approach 
asymptotic  values  depends  on  the  fact  that  eom- 
plcic  cutoff  occurs  in  one  of  the  flow  states. 
Otherwise  r6  would  approach  zero. 

Wnen  complete  cutoff  does  not  occur,  it  is 
seen  from  Eq.  04)  thiil  the  latio  of  r,,  to  the 
value  of  with  steady  (low  as  given  hv  F.q.  1 2 Si. 
becomes  constant  under  the  above  conditions. 
Thus 


(n.(n.'-r  ir,„( 

Itm.  v - - - 

Fffr 


I  a 


Mr,,  / 


IT~  -  /*,)-/*, Pi(~) 

^  Hi  ' 


(37) 


One  notes  that,  according  to  (37).  the  bypass 
fraction  approaches  an  asymptote  that  is:  inde¬ 
pendent  of  switching  rate.  In  Fig.  6.  «/'»•„,  has 
been  taken  its  I -8.  with  the  rest  of  the  parameters 
the  same  as  those  in  Fig.  5.  Again  the  effect  of 
the  fluctuations  on  rh  is  appreciable.  For  smaller 
values  of  «  a  ,,.,  the  ett'eet  of  fluctuations  on  >•,, 
is  much  smaller.  Thus  if  «  It)  per  cent 

the  ratio  given  by  1 37 1  will  be  I  percent. 

From  the  discussion  in  the  previous  section 
about  the  behavior  of  the  system  with  sternly 
flow,  it  is  clear  that  changes  in  rh  have  a  large 
effect  on  the  reactor  performance.  Thus  the  fluc¬ 
tuations  will  have  an  effect  on  the  reactor  perfor¬ 
mance  by  changing  />,.  However,  when  a  model  is 
set  up  for  a  particular  unit,  the  parameter  rh 
will  be  fixed  by  experimental  means,  since  it  is 
so  important.  One  would  then  be  interested  in 
how  the  fluctuations  would  affect  reactor  per¬ 
formance  once  r„  is  fixed. 

Figures  7  and  8  illustrate  the  effect  of  fluctua¬ 
tions  on  the  contact  time  distribution  with 
fixed.  The  distribution  has  been  plotted  in  the 
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I  ip.-?. 


form  of  It, H».  the  contact  time  intensity  function 
|l>|.  where 


/l.  (HI 


i  -  run' 


(38) 


In  Fig.  7  the  parameters  were  chosen  to  keep 
r,,  —  0  5,  while  in  Fig.  8.  rh  =  0-05.  The  effect 
of  lluetuations  on  the  contact  time  distribution  is 
larger  for  0-5  than  lV,r  r,;  =  0  05.  In  both  cases, 
the  effect  is  to  decrease  the  value  of  h(H)  for 
large  'K  which  moans  that  within  the  particulate 
phase  itself  there  is  a  stagnancy  (or  bypassing) 
effect,  in  addition  to  the  direct  bypassing  due 
to  the  bubbles. 


I  he  behavior  of  the  fluctuating  system  with 
first-order  reaction  is  analyzed  in  terms  of  first 
moments  by  applying  t.qs.  tiO)  and  tci).  and 
in  terms  of  second  moments  by  similar  methods, 
ns  explained  ini  1 1 . 

The  mean  outlet  concentration  and  the  coeffi¬ 
cient  of  variation,  =  o/yu.  are  shown  in  F'ig.  9 
for  the  same  paiameter  values  as  used  in  F'ig. 
8.  It  is  seen  ‘hat  the  fluctuations  have  the  elFeet 
of  decreasing  mean  conversion,  and  that  the 
coefficient  of  variation  of  the  output  can  be  quite 
large,  especially  for  high  reaction  rates.  Since 
the  determination  of  the  mean  bypass  fraction 
involves  an  experiment  with  high  reaction  rates 
(K  -*  *).  whatever  fluctuations  there  are  would 
make  themselves  quite  noticeable  in  the  course 
ot  this  experiment. 


Kip.  9. 


4.  DISCUSSIONS 

The  contact  time  distribution  for  fluidized 
beds  was  first  defined  by  Orcutt.  Davidson  and 
Pigt‘ord(6].  These  authors  made  the  contact 
time  dimensionless  by  dividing  by  its  mean 
value,  so  that  the  resulting  distribution  has  a 
mean  of  unity.  It  was  then  suggested  that  this 
distribution  be  measured  by  carrying  out  a  first- 
order  reaction  in  the  bed  so  as  to  determine  the 
Laplace  transform  of  the  density  function.  The 
rale  constant  was  made  dimensionless  in  such  a 
way  tnat  the  resulting  group.  K,  is  equivalent 
to  ko.  as  defined  in  the  present  study,  under  the 
usual  assumption  that  the  rate  of  reaction  on  a 
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given  mass  of  catalyst  and  at  a  given  gas  composi¬ 
tion  will  be  t tie  same  in  the  dense  phase  of  a 
fluidized  bed  as  it  is  in  a  packed  bed  Thus  a  plot 
of  unconverted  fraction  of  reactant  vs.  K  should 
be  the  Laplace  liansform  of  a  density  function 
with  unit  mean. 

Actually .  I  lie  itun'.et  iCal  inversion  of  an  experi¬ 
mentally  measured  Laplace  transform  can  be 
subject  lo  large  errors.  Since  the  contact  time 
distribution  cannot  be  measured  directly,  it  is 
probably  more  useful  to  think  in  terms  of  its 
Laplace  transform  It  is  not  necessary  to  invert 
the  transform  in  order  lo  calculate  conversion 
and  selectivity  for  first-order  reaction  systems, 
for  example,  since  such  reaction  schemes  can  be 
mathematically  decoup!ed|7, HJ.  Also,  the  very 
fact  that  the  measured  rate  data  can  be  inter¬ 
preted  as  the  Laplace  tran  .form  of  a  valid  density 
function  places  some  restrictions  on  its  sti  ucture. 
It  must  be  completely  monotone,  for  example, 
because  it  is  so  closely  related  to  actual  eonver- 

A 

sion  data,  it  seems  that  the  function  /(A)  is  a 
more  useful  way  :o  characterize  fluidized  bed 
reactors  than  results  of  tracer  evpct intents, 
especially  since  these  are  rather  insensitive 
to  the  interphase  mixing. 

The  only  situation  that  comes  to  mind  in  which 
it  would  be  more  desirable  to  have  the  contact 
time  density  f(H )  rather  than  its  transform  is 
where  the  method  of  Danckwerls  and  Zwietering 
[3,4]  is  to  be  used  to  predict  bounds  on  conver¬ 
sion  for  nonlinear  reactions.  Even  then  one  can 
use  the  transform  to  derive  one  of  the  hounds, 
that  of  complete  segregation,  as  long  as  the 
batch  conversion  data  can  be  approximated  by  a 
sum  of  exponentials.  Thus  if  d/t  is  the  un¬ 
converted  fraction  for  a  batch  reaction,  the 
limiting  unconverted  fraction  for  complete 
segregation  is 

5=  [  c(tf|/(0)d#  (-39) 

•'  •>  J  ii 

where  fit))  is  the  contact  time  distribution.  Then, 
if 

(if)  =  2  (',e  ,'1'  (40) 

i 


it  is  seen  that 


/. 


(41 1 


where  the  time  /  in  <u)  has  been  scaled  by  the 
mean  contact  time.  It  is  not  clear  how  the 
oilier  extreme,  maximum  mixedness.  could  be 
calculated  from  the  transform,  however. 

It  was  noted  that  the  effect  of  fluctuations  on 
contact  time  distribution  is  to  decrease  the  values 
of  the  intensity  function,  hill),  at  large  value;  of 
II.  Such  a  shape  for  lilH)  indicates  that  the  tail  of 
the  contact  time  distribution  has  more  weight 
than  it  would  for  the  case  of  ideal  mixing  in  the 
particulate  phase  w  ith  no  fluctuation,  a  condition 
which  for  steady  flows  is  termed  stagnancy  1 10], 
This  results  in  high  values  for  the  higher  moments 
of  the  contact  time  distribution.  The  correspond¬ 
ing  effect  on  the  Laplace  transform  of  (he  distri¬ 
bution  can  be  seen  by  expanding  it  in  Taylor 
series: 


)'(K >  —  (42) 

i-O 

where  /x,  -  J.f  #■/(«) do.  Thus 

f(K)=  ]-K  +  l(\+<7l)K*. ..  .  (43) 

A 

The  effect  of  stagnancy,  then,  on  J\K)  is  to  in¬ 
crease  it,  at  least  in  some  region  near  K  =  0. 
This  result  is  borne  out  in  big.  9  (note  that 
abseissa  on  big.  9  is  equal  to  3K).  This  argu- 

A 

ment  does  not  imply  that  J\K)  will  increase  at 
all  values  of  K.  but  in  fact  it  does  in  big.  9. 

One  cun  also  put  the  above  argument  in  a 
somewhat  different  form.  If  the  tail  of  the  distri¬ 
bution  has  a  strong  weight  this  is  just  another 
way  of  saying  that  a  small  fraction  of  the  gas 
has  residence  time  considerably  longer  than  that 
expected  in  a  stirred  lank.  In  a  steady  flow- 
situation  this  is  often  caused  by  a  stagnant  region 
in  the  flow  in  which  particles  become  trapped. 
Such  a  stagnancy  can  be  easily  recognized  from 
the  fact  that  the  intensity  function  has  a  decreas¬ 
ing  region  (9).  We  note  that  the  unsteady  flow 
has  the  same  effect  on  the  contact  lime  dislribu- 
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tion  as  stagnancy  has  in  steady  flow.  Now  in 
order  to  detect  the  effect  of  this  on /(/)  one  needs 
a  very  accurate  measurement  of  the  tail.  If  our 
experimental  method  is  such  that  we  just  measure 
the  main  part  of  the  curve  (such  as  in  a  pulse) 
we  often  do  not  detect  this  tail.  We  then  find 
that  the  average  value  of  the  contact  (or  resi¬ 
dence)  time  is  less  than  its  expected  value, 
namely  volume  divided  by  flow  rate. 

It  has  often  beer,  assumed  in  theoretical  work 
that  the  state  of  axial  mixing  in  the  dense  phase 
is  somewhere  between  that  of  complete  mixing 
and  plug  flow.  In  a  steady  state  model,  this 
results  in  a  contact  time  distribution  with  variance 
less  than  that  for  steady  complete  mixing  in  the 
dense  phase,  with  the  same  bypass  fraction.  The 
stagnancy  effect  discussed  above,  however, 
results  in  a  variance  greater  than  that  for  steady 
complete  mixing  in  the  dense  phase  with  the  same 
bypass  fraction.  The  existence  of  stagnancy  is 
thus  inconsistent  with  steady  state  models  using 
an  axial  diffusion  coefficient  in  the  dense,phase. 
It  is  consistent,  however,  with  the  observation 
of  Rowe  [9],  that  the  axial  dispersion  in  a  fluidized 
bed  is  due  to  batches  of  the  solid  being  carried 
up  in  the  wakes  of  individual  bubbles  rather  than 
intimate  mixing  throughout  the  bed.  This  allows 
the  possibility  that  certain  zones  of  the  dense 
phase  will  be  relatively  stagnant  for  short  time 
periods. 

It  would  be  interesting  to  test  experimentally 
whether  such  a  stagnancy  effect  exists.  A  method 
for  doing  this  is  arrived  at  as  follows:  For 
steady  flow  and  complete  mixing,  the  uncon¬ 
verted  fraction  is  given  by 


-  rh 


Tl  ~h+K 


solving  for  rb  gives 


<pK  -  (1  ~  f) 


(44) 


(45) 


A  plot  of  the  right  hand  side  of  (45)  against  K 
will  be  horizontal  for  complete  mixing  and 
steady  flow,  will  be  above  its  asymptotic  value 
at  low  K  values  if  stagnancy  is  present,  and  will 


be  below  if  the  axial  diffusion  coefficient  model 
is  correct.  In  fact. 


lim. 

K-O  [  K—  (1  —  <fi)  J 


<pK  —  (1  —<f))  _&l—  l 
o-2+l 


(46) 


where  cr2  is  the  variance  of  the  contact  time 
distribution.  This  was  tried  with  some  data 
from  the  literature  in  Fig.  10  in  which  some  of 
the  experimental  results  of [6]  are  plotted.  It 
can  be  seen  that  the  presence  of  stagnancy  is 
clearly  indicated. 

In  [6]  it  was  noted  by  the  authors  that  the 
average  contact  time  as  measured  trom  the  slope 
of  <p(K)  was  too  low.  There  are  two  possible 
explanations  for  this.  Either  the  reaction  rate 
is  lower  than  in  a  packed  bed,  which  is  hard  to 
believe,  or  part  of  the  bed  is  inactive.  Now  in  a 
fluidized  bed  the  solids  are  well  agitated,  and  at 
first  it  is  hard  to  conceive  of  any  inactive  region. 
But  the  mixing  processes  of  the  solid  phase  have 
the  same  time  scale  as  the  contact  time  of  the  gas, 
and  with  respect  to  this  time  scale  the  solids  are 
not  well  mixed.  If  we  consider  a  region  of  the 
dense  phase,  then,  it  experiences  periods  of 
intimate  contact  with  the  gas  phase  followed 
by  periods  of  very  little  contact  with  the  gas 
phase.  The  time  scale  of  the  fluctuations  is  of 
the  same  order  of  magnitude  as  the  residence 
time.  Over  one  residence  time  the  total  fraction 
of  dense  phase  in  intimate  contact  with  the 
bubble  phase  might  be  only  half.  This  effect  is 
clearly  borne  out  by  Orcutt’s  experiments  [6] 


Fig.  10.  Conversion  data  exhibiting  stagnancy  (Orcutt: 
6  in.  dia.,0-46ft  sec.  24  in.  packed  height.  V!V„  —  33). 


1508 


88 


A  stochastic  model  for  fluidized  beds 


and  might  change  from  bed  to  bed.  It  is  regrettable 
that  similar  results  for  large  beds  are  not  avail¬ 
able. 

In  the  context  of  our  simplified  model,  the 
effect  of  a  fluctuating  exchange  rate  would  also 
express  itself  in  a  variance  larger  than  unity. 
This  is,  however,  a  result  of  our  assumption  that 
the  dense  phase  is  well  mixed.  If  we  would 
assume  that  the  dense  phase  is  better  represented 
by  two  stirred  tanks  in  series,  each  of  them 
having  a  fluctuating  exchange  with  the  gas  phase, 
then  the  variance  of  the  contact  time  distribu¬ 
tion  can  be  less  than  unity,  hit)  will,  however, 
still  have  a  decreasing  region  and  again  we  might, 
under  some  conditions,  note  a  reduced  apparent 
average  contact  time.  The  effect  of  the  fluctua¬ 
tions  on  performance  should  decrease  if  the 
bubbles  are  small  as  compared  to  bed  height,  and 
should  be  largest  in  large  reactors  with  no  internal 
structures  to  reduce  bubble  size. 

While  our  crude  model  at  this  stage  may  not 
represent  a  reactor  accurately,  it  still  allows  us 
to  estimate  the  effect  of  the  unsteady  nature 
of  the  transport  processes  on  the  performance 
of  the  reactors.  We  may  evaluate  the  behavior  of 
any  chemical  reaction  system  in  the  above  model 
by  numerical  methods  and  compare  it  to  a  steady- 
state  model.  While  the  parameters  of  the  model 
are  not  known  they  can  be  estimated  from 
measurements  of  the  transform  of  the  contact 
time  distribution  as  outlined  in  [6]. 

Such  model  studies  could  be  important  for 
scaling  as  one  can  quite  safely  assume  that, 
during  scaling,  the  size  of  the  bubbles  relative 
to  the  bed  height  is  going  to  increase  and  there¬ 
fore  the  relative  time  scale  of  the  fluctuations  is 
also  going  to  increase.  These  effects  are,  there¬ 
fore,  going  to  be  more  important  in  a  full-sized 
plant  than  in  a  pilot  plant,  and  studies  of  this 
model  could  indicate  for  what  reactions  this  might 
be  of  importance. 

5.  CONCLUSIONS 

Certain  average  properties  of  quite  general 
two-phase  fluidized  bed  models  are  independent 
of  the  presence  of  fluctuations.  The  dense  phase 
residence  time  or  contact  time  distribution  will 


have  a  mean  value  given  by  the  dense-phase  gas 
volume  divided  by  the  mean  volumetric  inlet 
flow  rate,  and  the  mean  unconverted  fraction 
with  a  first-order  reaction  is  just  the  Laplace 
transform  of  the  dense-phase  residence  time 
density  function. 

Consideration  of  a  very  simple  example  of 
such  two-phase  models  indicates  that  the  tracer 
response  of  the  system  is  quite  insensitive  to 
certain  parameters  of  the  model,  so  that  measured 
tracer  response  curves  carry  little  information 
about  them.  It  was  found  that  fluctuating  behavior 
has  a  large  effect  on  the  bypass  fraction,  which 
is  an  important  parameter  for  a  catalytic  reactor. 
Also,  if  the  parameters  of  the  model  are  adjusted 
so  as  to  keep  the  bypass  fraction  constant, 
fluctuations  cause  a  change  in  the  dense-phase 
residence  time  distribution  and  in  the  mean 
first-order  conversion  which  are  similar  to  the 
effects  of  stagnancy  in  a  steady  flow  model. 
The  average  contact  time  as  measured  by  the 
conversion  at  low  values  of  A  will  appear  to 
be  lower  than  its  real  average  as  defined  by  the 
void  volume  of  the  dense  phase  divided  by  the 
total  flow  rate.  This  behavior  is  in  good  agree¬ 
ment  with  some  experimental  data  on  contact 
time  distributions,  and  provides  a  reasonable 
explanation  for  them.  This  does  not,  of  course, 
verify  that  the  model  is  adequate  under  the  given 
conditions,  since  this  would  require  that  the 
experimental  data  exhibit  fluctuations  of  the  size 
predicted,  and  data  on  such  fluctuations  are  not 
available. 

The  proposed  model  could  be  of  use  in  situa¬ 
tions  where  the  fluctuating  output  is  important 
and  a  dynamic  model  of  these  is  desired,  or  where 
a  simple  model  of  a  fluidized  bed  is  needed 
exhibiting  the  basic  feature  of  the  unsteady 
nature  of  the  transport  processes.  In  either 
case  experimental  data  would  be  required  to 
fix  the  values  of  certain  parameters.  If.  however, 
we  just  intended  to  estimate  what  effects  this 
unsteadiness  has  on  conversion  or  control, 
estimates  on  the  parameters  of  the  model  are 
accessible  and  in  that  respect  the  model  could 
hopefully  be  of  use  even  in  the  absence  of  more 
accurate  data. 


1509 


83 


I.  J  KRAMBECK  S  KATZ  und  R  SHIMNAR 


Acknowledgments -  This  work  hus  Keen  supported  by  the 
Air  t  orce  Office  of  Scientific  Research  AIOSK  Giant  No. 
921-67  Some  of  this  work  is  part  of  the  research  curried 
out  by  one  of  the  authors  (E.  J.  Krambeck)  at  the  City 
University  of  New  York  in  partial  luinnmeni  ot  tnc  requ-re- 
ment  of  the  degree  of  doctor  of  philosophy. 

NOTATION 

A  set  of  active  stales 
/(/)  residence  time  density 
f.  (0 )  contact  lime  density 
/•',((/)  contact  time  distribution 

k'„W)  f„*P, ,  (f,0)dr 
ff«i(A)  /Je-*"#.,(fl)dfl 

/t,-W)  contact  time  intensity  function  (Eq. 
(38)) 

k  rate  constant 

K  dimensionless  rate  constant,  kd 
P ,  stationary  flow  state  distribution 
P„(t)  probability  of  having  left  the  system 
at  time  / 

/\i(r.«)dw  joint  distribution  of  flow  state, 
particle  position,  and  accumulated 
contact  time  ;t  time  t 

P.,11.0) d0  joint  probability  of  having  left  the 
system  by  time  /  with  contact  time 
in«M  +  d0) 

P,  (t,  .r)dr  joint  probability  distribution  of  flow 
state  and  concentration 
r  fraction  of  total  gas  flow  traveling 
as  bubbles 
r».  bypass  fraction 
RMi)  reaction  fate  in  tank  / 

KEEF.RE 


v,  volume  of  tank  i 
ir  total  inlet  flow  rate 
ir,  total  inlet  flow  rate  when  flow  state 

iS  ~ 

a  mean  inlet  flow  rate 
a  .u  mixing  flow  rate  (simplified  model) 
a  , .  M  ,„,  mixing  flow  rate  in  states  I  and  2 
if1,,,  mean  mixing  flow  rate  (simplified 
model) 

w,„  flow  rate  from  tank  i  to  tank  j  when 
state  is  * 

x,  concentration  in  tank  / 

.r„  inlet  concentration 
/.  outlet  concentration 


Greek  symbols 

Kronecker  delta 

*  "'ml  ~  U’raa 

h  contact  time 
0  mean  contact  time 
switching  rate 
A,  switching  rate,  A  u 
A 2  switching  rate,  Aa, 

A  mean  switching  rate,  i(A,+ A,) 
H  mean  value 

Ha,  partial  moments  (Eq.  (20)) 
iroe(r)  transition  probability  (Eq.  (3)) 
<r  standard  deviation 
if>  unconverted  fraction 
Xi(a.  0  characteristic  function  of  A 
il>  outlet  reactant  flow  rate 
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APPENDIX 

MEAN  CONTACT  TIME 


5  £  X.-0M- 


To  derive  Eq.  (14)  fur  the  mean  contact  lime,  we  begin  by 
summing  the  system  (I  Dover/3  andj  to  give 


-•■siiT*  *«<*>•  <a|) 

e  i~i  )-i  * 


1510 


A  Mochiislic  model  fi»r  fluidi/t  J  beds 


Then.  u>ing  (2)  and  02).  wc  find 
.  dftoW 


Zlx'Wi't j(tf) 


,a:i 


Iniegruung  <AJ)  witn  innini  conamun^  im given 

1  “T,<#)  =  X  £  XiiPJMW 

t 

and  integrating  again  gives 


lAiti 


II  -  2  2  X 

a  i-t 


<A4] 


where  f)„  =  f;  «„,W)d«  Thus  the  mean  contact  lime.  0.  tan 
be  expressed  as  a  sum  of  individual  tonlatl  limes,  II (l .  for 
ihc  stales  making  up  the  set  /I.  The  ure  tulculuicd  by 


inlegraling  f  q.  till: 

X  1 1  d  )  1  Ait,lx  l‘  “  S'aifb 


//„.  4  V  A, 

IAS  I 


+  X  i 


By  inspection.  it  is  seen  lhal  the  solution  to  lAb)  is 


tAb) 


(A*) 


when  Kqs.  < 2 1  and  t4(  arc  taken  inlo  account-  Substituting 
(A7)  in  (A4)  gives  Kq.  (14). 


Miami -On  propose  an  modele  mulhcmatiquc  pour  des  couches  de  gaz  fluidisees  permetlanl  un 
courant  presentanl  des  fluctuations  uu  husard.  On  demon! re  la  relation  d  une  conversion  moyenne 
de  premier  ordre  a  la  distribution  des  temps  dc  contact,  pour  des  modelcs  arbitrages  de  ce  type.  Une 
version  simplifier  du  modile  esl  ensuite  itudiie  et  on  trouve  que  reflet  du  courant  dc  fluctuation  est 
simtlairc  it  celui  de  la  stagnation  duns  les  systemer  stables.  Cet  eflet  est  contradictor  uux  mode  es 
habituels  a  Petal  stable,  mais  Ion  montre  que  certaines  informations  publtees  sur  la  conversion  des 
couches  fluidisees  |6|  prcsentcnt  cet  eft'et. 

Zusammenfasaung  -  Ks  wird  ein  malhcmalisches  Modell  f sir  dur. h  Gas  betiitigte  Wirbelschichlen 
vorgeschlagcn,  das  ein  /ufallsmiissigen  Schwankungen  unterworfenes  Striimungsbild  in  Betracht 
zicht  Die  Beziehungderdurchschniltlichen  Umsct/ungeiner  Rcaklionerster  Ordnung/ur  Vertctlung 
der  Bcrlihrungs/.cit  fur  willkUrlich  gewilhllc  Modellc  dieser  Art  wird  gczeigt.  Ks  wird  dann  cine 
vcrcinfuchlc  Version  des  Modells  unleisticht.  und  cs  wird  fcslgcstellt.  duss  der  1  -.licks  einer  scliwank- 
enden  Slrdmung  iihnlich  dem  einer  Stagnation  in  stalioniiren  Syslemen  isl.  Dieser  l-.flekl  isl  nut  den 
fiblichen  Modcllcn  des  stutioniiien  Zustandes  unverembar,  doch  wird  gczeigt.  dass  verschtedene 
fiber  die  Umsel/ung  in  Wirbelschichlen  gemachle  Anguben|fi]  diesen  K.ffckl  aufzeigcn. 
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Scale-up  Criteria  for  Stirred  Tank  Reactors 

J.  J.  EVANGELISTA,  STANLEY  KATZ,  end  REUEL  SHINNAR 

The  City  College,  CUNY,  New  York,  New  York 

A  method  it  derived  (or  the  deiign  of  ttirred  took  reactors  for  homogeneous  reactions.  A  simple 
mixing  model  proposed  previously  by  Curl  (4)  it  used  to  compute  the  effects  of  finite  mixing 
time  on  complex  chemical  reactions.  It  is  also  shown  how  the  parameters  of  the  model  can  be 
obtained  by  tracer  experiments,  or  estimated  theoretically  by  the  assumption  of  isotropic 
turbulence.  It  is  shown  that  in  many  practical  cases  the  assumption  of  ideal  mixing  is  a  goad 
approximation.  However,  the  effects  of  imperfect  mixing  are  more  likely  to  be  felt  in  a  large 
reactor  than  in  a  pilot  plant.  Some  quantitative  examples  are  discussed.  Methods  are  derived 
to  compute  the  average  outlet  concentration  for  complex  systems  such  as  autothermic  reac¬ 
tions,  polymerisation,  crystallixalion,  etc. 


In  a  number  of  recent  publications  the  effect  of  mixing 
on  homogenous  chemical  reactions  is  discussed.  In  this 
paper  an  attempt  is  ’’to  summarize  this  work  into  a 
design  and  scale  up  procedure  for  stirred  tank  reactors. 
The  method  as  described  is  limited  to  reactants  which 
completely  inix  though  it  can  be  extended  to  certain 
heterogeneous  reaction  systems. 

Now  in  any  such  scale  up  problem  the  first  question 
that  one  has  to  answer  is  what  are  the  dangers  involved. 
If  there  is  only  a  simple  one  path  reaction,  then  the  only 
question  is  how  much  is  the  conversion  affected,  and  this 
can  be  relatively  easily  handled  either  by  safety  factors  or 
by  some  of  the  estimation  procedures  described  in  the 
following.  The  more  complex  and  challenging  case  is  the 
one  in  which  the  product  quality  itself  might  he  affected 
by  the  scale  up,  and  in  this  case  there  is  no  way  of  com¬ 
pensating  for  our  lack  of  precise  knowledge  by  a  larger  re¬ 
actor  volume.  This  is  true  especially  in  complex  reactions, 
where  side  reactions  might  be  favored  by  local  overcon- 
ccnt rations,  Other  systems  very  sensitive  to  local  over- 
concentration  are  systems  involving  nuclcatlon,  such  as 
crystallization  and  certain  polymerization  processes. 

The  problem  of  scaling  up  a  homogeneous  reaction  is 
therefore  basically  to  evaluate  the  effect  of  mixing  on  the 
reaction.  The  first  question  that  we  have  to  ask  ourselves 
is  what  changes  when  we  scale  up.  One  property  we  want 
to  maintain  during  scale  up  fa  a  similarity  in  the  basic 
flow  regime.  It  was  shown  in  previous  work  (8,  9)  that 
this  criterion  can  be  fulfilled  by  choosing  the  size  of  the 
ilot  plant  or  bench  reactor  such  that  the  Reynolds  num- 
cr  fa  large  (>  104  or  preferably  103}.  This  ensures  that 
the  average  velocity  distribution  fa  a  function  of  space 
coordinates  only  and  fairly  independent  of  Reynolds  num¬ 
ber,  resulting  in  a  similarity  in  the  overall  velocity  distri¬ 
bution  between  geometrically  similar  reactors.  The  second 
criterion  commonly  used  and  explained  elsewhere  (5,  9) 
fa  that  the  energy  input  per  unit  volume  should  be  con¬ 
stant,  as  this  gives  a  similarity  of  the  turbulent  flow  regime 
in  the  high  wave  number  range  of  the  turbulent  velocity 
spectrum.  This  fa  important  for  heterogeneous  systems,  as 
the  velocity  field  that  a  single  particle  sees  around  its 
periphery  remains  constant  during  seal*  up.  It  was  pointed 
out  that  the  time  scale  of  mixing  changes  during  scale  up 
at  constant  energy  input  per  unit  volume.  To  keep  this 
time  constant  during  scale  up  of  geometrically  similar 
vessels  (with  large  Reynolds  numbers)  one  would  have  to 
keep  the  agitator  speed  constant.  For  homogeneous  reac¬ 
tions  the  overall  mixing  time  is  really  the  important  cri¬ 
terion,  and  as  long  os  we  can  keep  both  the  Reynolds 
number  high  and  the  revolutions  per  miniito  constant, 
then  we  could  scale  up  with  considerable  confidence.  This 
fa  however  in  most  cases  impractical.  At  constant  revolu¬ 
tions  per  minute  the  Reynolds  number  increases  linearly 
with  the  characteristic  length  L  and  the  energy  input  per 


unit  volume  increases  proportionally  to  L3.  If  we  want  to 
keep  the  Reynolds  number  above  10'  in  the  small  vessel 
we  either  have  a  relatively  small  scale  up  ratio  or  we  end 
up  with  an  unrealistic  energy  consumption  in  the  large 
vessel.  We  therefore  often  have  to  live  with  the  fact  that 
during  scale  up  the  mixing  time  increases  and  try  to  esti¬ 
mate  this  effect  in  a  quantitative  way.  These  considera¬ 
tions  apply  not  only  for  the  design  of  continuous  reactor* 
but  also  to  the  design  of  batch  reactors,  if  one  of  the  re¬ 
actants  is  added  continuously. 

Zweitering  (17)  has  shown  that  if  the  reaction  fa  of 
nth  order  and  the  feed  is  premixed  one  can  estimate 
bounds  on  the  conversion.  One  bound  (a  maximum  for 
n  >  1  and  a  minimum  for  n  <  1)  fa  the  case  of  maximum 
segregation,  where  all  particles  are  assumed  to  mix  only 
with  particles  having  the  same  age  and  waiting  time,  the 
other  bound  fa  the  case  of  maximum  mixedness,  which  in 
the  case  of  a  stirred  reactor  with  a  Poisson  residence  time 
distribution  is  the  same  as  the  ideally  mixed  reactor.  Ob¬ 
viously  for  a  first-order  reaction  the  conversion  fa  inde¬ 
pendent  of  mixing  and  depends  only  on  residence  time 
distribution.  For  more  complex  reactions  these  limiting 
cases  do  not  result  in  any  bounds  on  conversion,  and  other 
methods  to  obtain  these  hounds  for  more  complex  systems 
have  been  proposed  (IS).  While  these  methods  are  not 
rigorous  they  still  give  a  fairly  good  estimate  of  the 
bounds. 

Such  bounding  is  especially  useful  if  the  bounds  are 
close  together.  This  indicates  that  the  system  is  insensitive 
to  mixing  and  can  be  scaled  up  quite  safely.  However,  in 
the  cases  where  it  matters  most,  namely,  in  complex  re¬ 
actions,  nucleation,  etc.,  the  bounds  are  very  far  apart, 
and  thus  bounding  methods  based  cn  residence  time  dis¬ 
tribution  alone  are  not  very  useful.  Luckily  most  agitated 
reactors  are,  in  their  behavior,  very  close  to  idcallv  stirred 
tanks.  Mixing  times  in  most  reactors  are  measured  in  sec¬ 
onds  whereas  residence  times  are  normally  measured  in 
minutes  or  hours.  Unless  we  deal  with  a  system  sensitive 
to  mixing  or  with  very  large  reactors,  it  is  very  hard  to 
measure  any  deviations  from  complete  mixing  [see  for 
example  (16)  J.  We  therefore  normally  deal  with  the  case 
of  a  reactor  which  at  least  in  the  pilot  plant  fa  very  close 
to  ideal  mixing  and  our  main  problem  fa  to  estimate 

1.  How  large  fa  the  deviation  from  ideal  mixing  likely 
to  become  in  the  large  scale  reactor? 

2.  How  sensitive  is  the  process  to  small  deviations  from 
complete  mixing? 

A  quantitative  approach  to  these  two  problems  is  out¬ 
lined  in  the  following  sections. 

THE  MODEL 

Tlie  mixing  model  for  a  stii  red  iank  reactor  used  here 
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it  the  one  used  by  Curi  (4),  Spielmun  and  Levenspicl 
(■It),  Kattan  and  Adler  (18),  and  other*  in  this  und  re¬ 
lated  contexts.  Briefly,  it  regards  the  reacting  mass  as 
made  up  of  a  Urge  number  of  equally-sized  parcels  of 
material  (particles),  v. Inch  from  lime  tn  tune  undergo 
independent  pair  collisions,  equalize  corcentrulions,  and 
then  teparate.  Between  collisions,  each  parcel  of  fluid 
beltavet  like  a  little  batch  renctor.  Freds  material  is  fed 
at  a  constant  rate,  and  the  withdrawal  takes  a  representa¬ 
tive  cut  of  the  contents  of  the  vessel.  One  speaks  of  these 
particles  as  though  they  had  a  definite  material  identity. 
This  is  reasonable  lor  dispersed  phase  systems  but  here 
where  we  are  dealing  with  homogenous  phase  systems, 
they  might  pe'hnps  lie  better  regarded  for  the  present 
purpose  as  primitive  representations  of  turbulent  eddies. 

If  wc  consider,  for  concietencsx,  a  single  reaction  where 
tho  concentration  C  of  reagent  behaves  in  batch  according 
to 

do 

-ft-T(c)  ■  (1) 


then  we  may  descrilic  tho  contents  of  the  reactor  at  any 
time  t  by  the  concentration  distribution  p(c,  t)  of  par¬ 
ticles  at  that  time.  Technically  speaking,  p  is  a  probability 
density  in  r,  wfth  J't  p(c,  t)dc  giving  the  proportion  of 

particles  having  concentration  between  a  and  b  at  time  t. 
The  distribution  p,  according  to  what  has  been  said, 
satisfies  the  Integro-diiferenual  equation  (4) 


+  •j-{r(e)p(e,l)) 

cr  cC 


»{po(C.  0  “  p(C,  ()} 


+  20  j  Of»(eV)®  (““J~ — c^tle'dc^ 

-P(c.t)|  (2) 

whore  ;>«(e,  f)  is  the  concentration  distribution  for  tho 
foed,  1/a  the  nominal  residence  time  of  material  in  Ihc 
tank,  and  fi  a  measure  of  tho  agglomcrativo  mixing  in¬ 
tensity.  The  mean  concentration  of  reagent  in  the  vessel 
and  outlet  is  simply  the  first  moment  of  p,  and  this  is  tho 
working  measure  of  o\crall  reactor  performance  for  a 
given  kinetic  system,  information  about  the  random  fluc¬ 
tuations  in  a  turbulent  mixing  system  is  given  by  the 
higher  moments. 

It  should  be  noted  that  the  concentration  variable  c  in 
Equation  (2)  may  be  scaled  In  any  one  of  a  number  of 
convenient  ways,  provided  oidy  thut  the  basic  property 
of  averaging  on  agglomeration  is  preserved.  Tints,  wc  may 
write  (2)  with  yield,  conversion,  extent  of  reaction,  and 
so  on,  in  plucc  of  c,  Further,  when  there  is  more  .‘..in  one 
reaction  going  on,  so  that  the  kinetics  are  described  by 
several  simultaneous  equations  in  place  of  Equation  (1), 
we  find  natural  generalizations  of  (2).  Thus,  with  two  in¬ 
dependent  reactions  whose  progress  variables  (say)  fol¬ 
low  flic  kinetic  scheme 


+  -  (»(x,  y)p( i,  y,  i))"  «{;>•<*.  y,  »)-p(*,y. <)} 

8y 

»  {——■ - *  ) «  ( -p- -y  )  dx'dyW’dy” 

-p(*,y,<)j  «) 

Calculations  of  reactor  performance  according  to  Equa¬ 
tions  (2)  and  (4;  for  some  common  one  and  two  reaction 
schemes  will  be  found  below. 

The  basic  equation  in  p  may  be  applied  as  well  in  the 
study  '(  ccitain  polymerization  reactions,  where  we  are 
concerned,  to  describe  the  molecular  weight  distribution. 
In  a  homogeneous  radical  polymerization,  lor  example,  we  ‘ 
are  concerned  to  describe  tho  concentration  of  initiator 
(catalyi'.)  (((),  of  monomer  m(t),  of  growing  radicals 
having  inolcculnr  weight  between  r  and  r  +  dr,  <fi(r,  t)dr, 
and  of  terminated  prbuier  having  molecular  weight  be¬ 
tween  r  and  r  +  dr,  y  (r,  l)dr.  Assuming  termination  by 
combination,  the  h"tch  performance  of  such  a  polymeriza¬ 
tion  system  may  bo  described  following  referent  19  by 

a*(rt)  .  _  4*(r,t) 

—  —  +  usi  ■  -  ■  — 

dr 

~  vD  i(f )S(r)  •—  D  4(r,  I)  J<f.rfr 

r*  4>(r’,t)Hf-r',t)di' 

it  2 


- »*<*> 


.  —  Cm(l)J*r 

Here,  the  molecular  weight  is  reckoned  In  monomer 
units,  v  is  the  number  of  radicals  formed  by  each  molecule 
of  decomposing  initiator,  and  H,  G,  D  arc  rate  constants 
fo:  initiation,  propagation,  and  termination,  respectively. 
Again,  introducing  tlio  moments  of  the  size,  distributions 

*1  *»  /r<  4dr,  y,  •=  Jr>  Jdr 

we  find,  (19)  a  set  of  batch  kinetic  equations  In  these 
moments  unci  the  concentrations  I,  in: 

J&L.  m.-  yBl- DX o» 


1  Gsn,  —  0r^tj 


.  2CmX|  —  DxcX* 


wo  have 

— -  -I-  ~  {»(*•  y)p(x,  y,  t) ) 

vT  vX 


dy,  _  p 

*  “  2  ’ 

~~  •=  D  x 
dt 


O  (x»r,  4  *,‘) 
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Q  * , 


dm 

- -  —  Crux, 

dt 


<5) 


These  servo  as  an  eight  dimensional  version  of  (3),  and 
svo  have  corresponding  to  them  an  eight  dimensional 
version  of  (4)  In  the  distribution  />(io.X|..xa,y<,,i/i,  !/ 1 
h'roin  tlie  distribution  we  may  recover,  say,  the,  ''vijjht 
uverago  molecular  weight  ot  raatcai  together  wit! 
mer  as 


/ (»i  -r  <ji)  p<!xl>;!xl;!ildyvi!yidy.!lidr 
J (x  1  +  iji)  p  dxs({xidx1dyctli/,djti!t  dm 


Entirely  similar  considerations  may  be  applied  to  the 
study  of  such  particulate  systems  as  crystallization  re¬ 
action. 

Now  the  methods  of  solution  of  Equations  (2)  and  '41 
that  arc  developed  below  apply  regardless  of  the  number 
of  independent  reaction  variables,  provided  only  that  tho 
kinetic  expressions  may  be  taken  as  polynomials  in  these 
reaction  variables.  They  may  accordingly  furnish  a  useful 
guldo  to  how  the  mixing  interacts  with  strong  nonllneatl- 
tics  in  the  kinetics,  as  in  the  crysts'li/ation  nucleation 
rate,  or  with  an  Independently  varied  critical  feed  stream, 
as  In  the  initiator  feed  to  polymerization  icaetors.  We  do 
not  however  present  any  results  along  these  lines  here, 
hut  reserve  these  studies  lor  later  report. 

Solutions  to  Equation  (2)  for  several  simple  reactions 
have  been  published  [4,  7,  11).  In  the  literature  (II)  a 
Monte  Carlo  method  was  used  and  (7)  a  direct  numerical 
method  was  employed.  A  method  will  he  described  in 
this  paper  which  allows  one  to  obtain  tho  moments  of 
p(c )  in  a  simpler  way. 

The  uuthors  want  (n  no  way  to  imply  that  the  above 
model  represents  the  real  mixing  processes  In  a  turbulent 
reactor.  These  are  far  more  complex  and  defy  as  yet  an 
analytical  description.  The  above  model  has,  however, 
one  Important  similarity  to  turbulent  mixing.  As  will  be 
shown  below  a  concentration  disturbance  (in  the  absence 
of  reaction)  as  computed  from  this  model  shows  the  samo 
sort  ef  decay  as  in  isotropic  turbulence,  the  variance  (or 
the  second  moment)  of  the  concentration  in  fluctuations 
in  both  cases  decreasing  exponentially  with  time.  Wo 
furthermore  do  not  claim  that  it  is  possible  to  predict  a 
conversion  accurately  if  P/a  is  not  very  large.  Our  claim 
that  this  simplified  model  is  useful  In  design  is  based  on 
the  fact  that  the  behavior  of  the  conversion  with  respect 
lo  P/a  reaches  an  asymptotic  value  for  high  values  of 
fi/a.  As  long  as  p/a  during  scale  up  stays  large  enough 
so  that  we  remain  In  n  region  where  our  results  are  In¬ 
sensitive  to  p/a,  wc  have  good  justification  to  assume 
that  a  real  mixing  process  will  also  be  insensitive  to  mixing 
in  the  same  range  of  mixing  times.  In  the  design  of  real 
stirred  tank  reactors  wc  mostly  deal  with  small  deviations 
from  complete  mixing.  To  say  that  the  results  are  insen¬ 
sitive  to  the  vulue  of  p/a  provided  p/a  Is  large  enough 
is  tho  same  as  assuming  the  vessel  is  ideally  mixed.  The 
method  described  aliove  allows  one  to  estimate  the  mixing 
intensity  required  to  approach  ideal  mixing.  Now  even  if 
the  vessel  is  not  ideally  mixed,  and  the  results  depend  on 
P/a,  as  long  as  the  deviations  from  ideal  mixing  are  small, 
the  above  method  should  estimate  these  effects  fairly  ac¬ 
curately.  The  question  that  we  still  have  to  answer  is  how 
can  we  relate  P/a  to  an  experimentally  measurable  quan¬ 
tity,  or  how  can  we  estimate  It  in  the  absence  of  suitable 
measurements. 


IKITraPRtTAIION  CF  TSACIIt  IXPIRIMtNTS 


We  are  concerned  here  to  attach  am  empirical  Inter¬ 
pretation  tu  the  mixing  intensity  parameter  p  of  Equation 
(2)  and  its  luglur-dimcnsional  analogues,  this  interpre¬ 
tation  is  to  be  found  in  the  analysis  of  tracer  mixing 
experiments,  and  wc  accordingly  begin  by  writing  (2), 
without  the  kinetic  term,  in  the  form 


9p  ( c ,  t) 

—  —  —  «  01 

tt 


(p.(e.O  -j»(c. 0) 


+  2  p  {SS  pW,  t)  p  (c",  0 

i  (— - t)dc'dc"-p(c,t)} 

w 


We  may  note  at  once  that  the  information  we  want  is 
contained  In  the  statistical  llnctuations  of  concentration 
about  its  menn.  As  far  as  mean  values  go,  the  mixing 
system  (without  reaction)  behaves  like  a  completely 
mixed  vessel  with  input-output  time  constant  a. 

Indeed,  if  we  denote  the  mean  concentration  by 

”  Jcp( *>>  l)dt 

we  find  from  (0)  that  >1  satisfies  the  ordinary  differential 
equation 

du 

—  ”  ~  /*)  (7) 

Independent  of  p,  where 

Mo(f)  -  /  cp.(c,t)  dc 

is  the  mean  of  the  feed  distribution  />„•  And  if  we  put  a 
step  of  tracer  into  the  feed  of  an  initially  tracer-fice  ves¬ 
sel,  so  that 

f)  -S(c  — c„)t»>o  (8) 

and 

m(c)  ■=■  o  (0) 

we  find  from  (7)  that  the  mean  tracer  concentration  in 
the  vessel  and  its  outlet  is 

M(0  -C,(l -«-•)  (10) 

the  familiar  stirred  tank  exponential  response. 

The  first  measure  of  the.  concentration  Huotnntion  Is 
given  by  its  variance 

®-s(‘)  —  ti(t)}*p(c,t)dc 

and  we  find  from  Equations  (6)  and  (7)  that  it  satisfies 
the  differential  equation 

de* 

a()h  — m)*  +  a[avl  — o3)  ~  Pa*  (11) 

at 

where 

*.*«)  ” /{c-p0(f)}‘p.(e,Orfc 


is  tho  variance  of  the  feed  distribution.  Again,  with  a  step 
of  tracer  (8)  in  the  feed  of  a  vessel  that  is  initially  tracer  - 
frcc,  so  that  we  have,  besides,  (9),  the  initial  condition 

°*(o)~o  (12) 
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we  find  by  solving  (11)  ;mu  eouMiltiny  (10)  tli.it  the 
variance  ol  tracer  concentration  in  !hc  vessel  and  its  outlet 
*  k>;  ■- 

q  “*  M  f  _  g*  *1 

:  -)-.c,‘e  -* -  (13) 

p-a 


With  careful  monitoring  of  an  output  line,  tlic  expression 
for  the  variance  In  (13)  may  serve  as  a  guide  to  the 
estimation  of  ft.  This  variance  rises  from  U  to  a  maximum 

at 


l 


1 

0-a 


before  decaying  again  to  0,  and,  with  a  Known,  the  bare 
I- 'ration  of  (Ins  maximum  will  give  some  estimate  of  ft, 
even  without  detailed  knowledge  of  the  variance  history. 

The  step  Input  experiments  described  above  furnish 
perhaps  the  most  convenient  means  for  nn  empirical  de¬ 
termination  of  ft,  although  the  underlying  Equation  (0) 
can  readily  be  made  to  yield  results  appropriate  to  quite 
different  expel imental  situations.  Indeed,  the  most  Uiieet 
way  of  visualizing  the  effect  of  ft  is  via  a  hatch  experiment 
with  no  input-output  at  all.  if,  in  (0),  sve  drop  the  input- 
output  terms,  wo  arc  left  with  (4) 

Jp(c',f)p(c",f) 

*  - c)  dc'dc"-  p(c,t)  j  (14) 

and  sve  may  see  from  this  equation  that  the  mean  tracer 
concentration  is  constant 


and  that  the  variance  decays  according  to 


(15) 


Thus,  in  a  pure  batch  experiment,  where  a  quantity  of 
tracer  Is  Injected  initially  into  some  portion  of  the  vessel, 
tho  resulting  inhomogeneity  in  the  distribution  of  tracer 
in  the  vessel  decays,  as  far  us  variance  goes,  according  to 

«r*(t)  *  <^(0)  c-« 


that  is,  simply  with  the  time  constant  ft.  According  to  *his 
direct  interpretation,  ft  can  he  related  to  the  characteris¬ 
tics  of  the  turbulent  (low  in  the  vessel,  and  sve  shall  re¬ 
view  below  these  relations  and  their  implication  for  the 
translation  of  ft  from  one  scale  of  operation  to  another. 

In  order  to  get  an  expctimcnl.il  measurement  of  ft  we 
can  therefore  perfoim  three  types  of  experiments.  One  is 
to  introduce  an  amount  of  tracer  and  measure  the  decay 
of  the  concentration  fluctuations,  The  second  is  to  intro¬ 
duce  a  step  in  tracer  concentration  and  perform  the  same 
measurement.  The  thiid  is  in  the  case  of  multiple  feeds  to 
introduce  a  t nicer  in  one  of  the  feed  s, reams  only  and 
measure  the  variance  of  the  concentration  flucluatiors 
over  the  vessel  at  steady  slate.  (The  latter  can  also  readily 
be  computed.)  lit  each  case  sve  need  a  method  which  is 
able  to  measure  concentration  fluctuations  on  a  very  small 
scale. 

Two  methods  have  been  recently  developed  which 
should  make  an  important  contribution  In  our  under¬ 
standing  of  the  mixing  process  in  stored  tanks,  One  de¬ 
veloped  by  Kim  and  Wilhelm  (•'>)  is  based  on  tin-  scatter¬ 
ing  of  liglit  due  to  gradients  in  the  refractive  index,  The 
Second  by  Hrodkey  (ft)  uses  fiber  optics  and  coloicd 
tracers.  As  yet  there  have-  been  very  fesv  actual  studies 


9S 


and  it  is  hoped  that  in  the  near  future  more  measurements 
will  lie  available,  enabling  one  to  correlate  ft  with  agitator 
design. 

ft  may  he  noted  finally  that  each  value  of  tho  mixing 
Intensity  ft  corresponds  to  a  definite  value  of  Zv.eiteriag  s 
degree  of  segregation  (17)  in  the  reactor.  Indeed,  if  we 
denote  the  degree  of  segregation  by  t,  we  have  simply 


with  vanishing  ft  giving  complete  segregation,  imtl  infinite 
ft,  complete  mixing.  Thais,  an  extimate  of  the  degree  o! 
segregation,  obtained  perhaps  bv  studying  u  particular 
reaction  system  (not  first  order),  can  be  translated  directly 
Into  nn  estimate  of  ft. 


APPLICATION  OF  TURmiNC*  THtORY 

The  work  of  Batchelor  (1)  and  Corrsiu  (3)  and  others 
on  the  application  of  the  tlicoiv  of  turbulence  to  the  scale 
up  of  stirred  tank  reactors  leads  directly  to  an  estimate  of 
the  mixing  Intensity  ft  in  terms  of  the  large-scale  proper¬ 
ties  of  the  turbulence,  Accordingly,  sve  recapitulate  the 
basic  results  here,  and  discuss  their  bearing  on  the  prac¬ 
tical  estimation  of  ft.  The  analysis  is  all  for  a  homogenous 
Isotropic  turbulence. 

The  development  begins  with  ilic  sti  ndard  .partial  dif¬ 
ferential  equation  for  luck’s  law  diffusion  superimposed 
on  turbulent  convection  in  an  isolated  system,  from 
which  one  argues  in  the  usual  way  that 

UF  _ _ 

___  •=.  —  2 D  (grad  v): 

Here  D  is  the  molecular  dlffuslvlty,  c  is  a  concentration 
fluctuation,  and  the  overbar  denotes  nn  average  so  that 
p  Is  simply  the  variance  oJ  of  concentration  in  n  batch 
experiment.  The  mean  square  gradient  in  conceiilrnilon 
fluctuation  is  related  back  to  a1  by  introducing  a  micro- 
scale  lm  for  the  turbulent  mixing,  according  to  which  the 
mean  square  components  of  the  concentration  gradient  all 
have  the  common  value 


1  lcr 

l  IF 

m  1 

2  Ox 

2  fty 

'  2 

dz' 

so  that 

~c* 

(grad.  c)s  ->  fl  — 

•  m 

and 

~3F  1213 

di  IV 

This  represents  a  simple  exponential  decay  in  variance, 
and  consulting  (15),  we  sec  that 


120 

TF 


(10) 


Information  ubout  the  turbulent  velocity  field  itself  is 
however  mmc  naturally  expressed  in  terms  of  the  Taylor 
(dissipation)  microscale  l, i,  and  of  a  corresponding  Reyn¬ 
olds  number  Jl.  The  elmracteristic  velocity  appearing  in 
this  Reynolds  number  is  the  toot  mean  square  velocity 
fluctuation  tt.  For  an  isotropic  turbulence,  this  root  mean 
square  fluctuation  is  the  same  in  each  coordinate  direction.  ’! 

V  i 

Ug  *»  Vg  t-  tti  ■» -  q 

VC'  A 

A  ■ 
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and  the  appropriate  Reynolds  number,  lx  accordingly  de¬ 
fined  as 


1  ku 

y/3  r 


(17) 


where  *  is  the  (molecular)  kinematic  viscosity  of  the 
working  ihtid.  The  two  microscales  are  related  (approxi¬ 
mately)  by  the  fact  that 


(18) 


this  relation  being  valid  for  fl  huge,  but  D/v  not  too  large. 
Wo  may  note,  as  a  guide,  that  dilTusivitics  in  water  are 
of  the  order  of  10-4  to  10"s  sq.  em./sec.,  while  the  kine¬ 
matic  viseosity  v  is  10~s  sq.  cm./scc.  In  most  practical 
liquid  reaction  problems  D/v  is  less  than  or  equal  to 
unity.  [Should  D/v  be  largo  the  literature  (I)  shows  how 
the  following  analysis  might  be  modified.] 

Now  the  Taylor  microscale  lj  may  be  related  to  a  char¬ 
acteristic  linear  dimension  L  of  the  mixing  system  as  a 
whole  (the  paddle  diameter,  say;  or  the  vessel  diameter 
itself)  by  taldng 

ii-A 

L  “  H 


or,  applying  the  definition  (17)  of  the  Reynolds  number 

A, 


(19) 


Here  A  is  an  empirical  parameter,  independent  of  the 
scale  of  the  mixing  system,  but  varying  from  one  mixing 
configuration  to  another.  One  would  expect  A  to  depend, 
for  example,  on  the  physical  properties  of  the  working 
fluid,  on  the  shape  of  the  stirrer  in  a  mixed  vessel,  and 
on  the  ratio  of  stirrer  diameter  to  vessel  diameter,  but  to 
have  the  same  value  for  geometrically  similar  mixing  sys¬ 
tems  working  on  the  same  fluid. 

The  Taylor  microscale  h  may  also  be  related  to  the 
power  input  to  the  turbulent  fluid.  Using  a  conservative 
numerical  factor,  one  takes  the  energy  dissipation  per  unit 
mass  of  fluid  to  be  10/3  v  uW,  and,  with  an  empirical 
efficiency  factor  •>),  one  may  identify  this  as  the  actual 
power  input  c  to  the  mixing  system  per  unit  mass  of  work¬ 
ing  fluid 


« 


10  TjVU* 

TIT 


(20) 


The  efficiency  ij  measures  that  fraction  of  the  power  in¬ 
put  to  die  system  which  goes  directly  to  the  turbulent 
velocity  field  (and  is  only  later  dissipated  as  heat),  as 
distinct  from  that  fraction  which  goes  directly  to  heat. 
One  would  expect  ij  also  to  he  independent  of  the  scale 
of  the  mixing  system,  but  varying  from  one  mixing  con- 
figurab'on  to  another. 

The  basic  physical  relations  in  question  arc  now  con¬ 
tained  ir  ,i<),  (19),  (20),  and  these  may  be  solved  di¬ 
rectly  hr  u,  U,  l». 

One  finds 


/  0.27A*  . 

U=\  ^5  /  ^Ut 

(v'L*  V/f 
— — J 

k-  (80.0  AM1"  J 


(21) 


and,  consulting  (16) 


(22) 


Tho  first  inference  commonly  drawn  from  (22)  is  that 
in  order  to  keep  the  same  reactor  mixing  properties  on 
scale  up,  one  should  maintain  similarity,  and  also  keep 
the  ratio  »/LJ  constant.  In  geometrically  similar  vessels, 
as  t  is  proportional  to  N’L1,  this  means  keeping  the  agi¬ 
tator  speed  iV  constant  during  scale  up.  Also,  since  t  is 
die  power  input  per  unit  mass,  keeping  </L?  constant 
amounts  to  making  die  actual  power  input  proportional 
to  Ls,  a  demand  which  often  results  in  uncommonly  high 
power  requirements.  More  realistically,  we  may  use  (22) 
to  give  a  numerical  estimate  of  fi  for  a  specified  reactor 
size  L  nnd-power  input  per  unit  moss  r,  and  then  use  the 
methods  developed  below  to  estimate  the  effect  of  this  fi 
on  the  reaction  system  in  hand.  To  do  this  requires  of 
course  a  knowledge  of  the  constant  A5,),  but  since  this  is 
scale-free,  it  can  be  estimated  economically  in  small  scale 
by  means  of  the  tracer  experiments  discussed  above. 

The  dependence  of  fi  on  <  and  L  shown  in  (22)  might 
of  course  also  have  been  obtained  by  a  straightforward 
dimensional  argument.  But  the  analysis  based  on  turbu¬ 
lence  theory  leads  also  to  some  idea  of  the  actual  numeri¬ 
cal  magnitudes  involved  that  may  serve  as  a  useful  guide 
to  practice  in  the  absence  of  the  tracer  experiments  sug¬ 
gested  above.  From  work  in  wind  tunnels  and  in  pipe 
flows,  Corrsin  cites  the  (approximate)  values 


A~  20,  1/2 

so  that  l22)  gives 


(23) 


In  a  typical  commercial  application,  with  L  —  100  cm., 
«  ~  2  X  10*  sq.ctn./sec.5  (1  h.p./lOO  gal.  of  water). 
Equation  (23)  gives  fi  «-«  .63  1/sec.  It  may  be  noted  that 
with  these  same  numerical  values,  (21)  gives  for  the  root 
mean  square  velocity  fluctuation,  ti  —  3-10  em./sec.,  a 
plausible  figure  for  the  circulation  velocity  in  the  vessel 
(which  in  this  context  wc  identify  with  the  turbulent 
velocity  fluctuation). 

In  agitated  vessels  both  A  and  ij  should  stmngly  depend 
on  agitator  design  and  one  would  need  more  accurate 
studies  before  one  could  really  predict  A  and  v  on  the 
basis  of  the  geometrical  design  of  the  vessel. 

There  aro  several  studies, available  on  the  affect  of 
agitator  design  on  overall  mixing  time.  Van  De  Vusse  (13) 
measured  mixing  time  by  observing  the  disappearance  of 
large  scale  refractive  index  gradients  via  a  Schlieren 
method.  While  this  is  not  the  same  as  the  tracer  experi¬ 
ment  described  in  this  section,  we  can  still  get  an  estimate 
'  of  fi,  by  writing" 


where  the  constant  of  proportionally  m  depends  on  the 
sensitivity  of  tho  method  used  to  determine;  the  time  of 
complete  mixing  (m  should  vary  from  1  to  5).  Choosing 
m  =  1  gives  a  real  lower  bound  on  fi,  and  this  is  exactly 
what  is  needed  in  our  case. 

For  a  baffled  completely  stirred  turbo  or  paddle  mixer. 
Van  De  Vusse  recommends  a  scale  up  equation  derived 
by  dimensional  arguments  which  is  exactly  equivalent  to 
Equation  (22).  If  one  compares  values  of  fi  estimated 
from  Van  De  Vusse’s  work  to  Equation  (23)  one  finds 
that  the  values  from  (23)  are  too  high.  However,  one 
should  remember  that  Van  De  Vusse  measured  disap¬ 
pearance  of  a  dye,  and  that  by  choosing  fi  =  l/rm,  we 
made  a  very  conservative  estimate  of  fi.  In  view  of  this 


Vol.  15,  Ho.  6 


AlChE  Journol 


Poge  847 


07 

.  :  * 
«u.  -i 


the  exp  -imental  results  are  really  in  surprisingly  good 
agreement  with  our  a  priori  estimate. 

Van  De  Vusse’s  data  correlate  well  with 


fi-O.l 


As  said  before  the  constant  in  this  correlation  strongly 
depends  on  agitator  design  and  should  preferably  !>c 
either  measured  or  in  the  absence  of  more  accurate  data 
estimated  ftom  the  literature  (id).  In  case  a  high  value 
of  >9  is  desirable  strong  emphasis  should  be  given  to  cor¬ 
rect  agitator  design  and  correct  placement  of  the  feed 
pipes.  Multiple  agitators  and  multiple  feed  points  can 
increase  the  value  of  fi  considerably. 


CALCULATION  OF  REACTOR  PERFORMANCE 

We  are  couocrucdJicrc  to  establish  a  systematic  way  of 
solving^  Equation  (2)  and  its  higher-dimensional  ana¬ 
logues  snen  as  Equation  (4)  under  conditions  of  steady 
state  reactor  operation.  These  equations  seem  in  general 
to  be  very  difficult  to  solve,  and  since  our  interest  com¬ 
monly  centers  on  high  mixing  rates,  we  proceed  by  ex¬ 
pansion  in  powers  of  a/fi.  What  results  is  a  succession  of 
linear  integral  equations  in  the  successive  contributions 
to  the  overall  p,  and  while  tlicse  don’t  sectn  to  be  easily 
solvable  either,  they  do  lead  to  sets  of  linear  algebraic 
equations  in  the  moments  of  the  successive  contributions 
to  p.  The  procedure  closes,  that  is.  it  gives  at  each  level 
of  approximation  a  self-contained  Set  of  equations  in  a 
finite  number  of  leading  moments,  provided  the  rate  ex¬ 
pressions  (1),  (3)  and  so  on  are  polynomials.  The  result¬ 
ing  linear  equations  in  the  moments  can  be  solved  by 
standard  means.  The  overall  average  reactor  performance 
is  found  finally  by  adding  up  the  contributions  to  the  first 
moments  of  p. 

We  begin  with  the  one  dimensional  Equation  (2).  We 
drop  the  time  dependence,  introdi'r*  a  neutral  variable  x 
to  stand  for  concentration,  yield  or  whatever,  and  divide 
through  by  the  input-output  time  constant  a  to  find  for 
the  distribution  p 

—■  IfWp(x)}  *=>(*)—  (1+  A)p((x) 

-I  $  (— ■*•*)  dx'dx"  (24) 

Here  p«(x)  represents  tbe  feed  distribution,  commonly 
*(x  --  Xo)  for  a  suitable  re,  /(x)  is  tbe  rate  expression 
normalized  on  «.  and 


a 


is  a  dimensionless  mixing  intensity.  The  first  result  we 
want  from  (24)  is  an  overall  average  material  balance.  If 
we  denote  the  moments  of  p  by 


and  those  of  p0  by 

/<»:«  =  J  *"  p«(x)  dx 

we  find  this  materia!  balar.ee  by  multiplying  (24)  through 
by  X  ami  Integrating 

—  / /(*)  /»(*)  llx  “  PU»~P  (26) 

We  note  ;ilv>  l»«.e  t\  to  1>?  a  pioprrly  mmnal- 

izotl  :.o  that 


J*  p(*)  dx  **  1  (27) 

If  /  4s  a  polynomial  of  degree  N,  then  (20)  furnishes 
an  overall  relation  among  the  first  N  moments  of  p.  In 
particular,  for  a  first  order  reaction  with  rats  constant  k, 
where  x  is  the  concentration  of  reagent  so  that  /(x)  =» 
—kx/a,  we  find  for  the  mean  reagent  concentration  in 
vessel  and  outlet  the  standard  result 


PUO 


a 


(independent  of  the  mixing  intensity  fi),  where  p-,,z  Is  the 
mean  reagent  concentration  in  the  feed. 

In  general,  however,  p  (but  not  po)  and  its  moments 
depend  on  the  mixing  intensity,  and  we  proceed  by  ex¬ 
panding  (24),  (26),  (27)  in  powers  of  1/A.  Wc  remind 
out  selves  thni  in  almost  all  practical  applications  A.  is  huge 
as  compared  to  unity,  and  we  therefore  expect  such  an 
expansion  to  converge  fairly  rapidly. 

We  write  formally 


and 


so  that 


pm  -  i  ip<»  (*) 

1-0  * 

(28) 

A 

(29) 

”  S  (x)dx 

(30) 

Bringing  (28) ,  to  (24)  and  equating  coefficients  in  A 
gives  for  p(c! 

r<”  (*)-//  rm  V)  p<°>  (x") 

8  (  -  r)  dx-dx"  -  0  (31 ) 

for  p(U  * 

p«>  (x)  -  2  /  Jp«>  (*>(*")«  (-^ - x)dx'dx" 

-  Po(x)  -  p(0,(x)  -  4-  {f(x)PwM)  (32) 


and  for  the  higher  p(,) 

p<i'(x)  -2/ J* p'0)(*V'’(:Os(^p - xjdxfdx" 

=  X  If  p(,'(x')p(i~,>(x")s(^~~--x)  dx'dx" 


-  pl<-n(x)  -  4-  {fMpa~l)(x))i  /  “  2. 3 .  (33) 

dr 

Similarly,  bringing  (28)  and  (29)  to  (26)  and  equating 
coefficients  in  A  gives  in  p<0> 

Pi m  —  f  f(x)pm(x)dx  =  /t|;0  (34) 

and  in  the  higher  p'*> 

p.o>  -  J f(x)p',y(x)dx  -  0;  /  =  1, 2, .  (35) 

Finally  from  (27).  've  have  that 
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-  1  (36) 

whilo 

w<«  =  0;  /=1,2,....  (37) 

Now  the  equation  (31)  in  p(#)  simply  represents  the 

behavior  of  the  perfectly  mixed  reactor" (infinite  /J),  and 

its  solution  is 

p«”(x)  =  S[x -,*,<«>]  (38) 

which  satisfies  the  normalization  (38).  The  mean  value 
H i(t>  is  determined  by  the  overall  material  balance  (34) 

(39) 

With  p(0>  in  hand,  we  may  attack  the  equation  (32)  in 
the  first  correction  p<n  by  taking  partial  moments  (30), 
that  is,  by  multiplying  through  by  successive  powers  of  x 
and  integrating.  We  find,  taking  due  account  of  (37), 
linear  algebraic  equations  in  the  fin<l>  of  the  form 

( 1  ”  2^  )'%<U  "Fi  S  (£)  >‘"<n 

W=*l 

=*.:<>-  W”]"  +  /[mi<8)];  »  =  2, 3 . 

(40) 

there  being  no  information  in  the  momei,'.  «quations  for 
n  ■=>  1.  This  loss  of  information  is  however  made  up  by 
the  overall  material  bulance  (35)  for  f  —  l. 

Mt0’  —  J* /(*)p<o(*)«&D0  (41) 

If  f  is  a  polynomial  of  degree  N,  Equation  (41)  is  another 
independent  relation  among  the  first  N  moments  of  pa>, 
and  taking  it  together  with  the  Equations  (40)  for  n  ■=• 
2,  3 ......  N,  we  find  a  set  of  N  linear  algebraic  equations 

in  j*iu>, , , . ,  nNw  which  can  be  solved  by  standard  nu¬ 
merical  means.  With  these  first  N  moments  in  hand,  as 
many  further  moments  as  desired  can  be  generated  by  tak¬ 
ing  (40)  for  n  **  N  +  1,  N+  2,  etc.,  in  turn. 

The  same  procedure  applies  to  the  higher  p(l)  of  (33) . 
Taking  moments,  we  find  a  set  of  algebraic  equations  very 
much  like  (40),  indeed  having  the  same  left  hand  sides 

-  X  X 

<«l  m*  1  m 

—  An<,_l>  4.  n  J*  x''-lf{x)p«-»(x)dx 

»  ™  2, 3 . 

/  =  2.3,....  (42)- 

the  right  hand  sides  for  each  /  involving  moments  of  the 
earlier  p(J).  Again,  there  is  no  information  in  the  moment 
equations  for  n  =  1,  but  if  /  is  a  polynomial  of  degree  N, 
we  find  for  each  j  a  closed  set  of  equations  in 
■  •  • .  by  taking  Equation  (42)  for  n  =  2,  3, ....  N 
together  with  (SC).  As  before,  once  the  first  N  moments 
of  p(,>  have  been  found,  as  many  higher  moments  as  de¬ 
sired  can  be  generated  by  taking  (42)  for  n  =  N  -f-  1, 
N  +  2  etc.  It  should  be  noted  that  the  integral  term  on 
the  right  hand  side  of  (42)  leads  to  a  certain  cascading 
in  the  number  of  earlier  moments  required  as  we  go  to 
successive  values  of  /.  Thus,  with  f  of  degree  N,  we  need: 
2N  —  1  moments  of  p(u  to  find  N  moments  of  p(S); 
3N  —  2  moments  of  pa)  to  find  (2 N  —  1)  moments  of 
P<2>  to  find  N  moments  of  p,s>;  etc.  But  since  higher 

Vo«  15,  No.  6 


moments  can  be  found  at  will,  this  causes  no  special  dif¬ 
ficulty.  Finally,  having  evaluated  the  partial  moments  for 
as  many  /  as  desired,  we  may  see  explicitly  the  effect  of 
the  mixing  intensity  on  the  overall  performance  of  the 
reactor  from  (29). 

+  (43) 

This  completes  our  solution  of  the  one-dimensicnal 
equation  (24).  Entirely  similar  considerations  apply  to 
the  higher  dimensional  versions  of  (2)  such  as  (4).  For 
the  working  equation,  we  have  in  place  of  (24) 

«  a 

X  =  Po(*)  -  (I  +  k)p(.x) 

r-t  3Xf 

+  */  Sp^)P^’)iirJ^--x)^dx"  (44) 


where  x  stands  for  (xj,  x2 . xR),  dx  for  the  volume 

element  dx t,  dxit  ... ,  dxR,  and  the  8-symbol  for  the  ap¬ 
propriate  product  of  8-functions.  The  moments  of  p  are 
now  multidimensional,  and  we  denote  them 

f  xinixt*i . . .  *R"a  p(x)dx 

with 

Anim . .  *„;<>■=■  /xi"ixn» ...x"»p0(x)dx 


There  are  now  R  overall  material  balances  in  placo  of 
(26) 


-h 


I (x)p(x)dx  =3  mo  .  .  0;0  —  M10...0 


~  J*  M*)p(*)<k 


(45) 


and  these  determine  entirrly  the  average  behavior  of  tho 
system  for  first  order  kinetics.  The  single  normalization 
condition  (27)  stands. 

The  expansion  (28)  applied  to  (44)  leads  to  (31)  for 
p<#\  to 

p<‘>(*)  -2  J  J  p^(x')p^(x")S  *  )  dx'dx” 


*  0 

=  p,(x)  -p«»(x)  -  X  T-  {M*)pt#,W>  (46) 

r=l  &xr 

for  pcl),  and  to 

P(,)<*)-2/ Jp«»(*')p«>(x")S 

i«l  2  / 

-p,,-l>(x)-2— -{fr(x)p<>""(x)};  /  =  2, 3. . .  (47) 

r=t 

for  the  higher  p(1K  The  moment  expansions 


Mnmz 


with 


j»»  * 


w 

.  «* 


(48) 


(t) 

Mnt*t 


...*R=fxi' 


i *>Xj*2  . . .  xR*«p(J,(x)ds  (49) 
applied  to  the  material  balance  (45)  give  R  equations  in 


»<*> 


V-  io 


(x)p«»(x)dx  = 
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—  /m*)?'0’ (*)<&“  #< «...  no  (50) 

and  fl  equations  in  each  of  the  higher  p(1> 

fi(x)p(1,(x)dx  =  0 

Mw”.  .  l  “  f  fn(x)p(l,(x)dx  =  0 

/  -  1,  2.  • . .  (51) 

Finally,  die  moment  expansions  applied  to  the  normaliza¬ 
tion  (27)  give 

Moo"!.  o  =  1  (52) 

and 

Wo?..o“0;  /*=  1,2,...  (53) 

The  Equation  (31)  in  pm  is  solved  just  as  for  one  di¬ 
mension.  We  have 

>«>(*)  =S(x,-Ml«’!.«)...8(*a-Moo#)..t)  (54) 

satisfying  the  normalization  (52),  with  the  R  first  mo¬ 
ments  determined  by  the  R  material  balances  (50). 


(0)  , ,  (0)  (0)  . 

#*io ..  .o~  /ilf*io  . . .  o.  ■  ••  .f*oo...iJ  “  Mio...O;o 

Moo... i- 7r[/»io . . .  . Moo.. . ij  Moo. . , no  (55) 

For  the  first  correction  pa>,  we  take  moments.  We  f\iU 
from  (46) 


<i) 

M*  i»j  •  •  *r  — 


1  "A 

2»i+  »r-i  ^ 

ml  cO 


«R“« 

[MOO...l]"«  mR  f*r»imj  . . .  ior 


—  m* i«a  •  •  •  «n: »  —  [f*io . . .  o]"1  ■  •  •  (moo!  !.  i)BR 


+  n,I>io .  ■  •  d]"1-1  •  •  •  (moo  . . .  i)"R 

/  r  <0)  (0)  i  . 

m/uo  . . .  o . wk>.  ,.i]  +  ... 


+  nn[/Mo  A  .  o]"*  •  •  •  [f»oo°.\  .  i]"R-> 


,  r  <Oj  (0) 

ni  +  r>2  +  •  •  •  +  Or  >  1  (5G) 

Again,  the  leading  term  in  the  sum  on  the  left  band  side 
disappears  by  virtue  of  the  normalization  (53),  and  we 
find  no  information  in  the  equations  for  »»i  +«*  +  ...  + 
fin  —  1.  Assuming  these  fr  to  be  polynomials,  each  of 
degree  —  N  in  each  argument,  this  deficiency  is  made  up 
as  in  the  1  dimensional  case  by  taking  the  Equations  (50) 
with  rt|,  iij,  . . .  ,  Hr  each  running  from  0  to  rY  (but  ex¬ 
cluding  ri|  +  n2  +  . . .  +  rift  =  0,  1),  and  adjoining  to 
them  the  R  balance  equations  (51)  for  j  =  1.  What  results 
is  a  self-contained  set  of  \'R  +  R  —  1  linear  algebraic 
equations  in  the  leading  moments  of  ;>m.  Even  in  complex 
cases,  this  is  by  no  means  a  very  large  number  for  standard 
numerical  methods.  Thus,  for  the  polymerization  kinetics 
(5),  with  N  ~  2  and  R  --  8,  wc  would  have  only  23 
equations. 

The  procedure  may  as  before  be  extended  to  the  higher 
p(”  by  taking  moments  in  (47).  Wc  find 
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Fig.  1.  Second  order  reactions;  2A  -»  2B.  . Asymptotic 

rallies. 


<i> 

M*l*i  . .  "ft  — 


i _ V  ("•) 

.  .  +»ft-l  **  \j7ll  ' 


2*!+  ...  +"ft 


(m\o\  o)*«-m* 


mi«0 
nR 


*R  / 

....V  ( 

mft r 


rift  \ 
*nR/ 


.  (0)  ___  O) 

0>00...l)  r  r  Mmimj  . .  .  iur 


i-1 


“s'  2B1+  •  •  •  +,R 
(=1  ^  tn,=0 


x.C)-s  (:;) 


(0  0-0  o-t) 

Mm  I  . .  .«IR  Rni-mi  ....  *R-mR  —  M^m  . . .  hr 

+  J  nrJ  x1"i...*rBr-‘...*r\/r(*)p«-»(x)d-t 


«i  +  +...-+  «R  >  1 

/  ~  2.  3 .  (57) 


and  for  polynomial  fT  these  equations  can  again  be  closed 
off  by  applying  the  overall  balanco  (51)  and  the  normali¬ 
zation  condition  (53).  There  is  again,  as  we  take  succes¬ 
sive  values  of  j,  a  cascading  requirement  for  the  number  of 
moments  of  the  earlier  pj,  but  these  can  as  before  be  gen¬ 
erated  in  turn  once  each  basic  set  of  ea  lations  for  the 
leading  moments  has  been  solved.  Finally,  having  cvalu- 


Fig-  2.  Bimoleeulor  reactions;  A  +  B  -*  2C.  Separate  feeds  for  A 
end  B,  p„(x,  y)  =  1/2(6  (x-2)  6  (y)  -|-  8  (x)  8  (y-2)],  C„ 
—  Mlxo  —  l/2y0  —  1. . Asymptotic  values. 
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Fifl.  3.  Adiabatic  reactions;  *  =  concentration  of  product,  yield  = 
x  averaged  over  contents  of  vessel. . Asymptotic  values. 


ated  the  partial  moments  for  as  many  /  as  desired,  we  may 
see  explicitly  the  effect  of  the  mixing  intensity  on  the  over¬ 
all  reactor  performance  by  assembling. the  R  first  moments 
from  (48). 

_  CO)'  1  (|)  1  <*, 

f*  to.,  o  —  Mio . . .  o  +  —  /4o...o  +  — jy»to.  «  +  ... 

A  A" 

(0)  1  (X)  1 

MOO.  1  —  f*00  . .  1  +—  /*00.,.l  -!  ‘  j  >M0  '  <>+•••  (58) 

This  concludes  our  development  of  the  solution  to  the 
reactor  performance  equations  for  high  mixing  intensity, 
and  the  series  expansions  and  moment  methods  developed 
here  are  applied  below  to  the  calculation  of  reactor  be¬ 
havior  for  some  common  reaction  systems.  It  might  be 
noted  that  similar  results  can  be  developed  for  low  mixing 
intensity  by  expanding  the  basic  equations  in  powers  of 
R/«,  that  is,  in  powers  of  the  X  of  (25)  rather  than  1/A. 
What  results  is  a  hierarchy  of  differential  rather  than  in¬ 
tegral  equations  in  the  successive  contributions  to  p,  the 
leading  term  being  that  corresponding  to  a  completely 
segregated  reactor.  Moment  methods  arc  no  longer  ap¬ 
propriate,  and  indeed  the  successive  (linear)  differential 
equations  can  readily  be  solved:  directly,  for .  the  one¬ 
dimensional  case;  via  characteristics,  for  higher  dimension. 
The  methods  are  quite  straightforward,  and  the  results  are 


Fig,  4.  Parallel  reactions;  A  -*  6;  rate  constant  k\,  2A  -»  2C;  rat* 

constant  Xj.  S  =  Cb/Co-C*,  selectivity.  -  Asymptotic 

values. 


not  quoted  hero,  In  practical  design  problems  X  is  almost 
invariably  large  as  compared  to  unity,  and  the  results  for 
small  values  of  X  are  therefore  of  little  interest  in  our  con¬ 
text. 

DISCUSSION  AND  EXAMPLES 

One  can  now  summarize  the  preceding  discussions  into 
a  design  procedure  for  stirred  tank  reactors. 

The  first  and  most  important  point  is  to  determine 
whether  deviations  from  complete  mixing  will  have  a 
detrimental  effect.  Quite  often  the  opposite  is  true.  Thus 
for  example  in  a  homogeneous  premixed  second-order  re¬ 
action  a  degree  of  segregation  different  from  zero  would 
improve  conversion.  Several  authors  have  therefore  pointed 
out  that  assuming  complete  mixing  will  lead  to  an  over¬ 
estimate  of  the  required  volume.  The  authors  do  not  agree 
to  this  as  in  our  experience  most  agitated  vessels  are  very 
close  to  complete  mixing.  It  is  not  practical  to  control  the 
mixing  so  that  it  should  be  incomplete,  while  maintaining 
good  agitation  heat  transfer.  If  no  agitation  is  necessary 
then  we  should  a  priori  use  a  plug  (low  reactor  in  such  a 
case.  If  mixing  is  necessary  and  it  is  further  desirable  to 
minimize  the  variance  of  the  residence  time  distribution 
then  this  can  be  achieved  by  using  a  cascade  of  stirred 
tanks  or  similar  devices.  Therefore  the  main  problem  In 
designing  or  scaling  up  a  stirred  tank  reactor  is  to  decide 
whether  small  deviations  from  complete  mixing  have  a 
detrimental  effect  or  not. 

»•.  Figure  I  the  effect  of  X  =  2 ft /a  on  conversion  is 
plotted  for  some  typical  cases  of  a  second-order,  reaction. 
We  note  that  for  values  of  X  larger  than  100  the  conversion 
is  already  insensitive  to  variation  of  X.  This  is  not  the  case 
for  X  close  to  unity,  but  in  stirred  tank  reactors  such  low 
values  are  quite  uncommon.  Consider  again  a  practical  ex¬ 
ample.  For  a  10  liter  vessel  with  a  standard  turbine  agi¬ 
tator  and  power  input  the  low  estimate  of  ft  according  to 
the  literature  (13)  would  be  0.05  to  0.1  sec.-1.  A  value  of 
X  of  5  would  mean  a  residence  time  of  50  sec.  Fcr  a  10,000 
liter  vessel  the  lowest  estimate  of  ft  under  the  same  con¬ 
dition  would  be  0.01  to  0.02  and  a  value  of  X  =  5  would 
correspond  to  250  sec.  residence  time. 

As  we  stated  already  our  main  problem  in  the  design 
and  scale  up  of  stirred  tank  reactors  concerns  reactions  on 
which  a  too  low  value  of  X  is  detrimental.  The  simplest 
such  case  would  be  a  reaction  whose  totai  order  is  less 
than  unity.  Such  reactions  are  very  scarce  in  liquid 
homogenous  systems  and  again  the  effect  of  X  is  small.* 

Another  fairly  simple  case  is  where  two  reactants  enter 
the  vessel  in  two  separate  feed  pipes.  In  Figure  2  the  con¬ 
version  for  ,a  simple  irreversible  second-order  reaction  with 
separate  feed;  is  plotted  as  a  function  of  X.  Again  the 
effect  is  small  for  values  of  X  over  100. 

Here  however,  in  very  large  vessels  the  effect  would 
lead  to  a  significant  reduction  of  X  and  should  be  evaluated 
quantitatively. 

A  second  case  with  similar  features  is  an  autothcrmic 
reaction,  in  which  a  cold  feed  is  introduced  into  a  hot  re¬ 
action  mixture.  Again  in  tlus  case  incomplete  mixing  al¬ 
ways  reduces  the  conversion.  In  Figure  3  a  numerical 
example  of  the  effect  of  X  on  one  typical  autotbermic  reac¬ 
tion  is  given.  In  computing  the  effect  of  a  on  the  reaction 
wc  made  use  of  a  method  introduced  by  Spalding  (10), 
namely  the  fact  that  for  most  exothermic  adiabatic  reac- 


•  Several  authors  have  discussed  the  case  of  a  zero  order  reaction.  The 
assumption  of  a  zero  order  reaction  is  ho  vever  a  simplified  description 
of  the  limiting  reaction  velocity  of  catalytic  reaction  at  high  pressures. 
These  reactions  are  not  zero  order  at  high  conversions,  where  the  effect 
of  X  would  be  noticeable.  Furthermore,  our  method  (as  well  as  Zwieter- 
ing's)  does  not  apply  to  heterogeneous  catalytic  reactions. 
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tlons  (he  effect  of  conversion  on  reaction  rate  can  with 
sufficient  accuracy  be  described  by 

A  (1  —*)«(*  + 0"  (59) 

The  constants  ?■  and  m  arc  determined  by  a  best  fit  to  the 
actual  reaction  rate  dependence  which  normally  contains 
exponential  ^nn,  such  as 

dx 

—  =  A(1  -  x)«  e-*'™1  =  A(l- *)«  c-*/*io(l  +  ox) 

at 

(60) 

Spalding  has  shown  that  for  most  exothermic  reactions 
the  mistake  made  in  writing  (59)  instead  of  an  Arrhenius 
relation  is  small.  Equation  (59)  has  the  advantage  that  it 
can  he  treated  by  the  moment  method  of  the  preceding 
'‘lefcUon.  ~  . .  .S'* 

A  low  value  of  X  leads  always  to  a  lower  conversion  and 
the  effect  is  quite  pronounced.  However  for  values  of  a 
larger  than  100  the  effect  of  fi  again  becomes  small. 

These  last  cases  are  examples  of  a  broad  class  of  cases 
in  which  the  only  effect  of  a  low  value  of  ft  is  a  reduced 
.conversion.  We  can  always  compensate  for  this  by  a  larger 
residence  time,  and  in  fact  wc  might  want  to  compare  the 
cost  of  intense  mixing  to  the  cost  of  an  increased  residence 
time.  A  quail  titative  evaluation,  similar  to  the  one  in  the 
examples  given,  will  lead  to  a  conservative  design  pro¬ 
cedure  as  long  as  we  use  a  conservative  estimation  pro¬ 
cedure  for  X. 

A  simple  example  of  the  second  class  of  problems  in 
which  a  low  value  of  X  might  change  the  quality  of  the 
product  is  given  in  Figure  4,  where  the  reaction  is  as¬ 
sumed  to  consist  of  two  parallel  reactions  of  different  order 
[for  an  example  see  (.24)].  As  the  undcsired  reaction  is  of 
a  higher  order,  the  concentration  of  the  reactant  should 
be  as  low  as  possible  everywhere.  A  low  value  of  X  will 
therefore  favor  the  undesirable  side  reaction. 

If  the  side  product  is  not  separated,  and  the  conversion 
is  high  the  reduction  of  X  due  to  scale  up  might  have  a 
serious  effect.  One  notes  here,  that  just  increasing  the 
residence  time  without  changing  the  intensity  of  agitation 
will  not  be  sufficient,  as  the  side  reaction  will  occur  in  the 
concentrated  region  near  the  inlet.  There  is  a  whole  class 
of  reactions  of  this  type,  and  what  complicates  this  case 
further  is  the  fact  that  in  many  cases  the  exact  mechanism 
and  kinetics  of  all  the  possible  side  reactions  is  unknown. 
As  another  example  of  this  type  one  might  mention  reac¬ 
tions  in  which  the  pH  is  controlled  by  acid  addition  and 
where  High  pH  in  the  nonmixed  region  might  cause  side 
reactions. 

If  the  kinetics  of  all  possible  undcsired  side  reactions  is 
at  least  approximately  known  then  the  above  methods  can 
be  used  to  estimate  "the  minimum  value  of  X  necessary. to 
guarantee  the  specifications.  Sometimes  it  might  turn  out 
to  be  impractical  to  obtain  a  sufficiently  high  value  of  X  in 
a  very  large  lank  and  several  parallel  smaller  reactors 
might  provide  simpler  and  cheaper  solution. 

One  might  also  want  to  investigate  ways  of  increasing  X 
by  improving  Kith  the  design  of  the  agitator  and  the  de¬ 
sign  of  the  feed  distribution.  It  is  unfortunate  that  wc  do 
not  possess  sufficiently  accurate  data  for  the  effect  of  the 
feed  distribution  on  agitator  design.  But  it  is  apparent  that 
using  mnltipl'  agitators  (single  or  multiple  shaft)  and 
multiple  feed  injection  for  each  agitator,  wc  can  consider¬ 
ably  increase  X  without  increasing  the  energy  consumption. 

Similar  considerations  apply  to  the  case  of  systems  with 
mrcleation,  in  which  tiro  effect  of  X  might  he  the' most  pro¬ 
nounced,  as  even  with  relatively  very  low  concentration 


fluctuations  all  tho  nucleation  might  occur  in  the  small 
unmixed  region.  This  will  be  discussed  in  detail  in  a  future 
paper. 

One  last  and  somewhat  discouraging  conclusion  that  we 
can  draw  from  the  above  discussion  is  that  direct  empirical 
evaluation  of  the  effect  of  agitator  design  on  complex  re¬ 
actions  is  impossible  in  the  pilot  plant.  If  a  reaction  is  sen¬ 
sitive  to  mixing  time  then  tnis  sensitivity  is  a  strong  func¬ 
tion  of  /8  and  therefore  a  reaction  might  be  insensitive  to 
agitator  design  in  the  pilot  plant  while  it  is  very  sensitive 
to  correct  agitator  design  in  the  large  scale  plant.  Tliis  by 
.  tho  way  is  true  of  other  systems  sensitive  to  agitator  de¬ 
sign  (9). 
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NOTATION 

A  =  empirical  parameter  appearing  in  Equation  ( 19) 
A  =  rate  constant  in  autothermic  reaction  expression 
a,  b  =  bounds  on  concentration 

B  =  rate  constant  for  initiation  step  in  polymerization 
scheme 

Ca  =>  outlet  concentration  of  A 
Co  *=  outlet  concentration  of  B 
Cc  =  outlet  concentration  of  C 
c  =  concentration 
cf,  c"  =~dummy  variables 
Co  «=»  concentration  of  A  in  feed 
D  =  molecular  diffusivity 

D  «=  rate  constant  for  termination  step  in  polymeriza¬ 
tion  scheme 
/  =  rate  expression 

ft  =  rate  expression,  r  =  1,  2, ....  R 

G  =  rate  constant  for  propagation  step  in  polymeriza¬ 

tion  scheme 

f(f)  ■=  initiator  concentration 
k  =  reaction  fate  constant 
L  =  characteristic  length  of  the  mixing  system 
U  =  Taylor  (dissipation)  microscale 
2m  =  microscale  for  turbulent  mixing 
m  —  constant  of  proportionality 
m  =  exponent  in  approximate  rate  expression  for  auto¬ 
thermic  reaction 
*»(t)  =  monomer  concentration 
N  =  agitator  spaed,  rev./min. 

N  =  degree  ot  polynomial  / 

n  =  exponent  in  approximate  rate  expression  for  auto¬ 
thermic  reaction 

nr  =  integer  in  moment  definition;  r  =  1,  2 ,  R 

p  =  concentration  distribution 
P o  =  concentration  distribution  for  the  feed 

p1  =  fth  term  in  expansion  of  p 

R  =  Reynolds  number 

R  —  number  of  independent  concentration  variables 

t  =  batch  rate  expression 

r  =  linear  dimension  of  crystal 

r  ■=  molecular  weight 

s  degree  of  segregation 
s  =  batch  rate  expression 

i  =  time 

u  —  root  mean  square  of  velocity  fluctuation 

—  x-componrnt  of  u 
«„  =  [/-component  of  « 

u,  ~  z-conipone.it  of  it 
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.  ♦  ... 

X  “  UUWSiail  vwi«ailiav« 

x  «»  progress  variable 

r.  =  |tl>  moment  of  size  distribution  of  growing  poly¬ 

mer  elinlns 

ad,  i7'  •»  dummy  variables 

y  •  cartesian  coordinate 

y  mt  progress  variable 

y,  —  /th  moment  of  size  distribution  of  terminated  poly¬ 
mer 

y',  y*  —  dummy  variables 

a  ■=  cartesian  coordinate 

Greek  Lettrn 

.  m  Inverse  of  nominal  rrsidwre  time 
$  *=  measure  of  agglomerative  mixing  intensity 

r  «=-  actual  poxver  input  to  mixing  system  per  unit  mass 
of  fluid 

i)  *•  empirical  efficiency  parameter 

A  —  mixing  paiaMtvlv.*,  —  A/j/u 

H  m  mean  concentration 

He  m  mean  feed  concentration 

Hn  ••  nth  moment  of  p 

/i*l4  nth  moment  of  pa 
P?  —  nth  moment  of  p1 
v  ■«  kinematic  viscosity  of  working  fluid 
v  —  number  of  radicals  formed  by  each  molecule  of 
decomposing  initiator 

gi:  m  variance  of  concentration  distribution 

<r?  «■  variance  of  feed  distribulioti 

r ;  —  mean  residence  time 

Tm  “  mixing  time 


a.  _  pnnrr-ntr.illon  distribution  of  grnv/ing  polymer 
chainj 

^  =-  concentration  distribution  of  terminated  polymer 
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THE  EFFECT  OF  IMPERFECT  MIXING  ON  STIRRED 
COMBUSTION  REACTORS 

Q 
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Mixed  gas  reactors,  even  when  special  pains  have  been  taken  to  ensure  good  mixing,  often 
depart  quite  noticeably  from  the  ideal  of  instantaneous  mixing  on  the  micro-scale.  The 
present  paper  offers  a  quantitative  measure  of  the  extent  of  this  departure,  and  shows  how 
it  is  related  to  the  reactor  performance. 

The  intensity  of  the  mixing  is  characterized  by  a  single  parameter  that  measures  the  time 
scale  of  decay  of  nonuniformities  in  composition  in  the  reactor.  This  is  related  to  the  design 
parameters  of  a  gas  reactor  by  dimensional  arguments  drawn  from  the  theory  of  isotropic 
turbulence.  The  analysis  of  reactor  performance  is  carried  out  in  terms  of  a  coalescence  model 
for  the  micro-mixing  that  incorporates  this  time  scale.  The  mixing  model  is  borrowed  from 
chemical  engineering  studies. 

Calculations  are  presented  for  adiabatic  reaction  systems,  showing  the  shift  in  the  effective 
reaction-rate  curve,  and  especially  the  reduction  in  blow-out  limit,  with  decreasing  mixing 
intensity.  Such  calculations  permit  one  to  see  how  high  a  mixing  intensity  is  needed  to  ap¬ 
proximate  perfect  mixing,  and  how  this  level  depends  on  the  reaction  kinetics. 

1.  Introduction  correlations  based  on  pressure  drop  were  sug¬ 

gested  to  compensate  for  this  effect. 

The  concept  of  an  ideally  stirred  reactor  has  Real  stirred  reactors  may  also  deviate  from  the 
had  several  important  applications  in  combustion,  ideal  by  having  residence-time  distributions  that 

A  spherical  adiabatic  combustor  has  been  intro-  are  not  in  the  (Poisson)  exponential  form.  Such 

duced  by  Longwell  to  study  the  kinetics  of  fast  deviations  are  reported  in  Ref.  16.  It  is  the 

reactions,1  and  in  the  interpretation  of  the  data  authors’  experience  that,  by  suitable  placement  of 

one  normally  assumes  that  the  reactor  is  ideally  inlet  and  outlet,  it  is  almost  always  possible  to 

mixed.  It  has  also  been  observed2-4  that  an  ideally  achieve  a  residence-time  distribution  closely  ap- 

stirred  tank  might  be  a  useful  simplified  dcscrip-  proaching  that  of  a  stirred  tank.  The  present 

tion  of  some  industrial  combustors.  The  concept  paper,  accordingly,  confines  itself  to  the  situation 

of  an  ideally  stirred  reactor  has  also  contributed  where  perfect  mixing  at  the  macro-scale  has  been 

considerably  to  our  understanding  of  the  stability  essentially  achieved,  and  develops  methods  that 

and  control  of  autothcrmic  reactors.2,5  permit  one  to  make  quantitative  estimates  of  the 

It  is  quite  obvious  that  a  perfectly  stirred  effect  of  imperfect  mixing  at  the  micro-scale, 
reactor  is  an  ideal  concept  that  can  be  only  ap-  Admittedly,  turbulent  combustion  is  a  very 
proached,  but  not  reached,  since  real  mixing  complex  process  and  cannot  be  given  a  complete 
processes  occur  at  a  finite  rate.  In  Longwell’s  analytical  description.  However,  in  a  well- 

spherical  reactor,  considerable  effort  went  into  designed  reactor,  mixing  intensities  are  very  high 

the  design  to  approach  instantaneous  mixing,  and  the  mixing  time  is  very  short  as  compared  to 

This  is  not  true  in  industrial  combustors,  where  the  residence  time.  In  a  previous  publication,6 

the  mixing  is  much  less  intense.  The  question  it  was  shown  that  a  rather  simple  stochastic 

then  arises  as  to  what  effect  the  imperfect  mixing  mixing  model  allows  one  to  simulate  the  basic 

has  on  the  performance  of  such  a  reactor,  and  a  features  of  the  real  turbulent  mixing  process, 

general  discussion  of  this  point  is  given  in  Refs.  For  such  an  ideal  turbulent  mixing  process,  it  is 

2  and  3.  It  has  been  shown  further13  that,  even  for  possible  to  compute  both  the  steady  and  the 

a  small  spherical  reactor  as  used  in  kinetic  studies,  dynamic  behavior  of  many  complex  reaction 

mixing  processes  are  important.  Thus,  the  blow-  systems,  and  for  small  deviations  from  complete 

out  velocity  was  shown  to  loe  considerably  mixing,  one  can  reasonably  hope  that  the  results 

influenced  by  injector  design,  and  some  empirical  of  such  computation  will  predict  quite  well  how 


901 


105 


002  STIRRED  REACTORS 


far  the  performance  of  the  actual  combustor 
should  deviate  from  an  ideal  one.  From  this,  one 
gets  reasonable  estimates  as  to  the  mixing  in¬ 
tensity  required  to  achieve  conditions  close  to 
ideal  mixing.  In  Ref.  6,  this  was  applied  to  the 
behavior  of  reactors  stirred  by  turbines  commonly 
used  in  the  chemical  industry.  In  particular,  it 
was  shown  that  the  mixing  intensity  necessary  to 
approach  ideal  mixing  strongly  depends  upon  the 
kinetics  of  the  reaction.  The  same  method  is 
applied  here  to  combustion  reactors. 


2.  The  Mixing  Processes 

While  there  is  a  considerable  body  of  experi¬ 
mental  investigations  on  the  mixing  performance 
of  mechanical  agitators,  there  are  few  data  on  the 
quantitative  aspects  of  mixing  in  gas  reactors  of 
the  Longwell  type.  It  has  been  shown14  that  con¬ 
siderable  recirculation  exists.  Furthermore,  mix¬ 
ing  of  a  jet  introduced  into  a  stagnant  fluid  has 
been  studied  extensively.  Now,  it  was  shown®  in 
that,  for  mechanically  agitated  reactors,  purely 
theoretical  estimates  of  the  mixing  time  are  in 
reasonably  good  agreement  with  the  experimental 
results.  It  is  therefore  reasonable  to  hope  that  the 
same  methods  should  lead  to  reasonable  estimates 
in  the  present  case. 

The  mixing  pattern  can  be  divided  into  two 
parts.  One  is  the  macro-motion  of  the  fluid,  in¬ 
troduced  by  the  jets,  that  should  cause  a  circula¬ 
tion  in  the  reactor.  The  second  is  the  dissipation 
of  local  concentration  fluctuations  by  v.'rbulence. 
One  of  the  first  conditions  for  good  cver-all 
mixing  is  that  the  jets  have  sufficient  energy  so 
that  their  penetration  length  into  the  reactor  is 
very  large  as  compared  to  reactor  diameter,  so 
that  the  turbulent  energy  is  not  dissipated  near 
the  entrance  of  the  jet.  In  a  highly  agitated 
reactor,  the  turbulent  motion  on  a  small  scale 
becomes  quite  uniform  and  locally  isotropic.15 
For  such  cases,  one  can  estimate  the  mixing  time 
by  the  methods  derived  by  Batchelor3  and  Corr- 
sin.11  These  methods  lead  to  an  exponential  decay 
in  the  variance  of  an  initial  concentration  non¬ 
uniformity  in  the  vessel,  and  we  identify  the 
characteristic  time  of  this  decay  with  the  micro- 
mixing  time. 

The  turbulence  theory  estimate  of  the  micro¬ 
mixing  time  we  quote  from  Corrsin,11  as  reworked 
in  Ref.  6.  It  appears  first  that,  if  a  nonuniformity 
in  concentration  is  described  by  its  variance  a2, 
that  is,  by  the  mean-square  departure  of  the 
concentration  from  its  average  value,  then  a 
homogeneous  isotropic  turbulent  mixing  gives 
rise  to  an  exponential  decay  in  <r2.  That  is,  there  is 
associated  with  the  turbulent,  system  a  mixing 


rate  (intensity)  /9,  such  that 

do1/  dl  =  — /3<t2. 

An  initial  nonuniformity  <ro2  thus  decays  in  time 
according  to 

<^(0  =  <r02  exp  (— 01), 

and  we  may  regard  1//3  as  a  micro-mixing  time. 

For  a  fully  developed  turbulence,  Corrsin 
estimates  the  mixing  intensity  /8  in  the  form 

/3  =  const.  (e/L2)lrt,  (2.1) 

where  t  is  the  power  input  per  unit  mass  of 
working  fluid,  and  L  a  characteristic  linear  dimen¬ 
sion  of  the  mixing  system  as  a  whole.  The  con¬ 
stant  in  (2.1)  is  a  mixture  of  empirical  parame¬ 
ters,  involving  an  estimate  of  the  Taylor  micro¬ 
scale  of  the  turbulent  velocity  field,  and  an 
estimate  of  how  efficiently  the  power  input  is 
transformed  into  the  kinetic  energy  of  the  tur¬ 
bulent  fluid.  This  constant  may  be  expected  to  be 
independent  of  the  scale  of  the  mixing  system, 
but  to  vary  from  one  mixing  configuration  to 
another.  One  would  expect  it  to  depend,  for 
example,  upon  the  physical  properties  of  the  gas, 
the  shape  of  the  vessel,  and  the  configuration  of 
inlet  jets  and  outlet  ports,  but  to  have  the  same 
value  for  geometrically  similar  mixing  systems 
working  on  the  same  gas. 

The  form  of  (2.1),  of  course,  might  also  have 
been  obtained  by  a  straightforward  dimensional 
argument.  But  the  analysis  based  on  turbulence 
theory  leads  also  to  some  idea  of  the  actual  nu¬ 
merical  magnitudes  involved  that  may  serve  as 
a  useful  guide  to  practice.  From  work  in  wind 
tunnels  and  in  pipe  flows,  Corrsin  finds  (approxi¬ 
mately) 

(2.2) 

This  concludes  Corrsin’s  argument  from  tur¬ 
bulence  theory,  which  applies  very  generally, 
regardless  of  the  source  of  the  energy  that  sup¬ 
ports  the  turbulence.  For  mixing  of  a  gas  reactor 
by  its  feed  jets,  we  may  rework  it  into  a  more  con¬ 
venient  form.  Suppose,  accordingly,  the  vessel  is 
fed  by  a  system  of  jets  at  inlet  velocity  v,  through 
a  total  cross-section  area  S.  The  energy  input  per 
unit  mass  in  the  reactor  may  then  be  written 

e=  SvftfygxL3.  (2.3) 

(We  take  L  to  be  an  equivalent  spherical  diame¬ 
ter  for  the  vessel.)  We  may  also  identify  the  flow 
rate  per  unit  volume  of  reactor  (reciprocal  mean 
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residence  time)  as 

a  =  Sv/iwL3.  (2.4) 

Eliminating  v  and  e  among  (2.2)-(2.4)  gives 

0/att\(D/S)*\  (2.5) 

which  relates  the  mixing  intensity  0  directly  to 
the  jet  design  parameter  1?/  S. 

A  good  many  different  designs  of  spherical 
reactors  have  been  used  for  kinetic  studies,  with 
re|X»rted  values  of  L2/S  ranging  from  30  to  3000. 
The  values  of  0/a  estimated  from  (2.5)  would 
accordingly  vary  approximately  from  2.5  to  50. 
In  deriving  (2.5),  the  fluid  was  assumed  to  be 
incompressible,  but  compressibility  effects  can 
readily  be  introduced.  One  should  also  note  that, 
in  comparing  differently  sized  reactors  with  the 
same  mean  residence  time  (that  is,  the  same  a), 
constant  L2/S  (constant  0/a )  requires  v/L  to 
remain  constant.  Thus,  the  necessary  pressure 
drop  through  the  injector  increases  with  in¬ 
creasing  reactor  size.  For  short  residence  times,  it 
is  much  easier  to  achieve  high  mixing  rates  in  a 
small  reactor,  provided  of  course  the  size  is  large 
enough  to  ensure  a  highly  turbulent  flow. 

The  above  dimensional  considerations  lead  to 
quite  reliable  relations  for  comparison  of  geo¬ 
metrically  similar  reactors  of  different  size  at  high 
Reynolds  number.  They  also  allow  some  estimate 
of  the  highest  mixing  rates  possible  under 
optimum  design  conditions. 

It  must  be  noted  that  the  empirical  constant  $ 
in  (2.5)  cannot  be  taken  as  anything  more  than  a 
rough  indication  of  older  of  magnitude.  Its  real 
value  will  depend  strongly  upon  the  geometrical 
design,  and.  /3/a  there.ore  will  de/iend  not  only 
upon  L-/ S  but  also  upon  the  number  and  location 
of  the  jets.  The  constant  in  (2.5)  should  be 
determined  at  need  for  a  given  mixing  configura¬ 
tion  by  suitable  tracer  experiments.  Some  of 
these  are  discussed  in  Sec.  3. 


3.  The  Reactor  Model 

The  reactor  model  used  here  is  a  coalescence 
model  introduced  by  Curl,12  and  used  by  him  and 
others  in  studies  of  mixed  reactor  performance, 
and  of  two-phase  mixing.  Briefly,  it  regards  the 
reacting  mass  as  made  up  of  a  large  number  of 
equally  sized  parcels  of  material  (“particles”), 
that  from  time  to  time  undergo  independent 
pair  collisions,  equalize  concentrations,  and  then 
separate.  Between  collisions,  each  parcel  of  fluid 
behaves  like  a  little  batch  reactor.  Fresh  material 
is  fed  at  a  constant  rate,  and  the  withdrawal  takes 


a  representative  cut  of  the  contents  of  the  vessel. 
While,  in  two-phase  mixing  studies,  these  par¬ 
ticles  may  have  a  definite  material  identity,  they 
might  perhaps  better  be  regarded  for  the  present 
purpose  as  primitive  representations  of  turbulent 
eddies. 

If  we  consider,  for  concreteness,  a  single 
reaction  where  the  concentration  c  of  reagent 
behaves  in  batch  according  to 

dc/dl  —  r(c),  (3.1) 

then  we  may  describe  the  contents  of  the  reactor 
at  any  time  t  by  the  concentration  distribution 
p(c,  l )  of  particles  at  that  time.  Technically 
speaking,  p  is  a  probability  density  in  c,  with 


giving  the  proportion  of  particles  having  concen¬ 
tration  between  a  and  b  at  time  t.  The  distribu¬ 
tion  p,  according  to  what  has  been  said,  satisfies 
the  integro-differential  equation 

[dp  (c,  t)/dl]  +  (d/dc)  j r (c)p  (c,  0 } 

=  a{po(c,  0  -  p(c,  /)}  +  2/3  p(c',t)p(c",t) 

X  O  (c'  +  c")  ~  cldc’  dc"  ~~  P (c>  Oj  >  (3-2) 

where  po(c,  l)  is  the  concentration  distribution  for 
the  feed,  1/a  the  nominal  residence  time  of 
material  in  the  tank,  and  0  a  measure  of  the 
coalescence  rate  (mixing  intensity).  The  mean 
concentration  of  reagent  in  the  vessel  and  outlet 
is  simply  the  first  moment  of  p,  and  this  is  the 
working  measure  of  over-all  reactor  performance 
for  a  given  kinetic  system.  Information  about  the 
random  fluctuations  in  a  turbulent  mixing  system 
is  given  by  the  higher  moments.  As  indicated  in 
Ref.  6,  a  similar  equation  can  be  developed  for 
the  appropriate  multi-climensional  distribution  p 
when  several  reactions  are  going  on  simulta¬ 
neously. 

The  parameter  a  in  (3.2)  is  just  the  flow  rate 
per  unit  reactor  volume,  as  in  Sec.  2,  and  it  will 
appear  that  the  mixing  intensity  0  also  has  the 
same  meaning  as  in  See.  2.  These  points  emerge 
from  a  consideration  of  conceptual  tracer  experi¬ 
ments  on  the  model.  We  give  only  a  sketch  of  the 
results  here,  since  they  are  worked  out  in  detail 
in  Ref.  6. 

The  connection  of  the  0  of  (3.2)  with  that  of 
Sec.  2  may  be  seen  by  adapting  (3.2)  to  the 
situation  of  an  isolated  vessel  (a  =  0)  with  no 
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chemicul  reaction  going  on  (r  =  0),  but  with  the 
mixing  intensity  maintained  somehow  at  the 
level  0.  If  we  define  the  mean  concentration  by 

c(t)  =  j  cp{c,  l)  dc, 

and  the  variance  by 

<r(l)  =  J  (c  —  c)2/>  (c,  t)  dc, 

the  reduced  form  of  (3.2)  gives:  first,  that  c  is, 
as  it  must  be,  constant;  and  second,  that 

do1/  dt  —  —  0a2, 

so  that  the  variance  of  an  initial  inhomogeneity  in 
concentration  decays  exponentially,  and  this  0 
may  be  identified  with  the  0  of  (2.2)  or  of  (2.5). 

A  more  reasonable  kind  of  tracer  experiment 
for  gas  reactors  is  one  in  which  a  step  in  tracer 
concentration  is  switched  into  the  feed  line  of  a 
tracer-free  vessel  at  time  0,  and  the  resulting 
tracer  concentration  measured  at  the  outlet.  This 
we  may  analyze  by  suppressing  the  reaction  term 
in  (3.2),  taking  the  inlet  concentration  distribu¬ 
tion  in  the  form 

Po(c,  f)  =  5(c  —  Co)  <  >  0, 

and  taking  the  initial  concentration  distribution 
in  vessel  and  outlet  to  be 

p(c,  0)  =  5(c). 

We  find  then: 

c{l)  =  C(£l  —  exp  (— af)l 
<r2 )  =  aco!e.\p  {—at) 

X  |[exp  {-at)  -  exp  (-00]/ (0-  a)}. 

The  exponential  response  for  c  indicates  that  the 
vessel  is,  on  the  macro-scale,  well-mixed,  with 
input-output  time  constant  a.  The  response  for 
<r  contains  information  about  0,  and,  with 
careful  monitoring  of  an  output  line,  as  perhaps 
with  the  colored  tracers  and  fiber  optics  tech¬ 
niques  of  Brodkey,5'10  it  may  serve  as  a  guide  to 
the  measurement  of  0.  Thus,  o 1  rises  from  0  to  a 
maximum  at 

t  =  (0-a)-iln[(0+a)/2a] 
before  decaying  again  to  0,  and,  with  a  known,  the 


bare  location  of  this  maximum  will  give  some 
estimate  of  0,  even  without  detailed  knowledge  of 
the  variance  history. 

We  turn  now  to  a  consideration  of  methods  of 
solving  (3.2)  so  as  to  ascertain  the  effect  of  0  on 
the  reactor  performance.  We  are  concerned  here 
only  with  single  reactions,  and  we  work  ac¬ 
cordingly  in  terms  of  the  conversion  x  rather  than 
the  concentration  c.  In  place  of  (3.1),  we  write 

dx/dl  =  r{x),  (3.3) 

and,  in  place  of  (3.2), 

[_dp{x,  t)/dt]  +  {d/dx)\r{x)p{x,  t)} 

=  a{5(x)  -  p{x,  0}  +  20  |  jj  P (M»  0p(«»  0 

X  5[^  (u  +  v )  —  xjdu  dv  —  p{x,  f)j  ,  (3.4) 

where  the  inlet  distribution  6  {x)  represents  a  feed 
of  unconverted  material. 

The  rate  function  r{x)  in  (3.3)  represents  the 
reaction  rate  normalized  on  the  inlet  concentra¬ 
tion  of  reagent,  for  nth  order  isothermal  kinetics, 
we  have  accordingly 

r{x)  =  A>  (1  —  x)n.  (3.5) 

Allowing  dependence  on  temperature  in  the  usual 
Arrhenius  form,  we  have 

r  —  A  exp  {—E/RT)'  (1  —  x)n, 

where  T  is  the  absolute  temperature,  and  E  the 
activation  energy.  For  adiabatic  operation,  tem¬ 
perature  may  be  directly  related  to  conversion  in 
the  usual  way,  and  we  find 

,  ,  _  .  (  -E/RTj 

r{x)  A  exp  + 

• (l-x )",  (3.G) 

where  7\  is  the  inlet  temperature,  and  Tj  the 
temperature  reached  at  complete  conversion. 
The  rate  expression  (3.6)  is  analytically  rather 
intractable,  and  for  exothermic  reactions,  where 
E/RTi  may  be  of  the  order  of  20  to  80,  and 
{Tj  —  T{)/Ti  of  the  order  of  2  to  6,  Spalding7 
has  suggested  that  it  may  be  usefully  approxi¬ 
mated  in  the  form 

r{x)  =  k •  {x  +  e)m •  (1  —  x)n.  (3.7) 
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The  parameter  «  might  be  takeii  ocpial  to  zero 
rGr)  -=  k> (I  -  j ■)"  (3.S) 


tween  (3.0)  am)  (3.8)  in  n  representative  .-it-u 
lion  is  shown  in  Fig.  t. 

With  anv  of  Iho  forms  [[(3.5),  (3.7),  3.x  1 
the  rate  expression  r(.r)  may  ho  written 


ii  one  were  not-  especially  inlcrrstcil  in  capturing 
the  low  conversion  behavior,  A  comparison  be¬ 


r(x)  =  k’/U), 
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where,  provided  m  and  n  are  whole  numbers,  /  is  a 
polynomial  in  x.  Equation  (3.4)  may  then  he 
written 


<r.  0/df]  +  {k/u)(jj/dx)\  f(x)p(x,  t)| 

-  o(x)  —  !> (r,  t)  4-  C-W«)  //(«,  Opfa  0 

X  6Q  (.7  +  r)  —  x]di.  rfr  —  p(x,  0|  •  <3 . 9 ) 


With  l  sealed  on  a-1,  the  behavior  of  the  system 
for  any  given  form  of  /(x)  is  seen  to  lie  controlled 
by  the  dimensionless  mixing  intensity  &/a  and 
the  dimensionless  flow  rate  a/k.  The  polynomial 
character  o‘‘  /  greatly  simplifns  the  solution  of 
(.'5.0).  The  results  discussed  in  Sec.  4  arc  all  for 
the  kinetic  form  (3.8). 

Since  our  interest  centers  in  high  values  of 
the  mixing,  intensity  /3,  our  principal  method  of 
dealing  with  (3.9)  is  bv  expansion  in  powers  of 
1//3.  We  work  with. the  steady-state  solutions, 
and  give  only  a  sketch  of  the  methods  here,  since 
they- are  laid  out  in  detail  in  Ref.  6.  ft  is  con¬ 
venient  to  take  the  expansion  in  the  form 


p{x)  =  pm  (x)  +  (a/2/3)p{l)  (x)  4 - ,  (3. 10) 

where  p(,l)  (x)  is  the  distribution  in  the  ideally 
mixed  limit  (infinite  0) 

pim  hr)  =  6  (*-£), 


which,  together  with  the  over-all  material  balance 

j  f  (x)p(t)  (x)  fix  =  (a/k)p  1(I), 

forms  a  self-contained  system  in  ••*, 

Hsm  that  can  !>e  readily  solved  by  standard 
numerical  methods.  In  Ref.  6,  it  is  shown  how  the 
expansion  (3.10)  can  be  carried  to  terms  of  higher 
order  in  a/[ 3,  and  how  the  whole  procedure  can  be 
extended  to  situations  where  several  reactions  are 
proceed  i  ng  simultaneously. 

The  method  sketched  above  produced  the  body 
of  results  discussed  in  Sec.  4.  However,  these 
results  were  spot-checked  to  estimate  the  range  of 
validity  of  the  expansion  (3.10),  and  to  test  the 
dynamic  stability  of  the  solutions  by  another 
method  formally  independent  of  the  size  of  the 
mixing  intensity  j8.  This  method  consists  of 
developing  moment  equations  from  (3.9),  and 
closing  them  off  into  a  self-contained  set  by 
assuming  a  suitable  function  form  for  p.  It 
proceeds  by  taking  moments 

Pn  (0  —  j  x"p(x,  t)  dx 

in  Eq.  (3.9) 

aTl(dp„/dt)  =  n (k/a)  J xn~lJ(x)p{x,  l)  dx  —  p„ 

+  (20/“ >  jo*  Jj  („,)  “  '*»}  ’ 

n  =  1,  2,  •••.  (3.12) 


with  $  given  by  solving 

/(?)=(«/*)$•  (3.11) 

We  may  work  in  turn  with  the  stable  and  the  un¬ 
stable  solutions  of  (3.11).  In  any  case,  the  dis¬ 
tribution  pH>  is  characterized  in  terms  of  its 
moments 


For  polynomial  /,  the  integral  term  on  the  right- 
hand  side  of  Eq.  (3.12)  is  a  linear  combination  of 
moments,  in  general,  of  order  >  n.  However,  the 
order  can  be  reduced  by  imagining  a  convenient 
functional  form  for  p,  and  expressing  higher 
moments  in  terms  of  lower  in  a  way  suggested  by 
this  form.  A  suitable  functional  form  here  is  the- 
5-function  distribution 

P(x,  0  =  [x0'0"'!!  -  x)6(,)-1]/!5[a(0,  6(0] I 


and,  when  /  is  a  polynomial  of  degree  A',  we  find, 
on  bringing  (3.10)  to  t3,9),  a  set  of  linear 
algebraic  equations  in  these  moments 


■=(n-l)V,  n=  ->  3,  •  •  * ,  A 


with 

u„  =  [5  (a  4-  n,  6)]/[5  (a,  6)], 

so  that  all  moments  of  order  >  2  may  be  expressed 
in  terms  of  This  moment-closing  approxima¬ 
tion  can  be  brought  to  Eq.  (3.12),  and  gives,  on 
dropping  the  time  term,  algebraic  equations  for 
the  steady-state  mean  and  variance.  Transient 
solutions  and  linearized  stability  analyses  were 
also  carried  out  in  this  way. 

It  may  be  noted  here  that  we  do  not  suggest 
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Fia  3.  Effect  of  mixing  intensity  on  blow-out  limit;  various  kinetic  parameters  (m). 


that  the  model  discussed  in  the  foregoing- repre¬ 
sents  the  real  mixing  processes  in  a  turbulent 
reactor.  These  are  far  more  complex,  and  defy 
as  yet  an  analytical  description.  However,  the 
model  has  one  important  similarity  to  turbulent 
mixing — the  exponential  decay  of  an  initial  con¬ 
centration  inhomogeneity.  We  do  not  believe 
that  the  model  will  predict  conversion  accurately 
unless  p/a  is  very  large  (or  very  small).  However, 
conversion  goes  asymptotically  to  the  limit  of 
ideal  mixing  as  1 8/a  goes  to  infinity,  and  we  think 
that  the  model  captures  enough  of  the  basic 
physical  Ixjhavior  of  the  mixing  to  tell  us  how 
large  /3/a  n^ed  lie  to  validate  the  assumption  of 
perfect  mixing,  and  in  what  way  departures  from 
this  level  are  likely  to  damage  the  reactor  jier- 
formatice. 

4.  Applications 

For  any  given  form  of  reaction  rate,  it  is 
possible  once  and  for  all  to  compute  the  effect  of 
imperfect  mixing,  and  exhibit  it  in  a  generalized 
form,  by  plotting  the  conversion  as  a  function  of 
the  mixing  intensity /3/a,  for  different  levels  of  the 
throughput  a/k.  (Here,  the  mixing  intensity  /3  is 
normalized  on  the  reciprocal  mean  residence  time 
a,  and  a  itself  (which  measures  the  throughput) 
is  normalized  on  the  kinetic  parameter  f;  that 


serves  as  a  time  constant  for  the  reaction.)  How¬ 
ever,  autothermic  reaction  rates  may  depend 
upon  composition  in  so  many  different  forms  that 
wc  give  here  only  the  results  for  one  typical  class 
of  cases.  These  results  are  based  on  the  Spalding 
approximation  for  exothermic  reaction  rates 
discussed  in  Sec.  3,  according  to  which  the 
reaction  rate  under  adiabatic  conditions  can  be 
expressed  as  a  function  of  conversion  x  in  the 
form 

r(x)  =  fcr(l  -  *)". 

Figures  2-4  show  the  results  of  a  number  of  cal¬ 
culations  based  on  the  approximate  kinetics  over 
a  range  of  values  of  and  with  n—  1.  Similar 
curves,  of  course,  can  be  developed  for  higher 
values  of  n. 

Figure  2  shows  how  the  effective  reaction  rate 
curve,  taken  in  the  dimensionless  form  r(x)/k,  is 
shifted  under  the  influence  of  the  mixing  intensity 
i/a.  These  curves  are  obtained  by  calculating  the 
average  conversions  according  to  the  methods  of 
Sen.  3,  and  plotting  them  along  lines  whose  slope 
is  the  corresponding  a/k.  Three  steady  states  are 
obtained  for  each  operating  condition,  the  intci- 
mediate  one  being  uastable  just  as  for  complete 
mixing  (and  the  lowest  representing,  to  this 
kinetic  approximation,  no  conversion).  For  each 
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Fig.  5.  Effect  of  mixing  intensity  on  apparent  reaction  rate — second-order  kinetics;  various  mixing  intensities 


(P/a 

0/a,  the  resulting  curve  then  has  the  same 
character  as  r(x)/k  for  ideal  mixing  (infinite  0), 
in  that  its  intersections  with  lines  of  slojie  a/k 
give  the  average  steady  conversions.  One  notes 
that,  for  high  values  of  0/a,  the  curve  approaches 
the  curve  for  infinite  mixing.  The  value  of  0/a 
for  which  the  mixing,  for  practical  purposes, 
becomes  ideal,  increases  with  increasing  m.  The 
averaged  reaction  rate  is  also  much  more  sensitive 
to  mixing  for  high  values  of  a.  That,  means  that, 
near  the  critical  flow  rate  at  which  the  reaction 
extinguishes,  the  system  is  most  sensitive  to 
mixing,  which  is  in  good  agreement  with  the  ex¬ 
perimental  evidence.  Figure  5  shows  a  corres¬ 
ponding  family  of  curves  for  one  example  of  an 
autothermic  second-order  reaction.  The  effects 
arc  seen  to  be  similar. 


)• 

In  Fig.  3,  the  critical  value  of  a/k  at  blowout  is  , 
plotted  as  a  function  of  0/a  for  different  values  of 
m.  One  notes  again  that  the  larger  m  (or  the 
steeper  the  dependence  of  reaction  rate  upon  con¬ 
version),  the  stronger  the  effect  of  0/a.  However,  j 
for  0/a  >  30,  the  mistake  made  is  relatively 
small,  and  in  the  most  sensitive  case  (m  ~  20) 
does  not  exceed  20  per  cent.  Nevertheless,  the 
dependence  of  the  blowout  limit  upon  the  reaction 
kinetics  does  indicate  that  attempts  to  correlate 
it  with  parameters  of  injector  design,  such  as  the 
pressure  drop,  should  be  viewed  with  some 
caution.  Further,  the  fact  that  the  reactor  is 
insensitive  to  mixing  for  a  specific  reaction  at  one 
mixing  rate,  does  not  guarantee  the  same  inde¬ 
pendence  for  other  reactions  at  this  mixing  rate. 
However,  the  results  of  Figs.  2  and  3  should 
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l  provide  some  good  guidelines  in  this  direction.  It 

?>  may  be  noted  that  a  comparison  of  the  values  of 

>  O  0/a  from  Fig.  3  with  the  values  predicted  in  Sec.  2 
]  J  for  some  typical  Longwell  reactors  indicates  that, 
while  some  designs  seem  to  approach  the  desired 
....  level,  some  of  the  injector  designs  reported  in  the 
|  i  literature  seem  to  have  mixing  rates  considerably 
■  i  below  the  desired  level. 

There  are  two  general  conclusions  that  one  can 
draw  from  the  above  results.  One  is  that  quite 
high  mixing  intensities  or  pressure  drops  tire 
i  needed  for  exothermic  reactions  to  approach  con- 
’  ditions  of  ideal  mixing.  But,  with  a  well-designed 
reactor,  such  mixing  rates  are  still  feasible.  Fur¬ 
ther  research  on  the  mixing  reaction  patterns  in 
such  reactors  would  be  very  worthwhile.  As 
pointed  out  previously,  we  have  little  experi¬ 
mental  information  about  mixing  rates  in  such 
reactors.  It  would  be  useful,  first  of  all,  to  test 
various  mixing  configurations  by  standard  tracer 
experiments  to  sec  how  well  their  residence-time 
distributions  approximate  that  of  a  stirred  tank. 
This  would  not  give  any  information  about  the 
micro-mixing  rates,  but  fortunately  there  are  now 
experimental  tracer  techniques  available910  to 
carry  out  this  more  delicate  measurement,  and 
comparison  of  different  designs  along  these  lines 
would  be  very  valuable. 

A  second  general  conclusion  can  also  be  drawn 
by  invoking  the  results  of  Sec.  2.  That  is,  since 
according  to  (2.5),  keeping  0/a  constant  at 
different  reactor  sizes  requires  keeping  L2/S 
constant,  and  since,  according  to  (2.4),  keeping  a 
constant  requires  keeping  Sv/L3  constant,  it 
follows  (as  noted  earlier)  that,  in  scaling  up  in 
such  a  way  as  to  keep  the  same  a  and  0,  we  must 
also  keep  the  same  vj L.  The  pressure  drop  needed 
to  achieve  the  desired  level  of  0/a  will  then  in¬ 
crease  with  reactor  size,  and  one  should  ac¬ 
cordingly  use  as  small  a  reactor  as  will  not  give 
excessive  heat  losses  (or  too  low  a  Reynolds 
number). 

In  Fig.  4,  the  variance  of  the  conversion  is 
shown  as  a  function  of  0/a.  (Only  the  stable 
steady-state  points  are  considered. )  The  standard 
deviation,  normalized  on  the  mean  conversion,  is 
essentially  independent  of  the  kinetic  parameters 
and  the  flow  rate  over  '.he  whole  work’-  g  range; 
examples  of  departure  from  this  standard  form 
for  very  low  values  of  a/k  arc  shown  for  repre¬ 
sentative  values  of  Mi.  One  notes  also  that,  for 
high  but  realizable  values  of  0/a,  the  variance 
ljecomes  so  small  that  our  original  assumption 
that  the  reactor  is  mixed  really  applies.  For  lower 
values  of  0/a,  the  variance  starts  to  increase 
rapidly.  If  the  variance  becomes  very  large,  our 
model  really  docs  not  apply  because  then  the 
reaction  becomes  localized  and  flame  fronts  may 
start  to  exist.  The  model  has  the  interesting 
feature  that  it  predicts  a  change  from  mixed 


combustion  to  highly  localized  combustion  at 
lower  mixing  rates.  The  model  can  also  be  used  to 
investigate  the  dynamic  stability  of  the  reactor 
under  conditions  of  incomplete  mixing.  These 
effects  will  be  discussed  in  more  detail  in  a  future 
paper. 
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COMMENTS 


G.  G.  de  Soele,  Institut  Fran^ais  du  Pdtrole. 
The  determination  of  kinetic  parameters  by  the 
-stirrcd-rcnct^r^et-bwl-most-deal- wJi,h.a.supple-. 
mcntary  difficulty:  the  mixing  process  whichHoes 
not  exist  in  the  laminar  premixed  flame  methods. 
The  paper  shows  the  strong  effect  of  mixing  time 
and  reaction  kinetics,  but  it  is  not  clearly  pointed 
out  whether  the  influence  of  the  residence  time/ 
mixing  time  ratio  on  the  measured  rate  constant 
should  be  expected  only  on  the  pre-exponential 
factor,  or  could  result  also  in  an  apparent  change 
in  the  measured  value  of  the  average  activation 
energy.  If  the  latter,  great  attention  should  be 
paid  to  the  interpretation  of  over-all  activation 
energies  obtained  by  stirred-reactor  methods;  in 
particular,  the  well-mixedness  should  be  carefully 
proved  out. 

The  Authors,  Departure  from  perfect  mixing 
certainly  does  affect  the  measurement  of  activa¬ 
tion  energy.  The  apparent  reaction-rate  curves  in 
the  text  show  that,  as  the  mixing  intensity  de¬ 
creases,  the  curves  broaden  somewhat  and  shift 
down  toward  lower  conversion,  thus  giving  the 
effect  of  a  reduced  activation  energy.  We  hope  to 
explore  these  effects  more  fully  in  further  work. 

i 

IF.  A.  Sirignano,  Princeton  University.  Two 
characteristic  times  were  mentioned  in  the  pres¬ 
entation:  a  residence  time  and  a  mixing  time. 
Actually,  s  third  time  appears,  that  must  be  im¬ 
portant:  the  chemical  reaction  time.  When  the 
reaction  time  is  considr  ^oly  longer  than  the 
mixing  time,  the  rea'-tor  is  essentially  perfectly 
mixed.  On  the  oth»v  hand,  when  the  mixing  time 
is  considerably  longer  than  the  reaction  time, 
mixing  is  the  rate-controlling  factor  and  reaction 
may  be  considered  as  instantaneous.  Does  your 


analysis  predict  these  conclusions,  which  one  ;  .• 

obtains  intuitively?  1  1  » 

The  Authors.  These  conclusions  are~iiVipiiuiirIir  ~  ^ 
the  coalescence  model,  and  can  be  exhibited  by  1  i 

expanding  the  working  equations  in  powers  (and  ]  _  • 

reciprocal  powers)  of  the  mixing  time/ reaction  ■ 
time  ratio,  with  the  residence  time/reaction  time 
ratio  treated  as  a  parameter.  The  emphasis  in  the  $  j 

text  being  slightly  different,  the  results  there  arc  I  .  I 

developed  instead  from  expansions  in  powers  of  ;  S 
the  mixing  time/ residence  time  ratio,  with  the 
reaction  time/ residence  time  ratio  varied  as  a  i~  r 
parameter.  .  : 

4 

J.  Swithehbank,  Sheffield  University,  I  would  j 
like  to  draw  attention  to  the  important  connec-  '  ; 
tion  between  Die  theoretical  study  contained  in 
this  paper  and  the  design  of  practical  combustion  i  1 
systems.  This  arises  as  a  result  of  the  appli-  j 
cability  of  the  treatment  to  real,  incompletely  :  ‘  ' 
mixed  systems.  Optimization  of  the  combustor 
design  then  may  be  obtained  by  minimizing  the 
pressure  energy  required  by  the  stabilizer  in  order  \  :  * 
to  stir  (i.e.,  generate  turbulence  in)  the  combus-  •  -  j 
tor.  This  can  be  carried  out  by  an  energy  balance  ? 
as  shown  in  Swithenbank  and  Chigier  (this  *  ? 
Symposium),  which  is  complementary  to  this  j  ,  j 
paper.  These  considerations  lead  to  the  need  both  !  ;  j 
for  accurate  measurements  of  flame  turbulence 
intensities,  in  excess  of  100%,  and  clarification  of  :  ; ; 
the  position  regarding  flame-generaleu  turbu-  ;  ‘t 
lence.  I  would  suggest  that  systems  in  which  the 
total  pressure  loss  due  to  the  baffle  aerodynamics 
is  large  compared  to  the  pressure  loss  due  to  heat 
addition  (i.e.,  most  practical  systems)  have  a 
negligible  contribution  to  stirring  by  flame¬ 
generated  turbulence.  ' 


* 


a 

* 

f 

k 

( 

[ 

I 


Combustion  of  Ammonium 
Perchlorate — Some  Negative 
Conclusions 

Joseph  Wenograd* 

University  of  Hartford,  Hartford,  Conn. 

AND 

Revel  ShinnarI 

City  College  of  the  City  University  of  New  York,  _ 
New  York,  N.Y. 

DESPITE  the  considerable  technological  importance  of 
ammonium  perchlorate  composite  solid  propellants, 
and  despite  a  broad  international  effort  to  comprehend  the 
mechanism  of  their  combustion,  there  does  not  exist  today  a 
generally  acceptable  theory  of  the  burning  process.  The 

Received  December  27,  1966;  revision  received  Janunry_12, 
1968.  R.  Shinnar  was  supported  by  AFOSR  Grant  931-65. 

*  Associate  Dean,  School  of  Arts  and  Sciences.  Associate 

Fellow  AIAA. 

f  Professor  of  Chemical  Engineering.  Member  AIAA. 
Reprinted  from  AIAA  JOURNAL 

Copyright,  1968,  by  the  American  Institute  of  Aeronautics  and  Astronautics,  and  reprinted  by  pen 


sion  of  the  eouy  right  owner 


115 

MAY  1968  TECHNICAL  NOTES  965 


conceptual  models  that  have  l>cen  evaluated,  with  varying 
degrees  of  rigor,  may  be  divided  into  two  broad  classes:  1) 
those  in  which  the  rate-controlling  processes  are  presumed  to 
occur  at  or  below  the  propellant  surface  and  to  be  part  of  the 
vaporization  process  and  2)  those  in  which  the  rate-controlling 
processes  arc  presumed  to  occur  in  the  gas-phase  flame  which 
consumes  the  vapors  that  emanate  from  the  propellant  sur¬ 
face.  Theories  of  the  latter  class  arc  older,  more  fully  de¬ 
veloped  mathematically,  more  fully  tested  experimentally, 
and  more  generally  accepted  by  those  conducting  research  in 
this  field.  The  authors  of  this  Note  disagree  with  this 
“orthodox"  interpretation  of  the  available  evidence  and  wish 
to  present  arguments  that  throw  the  credibility  of  such 
mechanisms  into  dor.bt. 

For  didactic  purposes,  attention  will  be  focused  on  the 
combustion  of  ammonium  perchlorate,  cither  pure  or  with 
minor  percentages  of  impurities.  This  is  done  because  the 
combustion  of  this  rather  weakly  exothermic  material  pre¬ 
sents  an  amazingly  valid  simulation  of  the  combustion  of 
strongly  exothermic  composite  propellants,1  because  it  is  a 
pure  crystalline  material  whose  thermodynamic  properties 
are  fairly  well  established,  and  because  its  physico-chemical 
and  combustion  characteristics  have  been  investigated  widely. 
As  in  the  case  of  composite  propellants,  the  combustion  rate 
of  ammonium  perchlorate  is  accelerated  by  the  presence  of 
minor  amounts  of  catalysts  and  by  increased  ambient  pres¬ 
sure. 

The  presumption  that  the  rate  of  propagation  of  a  combus¬ 
tion  wave  through  solid  ammonium  perchlorate  depends  on 
the  rate  of  reactions  in  the  gas-phase  flame  zone,  requires  an 
acceptance  of  the  applicability  of  the  thermal  theory  of 
laminar  flame  propagation1-*  to  this  specific  situation.  The 
theory  is, widely  accepted  and_well_tested  and  must  be  a  good 
representation  of  many  combustionproccsses.  : ' 

The  application  of  laminar  flame  theory  to  the  combustion 
of  a  substance  in  a  condensed  phase  is  postulated  on  the  as¬ 
sumption  that  the  rate  cf  energy  supply. from  the  flame  is 
sufficient  to  supply  the  latent  heat  of  vaporization.  Johnson 
and  Nachbar*  have  provided  an  analytical  solution  for  this 
specific  case  of  a  laminar  flame.  In  some  instances,  as  in  the 
classical  study  of  the  combustion  of  nitroglycerine  by  Bela- 
yev,*  this  procedure  seems,  to  work.  The  vaporization  of 
nitroglycerine,  at  atmospheric  pressure,  satisfies  the  required 
conditions. 

In  the  case  of  ammonium  perchlorate,  however,  this  as¬ 
sumption  appears  to  fail.  Levy.and  Friedman0  and  many 
others  have  studied  the  combustion  of  ammonium  perchlorate. 
The  adiabatic  flame  tempera  ure  is  approximately  1000°C, 
and  the  temiicralure  at  the  solid  surface  is  several  hundred 
degrees  lower.  At  these  temperatures  the  bulk  of  the  energy 
transfer  within  a  one-dimensional  flame  zone  would  be  con¬ 
ductive  rather  than  radiative.  Levy  and  Friedman  have 
calculated  the  magnitude  oLenergy  feedback  necessary  to 
vaporize  sufficient  ammonium  perchlorate  to  support  an 
experimentally  observed  burning  velocity  of  1  cm/scc  at 
1500  psi.  This  calculation  was  based  on  the  assumption  that 
the  vaporization  process  involves  the  formation  of  ammonia 
and  perchloric  acid,  a  reaction  that  is  endothermic  by  56-60 
kcal/molc.  On  the  basis  of  purely  thermochemical  considera¬ 
tions  and  mass  continuity  they  show  that  the  energy  flux  at 
the  surface  must  lie  1300  cal/cm*  sec  or  32  Btu/in.1  sec.  This 
is  an  immense  conductive  heat  flux. 

Since  the  total  temperature  rise  from  the  surface  to  the 
flame  temperature  is  of  the  order  of  several  hundred  degrees, 
and  since  the  thermal  conductivity  of  the  gas  is  of  order 
2  X  I0-4  cal/cm0C  sec,  they  concluded  that  the  flame  zone 
thickness  would  have  to  be  of  order  0.2-1.0  ji¬ 
lt'  the  average  gas  velocity  in  this  region  is  about  30  cm/sec 
then  the  residence  time  in  the  reaction  zone  has  a  magnitude 
less  than  3  X  10_*  sec.  Thus,  the  reaction  has  to  be  ex¬ 
tremely  fast.  The  number  of  collisions  experienced  by  a 


particle  passing  through  the  reaction  zone  would  be  less  than 
10s.  A  simple,  one-stage,  bimolecular  reaction  with  an  activa¬ 
tion  energy  of  less  than  25,000  cal/mole  and  a  sterie  efficiency 
of  unity  could  occur  in  this  time.  However,  any  more  com¬ 
plex  mechanisms  involving  unstable  intermediates  or  active 
radicals  becomes  virtually  impossible  in  this  time  scale.  It 
is  very  difficult  to  believe  that  the  gas-phase  reaction  among 
the  decomposition  products  of  ammonium  perchlorate  could 
be  a  simple  bimolecular  reaction  without  intermediate  steps. 
If  the  reaction  cannot  occur  with  the  required  speed,  then 
the  flame  will  not  be  thin  enough  to  support  the  reaction  wave. 

A  more  serious  argument  against  the  application  of  gas- 
phase  flame  theory  to  ammonium  perchlorate  combustion 
can  be  made  in  consideration  of  the  strong  catalytic  effect  of 
copper  chromite  reported  by  Levy  and  Friedman,'  and  many 
o  there.  Ore-half  percent  of  this  additive,  which  has  a  parti¬ 
cle  size  of  lo  doubles  the  burning  rate  and  even  smaller 
quantities  have  significant  effects.  With  a  concentration  of 
i%,  the  average  distance  between  catalyst  particles  would  be 
50  ft,  about  50  times  the  thickness  of  the  postulated  flame. 

The  catalyst  could  affect  the  reaction  rate  either  homo¬ 
geneously  or  heterogeneously.  In  order  for  homogeneous 
catalysis  to  occur,  there  would  have  to  be  an  appreciable  con¬ 
centration  of  copper  chromite  in  the  gas  phase.  Even  if  cop¬ 
per  chromite  were  volatile  under  the  surface  conditions,  which 
it  is  not,  the  geometry  of  the  flame  is  such  that  mixing  would 
be  negligible.  The  diffusivity  of  the  gases  in  the  flame  would 
be  of  order  10~*  emVsec.  The  lateral  diffusion  distance  dur¬ 
ing  the  10~*  sec  residence  time  in  the  flame  would  be  about 
1  ft.  This  is  clearly  not  enough  if  the  average  interparticle 
distance  is  50  ft.  Since  homogeneous  catalysis  is  implausible, 
heterogeneous  catalysis  should  be  considered.  Again,  the 
transport  processes  necessary  to  affect  a  flame  of  the  postu¬ 
lated  geometry  are  simply  not  available.  There  is  not  enough 
time  for  an  appreciable  amount  of  the  gas  to  reach  the  catalyst 
surface.  Even  if  there  were,  the  heterogeneous  reaction  would 
have  to  be  very  fast  indeed  to  accelerate  a  process  which  oc¬ 
curs  in  10  “*  seconds  without  a  catalyst. 

The  strong  catalytic  action  of  a  heterogenous  solid  catalyst 
leads  to  an  almost  insoluble  conflict  when  considered  in  light 
of  a  one-dimensional  flame  model  and  a  reaction  zone  1  -ft 
-  .thick.  It  is  necessary  to  change  the  dimensions  of  the  process 
by  at  least  one  or  two  orders  of  magnitude  before  reasonable 
results  are  obtained.  The  combustion  of  ammonium  per¬ 
chlorate  must  therefore  be  far  more  complex  than  the  simple 
normally  accepted  laminar  flame  mechanism1-4  would  indicate. 

These  considerations  indicate  that  the  heat  transferred 
back  from  the  gas  phase  must  be  considerably  smaller  than 
normally  assumed.  It  must  then  be  presumed  either  that 
the  heat  of  evaporation  of  AP  is  very  small  or  that  heat  is 
generated  during  the  decomposition  of  the  solid  either  at  the 
surface  or  below  it.  Such  exothermic  reactions  could  occur  in 
the  liquid  layer  observed  by  Hightower  and  Price.7  Part  of 
this  heat  could  also  be  generated  by  a  low-temperature  de¬ 
composition  reaction  below  the  surface.  Such  low-tempera¬ 
ture  decomposition  reaction  could  well  be  catalyzed  by  copper 
chromite.  •  ' 

The  purpose  of  this  Note  is  neither  to  establish  an  alterna¬ 
tive  mechanism  for  the  burning  of  ammonium  perchlorate  nor 
to  claim  that  the  ga>- phase  flame  is  of  no  importance.  Gas- 
phase  flames  certainly  exist  and  may  play  an  important  role 
in  the  combustion  process.  This  Note  is  intended  to  show 
that  although  the  presently  accepted  theory  has  achieved 
some  success  in  fitting  burning  rate  vs  pressure  data  it  leads 
to  some  quite  unreasonable  assumptions  as  to  the  magnitude 
of  thermal  gradients,  reaction  rates,  and  transport  processes. 
This  is  especially  true  if  the  effect  of  heterogenous  catalysts 
on Jhe  burning  rate  are  considered.  It  is  therefore  highly  un¬ 
likely  than  ihe  “burning  of  pure  AP  is  governed  solely  by  an 
endothermic  evaporation  followed  by  an  exothermic  reaction 
in  the  gas  phase  close  to  the  surface. 
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THE  EFFECT  OF  PERTURBATIONS  IN  FLOW- PA? E 
ON  A  STIRRED  COMBUSTOR 

1.  Introduction 

The  effects  c£  random.  f  luct"®*''  nnr,  in  ana  f  low-rat o  on 
the  performance  of  a  well-stirred  combustor  will,  be  studied 
by  means  of  an  idoali2Cd  model.  Such  a  model  car.  bo  applied, 
for  example,  to  automotive  exhaust  gas  afterburners,  whore 
the  fluctuations  in  flow  rato  are  quite  substantial,  to  the 
recirculation  zone  behind  a  flame  holder,  where  the  fluctuations  •' 
arise  from  flow  disturbances  .and  turbulence,  or  to  the  design 
of  stirred  combustors  for  chemical  kinetic  measurements,  where 
ono  would  like  to  estimate  the  effects  of  flow  perturbations 
on  tha  accuracy  of  measured  reaction  rates  .  In  addition,  if 
ono  thinks  of  a  turbulent  flume  as  a  large  ensemble  of  such 

reactors, ‘  it  is  possible  that  3ome  insight  a3  to  the  effects 

« 

of  turbulont  fluctuations  on  complex  kinetics,  apparont  activation 
energies,  etc.  may  be  obtained  from  consideration  of  tho 
statistics  of  this  modol. 

2  . .  The  Model 

The  model  consists  of,  a  wcll-stirrcd  vessal  of  volume  v 
with  an  inlet  and  outlet  volumetric  f low  rate  equal  to  v. 

This. flow  rate  fluctuates  randomly  between  the  two  fixed  values 
w^  and  w2 . according  to  the  probability  structure  of  a  Markov 
process.-  This  is  a  special  case  of  a  model  treated  at  length 
in  [1]..  Other  aspects  arc  presented  in  [2,3,4],  Denoting 
the  probability  that  w=w^  by  vt  ^  and  the  probability  that 
V^v’2  by  tt2>  this  implies  that  in  and  rr2  evolve  with  time 

"  •  1>3 


arc or-  .r.tj  to 


-  X-  n:  X; 

dt 

Xj*h  •  Xanc 
dt 

where  Xx  and  X.-.  are  the  mean  twitching  rater*  in  the  respective 
directions . 

A  material  balance  on  the  reactor  gives  an  equation  of 
chanqe  of  the  form 


dS  “  £(u'x)  .  .  (2) 

where  x  is  the  concentrat ion  of  reactant.  We  now  define 
functions  px  (x)  and  p3  (x>  re  that  the  joint  probability  that  ' 
w**vx  and  x  ia  in  the  interval  (x,x+dx)  is  given  by  px  (x)  dx. 

-These  then  satisfy  .! 

!^[f(wx,x)  Pi(*)3  «  -  XjL’Pi  (x)  +  XaPa  (X> 

(3) 

.  ~^[f  {wa,x)  Pa  (X)  ]  •=  XxPi  (X)  -  XcPa  (x) 

i  •»  » 

Wo  have  assumed  hero  that  the  process  has  reached  its  ‘  stationary  * 
probability  distribution.  The  overall  probability  density  function 
is  just  given  by  px  (x)  -)•  Pa  (x)  . 

Adding  the  two  equations  in  (3)  together,  wo  find 

~[fx  (k)px  (x)  +  £n  (x)p3  (x)  ]  a  0 

where  £x  (::)  -  £(wx,x)V  Thus  1  .  ‘ 

"<i  (x)Pi  (x)  *  fa  (x)Pc  (x)!  =  c  V;  : 

where  c  is  some -'const ant r  independent : 6f  x.  '  " 

If 'the  expected  value  of  £(w,x;  is  finite,  it  must  happen  that  c=»0,  since 


<^f  (v,x)>:  »  C f  i  (-V.)FX  (x)  -.+  f«  (::  }  pa  (x)  ]dx 

V 

■  -  ,  .  .*4/^ 


f  i  (x  )  pi  (x  / 


rs 
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Substitutinc  (4)  i-itc  (3), 


(x) 


+  £a  (X)  J 


fi  (x)pv  (x)  «=>  0 


S in and  ps  are  probabilities  v.hey  must  be  non-negative . 

Then  (4)  implies,  that  Pi  (x)  and  pn  (x)  can  diffor  £ rom  zero  only  at 
points  where  f4  (x)  and  £a  (x)  differ 'in  sign.  Defining  . 
g  (x)  w  1  f x  (x)px  (x)  !  a  |fu  (x)p3  (x)  [ ,  1  (5)  becomes 


+  R*  ..  .  +  73  ,  .1  q  «  0 

dx  Lri (x)  fa (x) J  * 


f^Cm  gj  -  -  £j?  (x)  +  ■£“(*>] 


To  find  boundary  conditions  on  g  to  use  w5.th  (6) ,  consider 
the  points  where  either  £* (x)  or  fa (x)  passes  through  zero. 

Since  Pi  (x)  “  J  a  Prctoability  density  it  must  be 

integrable.  \Jnles3  lfi/(x)|  «  *  at  the  point  v;here  f(x)  »  0, 
an  unusual  situation#  g(x)  must  approach  zero  at  such  a  point. 
Thus  equation  (6)  is  applied  to  regions  on  the  x-axis  over 
which  fi  and  fa  are  of  opposite  sign.  The  values  of  c  at  the 
end  points  of  such  a  region,  which  are  necessarily  zeros  of 
either  fi  or  fn #  are  zero.  In  fact,  a  further  condition  must 
be  satisfied  by  fj  and  f\.  over  the  region.  Since  g  -•  0  at  each 

singular  point  (i.e.  a  zero  of  either  f.  or  f3 ) ,  In  g  •*  «.  Thus 

^3  -|  1  t,  *  i 

in  g  must  ”•  +  at  the  left,  end  of  the  region  and  -  »  at  the 

.right  end,  no  that  the  function  that,  goes  to  zero  at  the  left 
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-hat  vh  ich  g  °  “ r-  -  ' 


,*'*.*•.  cr.v;  srr; f t  bo  o-ositivo  '••ver 


the  region .  Theref  in  any  region  or  th.-  x-axi  a  whoro  g  (>:) 
io  non-zero,  the  £U!’.CC.ioriH  UI1U  i.;,  ;jO  iuut>L  ajiybai  aa  in 


the  sketch: 


region  whoro  g  is  non-zero 


an:  ::a 


Physically, .  the  points  where  f.  or  f8  pass  through  zero  are 
steady  states  when  the  flow  is  fixed  at  w4  or  wa  respectively.  Tho 
requirement  that  the  slopes  of  f«  and  £a  be  negative  at  these 
points  for  solutions  to  exist  between  them  is  just  the  same  as 
tho  conditions  for  stability  of  these  steady  states.  At  the 
stationary  condition,  then,  the  system  will  oscillate  in  a  region 
bounded  by  stable  steady  states  corresponding  to  tho  two  different 
flow  rates. 

Some  additional  qualitative  information  on  tho  shape  of  tho 
probability  density  function  may  bo  inferred  from  the  behavior  of 
equation  (G)  near  tho  ends  of  a  stabla  region.  Near  the  roots  of  £x  , 
fj.  )  r*  £'m  (&i )  (x—a^ )  , 

where  a^  is  the  root  in  question.  If  a,,  is  a  stable  root,  then  (ax  ) 
will  bo  negative.  For  value  of  x  near  aj, ,  equation  (6)  then  becomes 

lx  In  g  ^  }'  ' 

since  X3/f3  (x)  will  be  negligible  compared  to  /t{  (a-,)  (x-ak ) , 


This  gives 


rrkri 


g(x)  '»  cx  [x-a^  j  .  ‘  .  : 

Then,  as’x  -  a.  '  •  ■  '  ' 

pi  “r'hyji  r 


p3(x)  -  0 


■  “  r  ft  „  '  r-  % 


;  -  ;  ^  3  /  : 


tiorc  r  ana  s  r*rc  qivc  “i  bv 

•*  -  i 

*■  _ _ k - -  «  „  - 

lfil;Ji)|  '  "  ISaUsJI 

Thus  wc  gcg  that  the  probability  density,  p*  (x)  +  pa (x) ,  will 


vn 


have  an  infinity  at  xeaa  if  r<l  and  a  zero  at  X“a5  if  r>l.  It  will  have 
an  infinity  at  x  «  a3  if  s  <  1  and  a  zero  there  if  s  >  1,  In 
the  fortuitous  case  where  r  «=  0  or  s  =*  0,  the  density  will 
approach  a  non-zero  constant  at  the  respective  point. 


3 •  Results  for  Simcle  Kinetics 

While  we  are  interested  primarily  in  the  behavior  of  the 
model  in  the  case  of  an  adiabatic,  exothermic  reaction,  wu 
first  derive  the  results  for  simpler  reactions  for  comparison. 

Thus  for  an  isothermal  first  order  reliction,  the  right  hand 
side  cf  equation  (2)  becomes 

f(w,x)  »  w  ,(x0-x)  -  kx  (8) 

v 

where  x0  is  the  inlet  concentration  and  k  is  tho  rata  coefficient. 

Defining-  a  new  variable  y  by.  .  • 

•  x  -  w.  +kv  ,  . .  . 

y  (x)  “  wP x*,  _  w.  I  -  -  .  '  b 

•»  wi+kv  ~  Wj+kv  >•  ■'  •  V 

The  solution  to  equation  (3)  is  .  .  .  , 


8-1  . 


ps(y>  -  ihrSi^^T’’  ?n 
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r  *» 


s  «■> 


v  > 


Pi  ”  T~7T'  • 

•i 


'■l  ‘'■'■a 


One*  V'nyi’f*  ^1.  t  J  w»~*  ;,uiu.uxvn; 

Hfr.s\=r'  tr"1(l~t)s'1  dt 
’  '  *0 

Some  typical  curves  for  p: (x)  +  p0 (x)  calculated  from  (9)  aro 
shovn  in  Figur-  1.  In  performing  the  calculation  the  time 
has  been  sealed  so  that  v/fr,  the  residence  time,  in  unity. 

The  parameters  used  arc  defined  as  follows: 
w  “  p,  *1  Pavh  t 

-  X  «  x3 ) 

G  =*  (Wa-W,)/W 

For  the  second-order  isothermal  ease,  the  right  hand 

aide  of  equation  (2)  becomes  . ,  i  •  /.  •  j 

*  ’  ’-  •  *  »  *  , 

f{w,x)  »  y~  (x0-x)  -  k>;?  .  ;;  :  • 

This  can  be  rewritten  .in  the  form,  'i  !  .  .  .  •■■■'  ' 

f  (w.  ,x)  o  -  3c  (x~ax  )  (x+bx  )  I 

i  !  .1 

£(wa,x)  *»  -  k  (x-an )  (x+b3 }  :  ■■  j.  I 

-  |  :  .  I 

•  Solvir.rr  equation  (3)  then  gives  •  '  j 

'  •  '  *'  k  [x-i-b.  j-1'  “ix-i-bp  j“  i  j 

Pa  (x)  "  c_v  Jx-a,  1  r!x-ci;,J  S~1  '  !* 

..•k:  |x+b1|rlx*:-ba|°‘i'1  j 

where  Cj.  5  s  a  normalization  constant  calculated  numerically. 

Curves  calculated  from  (10)  loo3<  quite  similar  to  th.ose  cal— 

•  ! 

culated  from  (9).  An  example  is  given  -’in  [l].  '  ' 


4 Results  for  Combu t i on 

V.’e  -now  consider  an  .exothe rnic  reaction  under  adiabatic 
conditions .  ,  For  this  ’situation  both  the  material  , and  •  energy 
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balance  nust  be  cons  id  ere:' .  The  material  bala 


■nee  xs,  ror 


constant:  inlet  concentration  ^  , 

d  *<  * 

v  •—  «  w(x3-x)  -  v  R(x,T) 

and  the  energy  balance  in 

,  "  * 
dT  ..  .  .  /  S’*  \  .  „  ti'x  ^  /  m\ 

V  ym:  “  w^o-'W  v  ■  Ii(x,T) 

CiC  >.0 

where  T  is  temperature,  R(x,T)  in  the  reaction  rate,  and 

iv 

AT  in  the  temperature  increase  resulting  from  complete  eon- 

* 

A  »p 

version,  Multiplying  (12)  by  and  add i no  to  (13)  , 

>;0 

*.V 

cl  rvArp"  f-  *  .  ..wt*  o 

.  v._  'j  u  v(U7  +  To. I  -  L”  +  T]} 

vi  w  1***0  *  *'0  » 

iV 

Since  v  is  always  r»oc itivv,  the  cruentity  f--  —  4  T*1 

"  L  to  .j 

“Ar  _ 

will  approach  { AT  *  T0  ]  mono ionic,? lly,  even  though  v  fluc¬ 
tuates  ,  so  that  after  a  long  time,  vV.cn  the  process  b  teomes 
stationary,  .  .  • 

T  «  T0  +  AT*  (3.  -  --•) 


or,  scaling  so, that  x0^l, 

T  «  To  +•  AT  ( 1— x) 

Actually,  can  bo  shown  using  the  general  stability  crit¬ 
erion  for  Markov  Processes  [iS'J  that  (15)  would  bo  true  for 
the  stationary  solution  oven  if  one  o ::  the  rtaton  c£  v.»  wore 
negative,  provided  only  that 

.  -  <  -i  (Xj  tXg  ) 


Vr>  ’  ^  i 


s(X»+Xa) 


'  "•  w  '  '2w'.  V'r  ' 

V  P  v“  (Xj.  +\;,  ) 


These  relations  arc  automatically  true  if  vs  and  wa  ,-.m'e  both 
positive.  The  reaction  rate,  r,(x,T),  maybe  taker,  as  : 
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S"bstituf'  r.(j  (15)  into  (lf>). 


f  « 


R(x,T)  “  o 


where 


)•:  „  at 

a  RT0  '  T0 

Thus,  for  this  ease , 

£(w,x)  «  ~  (l~x)  -  k  xr*exp[- 


The  interesting  feature  of  this  system  is  the  existence  of 
multiple  roots  of  fj (x)  and  fn  (x) ,  allowing  the  possibility 
of  disjoint  regions  of  non-noro  probability.  Figure  2,  for 
example,  shows  a  case  where  both  fj,  (:<)  and  f3  (x)  have  three 
roots.  In  this  case  the  entire  probability  distribution  would 
be  contained  in  two  small  regions.  One  region  is  bounded  by 
the  smallest  root  .of  fj,  (x)  and  the  'smallest  root  of  £a (x) ,  and 
the  other  by  the  largest  root  of  £x  (x)  and  the  largest  root  of 
fa (x) .  The  latter  two  points  are  very  close  together  and  also  . 
very  close  to  x-1,  so  that  they  cannot  be  seen  distinctly  on 

i  ’ 

the  graph.  Note  that  there  will  be  no  probability  of  being 
between  the  two  middle  roots,  since  fi (x)  and  f3 (x)  cross  the 
axis  with  positive  slope  at  these  points.  The  middle  roots  of  -  • 
.  the  two  curves  represent  unstable  steady  states  of  the  system'' 
with  constant  flow  rates.  The  relative  weights  of  the  two 
regions  are  arbitrary,  depending  on  the  initial  probability 
•  distribution  of  the  system.-  The  fact  that  the  probability 
of  being  anywhere*  between  the  two  regions  is  zero,  together 
with  the  fact  that  the  concentration  varies  continuously  with 
time,  shows  that  once  t?ie  concentration's  within  one  of  the 


two  stable  regions,  it  ..'ill  never  1  cave  that  region. 

The  £it  j'.'ic  region  at  low  concentration,  or  high  con- 
version,  corresponds  to  an  ignited  state  of  a  combustion 
process,  while  the  stable  region  at  high  concentration,  or 
low  conversion,  corresponds  to  an  unignited  state-  Thun, 
under  conditions  where  each  of  the  allowable  flow  r cites 
thronoh  the  stirred  reactor  result  in  both  -ton' tod  era  un¬ 
ignited  steady  states  when  hold  steady,  the  probability  dis¬ 
tribution  will  be  concentrated  over  two  stable  regions.  If 
the  system  is  once  ignited  it  will  not  become  extinguished, 
and  if  it  is  not  ignited  it  will  not  spontaneously  iguiwO. 

.  ,  A  more  interesting  situation  arises  when  the  parameter 
values  are  such  that  f ^  (:<)  has  only  a  low-eonccntration 
(ignited)  root  and  £s  (x)  has  only  a  high-concentration  (ex¬ 
tinguished)  root.  This  will  be  illustrated  with  a  concrete 
example,  namely,  the  oxidation  of  CO  in  automotive  exhaust 
gas  afterburner.  Reaction  rate  expressions  for  this  process 
are  given  by  Kozlov  [6].  For  exhaust  gas  conditions  vo  may 
approximate  his  equations  (roughly)  by  I 

ef 


drcol  ■  -  3 , 16  x  10  [CO]  ex; 


exp  (  ?? .2001  ; 

d  t  \  P.t"  “/ 

(i.e.  h»  “■  3.16  x  10^,  F  >j  32,200)  .  Assuming  T0  °  1000°F 
* 

and  AT  =>  440nF»  which  would  typically  occur  under  light¬ 
load  engine  conditions,  v.’c  find  *  1/1  20  and  O'  «  0 .3 .Scaling 
the  time  by  the  residence  time  c-;;  the  dombuntor,  the  h  of 
equation  (18)  .  is  equal  to  hM*r,  where  t  is  the  reside  lice  time, 
Probability  densities  that  result  from  the  above  pnrei- 
metcr ,  values  are  shown,  in  ".'.ntm  .*’•  for  a  ires'1. donee  t:  vie  of 


(10) 
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127  wr.cc.  and  for  two  different  values  of  the  fluctuation 
rati*  X.  A  value  of  X'-^l  indies  that  the  flow  switches,  on 

i 

tno  average,  once  per  residence  time .  It  can  he  seen  that 
at  this  p^r t icy le.r  condition  the  shape  of  the  probability 
density  is  quite  sensitive  to  the  fluctuation  rate.  In  the 
absence  of  fluctuations,  the  pa  .ametcr  values  used  give  two 

i 

stable  steady  states?  x  »  .  ?or'  and  y  «»  ,75.9.  It  can  be  seen 
that  as  the  fluctuation  rate  increases  the  probability  density 
curve  develops  peaks  in  the  area  of  these  points. 

To  compare  the  properties  of  our  model  to  those  of  a  ■ . 

steady  flow  system,  it  is  useful  to  compute  the  mean  outlet 
concentration.  In  doing  so,  one  must  distinguish  between  the 
time-averageu  and  the  flow-averaged . value.  The  time-average 
is  given  by  . 

<x>  «  J>.[Px  (x)  +.V.-;  (x)  ]dx  :  (20) 

e.r.d  the  f lew-average  by 

I 

w 


JxCwiPi  (x)'  +  Wapg  (::)  ]dx 


It  is  the  flow-averaged  value  that  determines  the  conversion 
efficiency  for  CO  oxidation,  while  the  time-average  is  the 
value  that  would  be  measured  by  a  probe  at  the  outlet. 

Curves  similar  to  those  in  Figure  3  were  calculated  for 
different  residence  times.  The  flow-average  concentrations 
obtained  from  these  are  plotted  in  Figure. 4.  The  curve  for 
steady  flow  is  also  given  for  comparison/  It  can  be  seen  that, 
the  main  effect  of  the  fluctuations  is  to  smear  out  the  region 
of  blowout,  nuking  it  more  gradual.  In  addition,  as  the  flue- 


decreases  the  blowout  noir.vt  is  shifted  somewhat 


region  o£  lev?  conversion  tho  fluctuations  improve  the  per¬ 


formance  somewhat.  In  a. practical  design,  one  which  gives 


high  conversion,  the  fluctuations  will  always  decrease  con- 

i 

version,  however.  The  magnitude  of  this  decrease  can  be 

kept  small  by  a  design  which  operates  far  from  blowout. 

Another  question  of  some  interest  concerns  the  errors 

that  result  in  measured  reaction  rates  due  to  flow  perturbatr.ons . 

To  asses  this  effect  an  Arrhenius- plot  was  constructed  for  tne 

same  conditions  as  Figure  4.  This  is  shown  in  Figure  5,  where 

ln(k  A,  )  is  plotted  against  E/R<(t)>  .  Here  k  is  the  apparent 

•rate  coefficient.  Curves  are  shown  both  for  time-average  and 

flow-average  data..  It  can  be  seen  that  if  the  data  covers  a 

sufficiently  large  range  the  errors  in  measured  rate  will  bo 

small  for  the  particular  conditions  used. • 

«  • 

5 .  Closure. 

Thus  we, have  seen  how  this  idealized  model  can  be  used  " 
to  evaluate  the  effects  of  flow-rate  perturbations  *on  the 
performance  of  a  well-mixed  combustor .  It  must  be  emphasized, 
however,  that  . conclusions  drawn  in  this  manner  depend  strongly 
on  tho  assumption  of  perfect  mixing..  Thus  one  must  use 


caution,  in  applying  this  procedure  to  situations  where  departures 
from  perfect  mixing  ! nay  be  more  important  than ■ fluctuation?  in. 


flow  rate .  . ; 
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